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Abstract

The permutation test is an often used test procedure for 
determining statistical significance in brain network 
studies. Unfortunately, generating every possible 
permutation for large-scale brain imaging datasets such as 
HCP and ADNI with hundreds of subjects is not practical. 
Many previous attempts at speeding up the permutation 
test rely on various approximation strategies such as 
estimating the tail distribution with known parametric 
distributions. In this study, we propose the novel 
transposition test that exploits the underlying algebraic 
structure of the permutation group. The method is applied 
to a large number of diffusion tensor images in localizing 
the regions of the brain network differences.  
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Permutation group of order m+n

What is permutation test?


Computational bottleneck

p-value =
1

(m+ n)!

X

⇡2Sm+n

I
⇣
f(⇡(x),⇡(y)) � f(x,y)

⌘

<latexit sha1_base64="gJ/1lPcpwUYx5tnCmabxBOQAnig="></latexit>



�
�
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History of permutation test

Fisher 1935, The Design of Experiment ✓
8

4

◆
= 70

Nichols et al. 2002, Human Brain Mapping

✓
6

3

◆
= 20

Thompson et al. 2001, Nature Neuroscience
✓
40

20

◆
= 1.34 · 1011

Google scholar 434,000 papers.



�
�
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Limitation of permutation test


Serious computational bottleneck

1)  Need to permute million voxels.
2)  Very slow: Exponential run time

Thompson et al. (2001) used supercomputer:
1million permutations for 
✓
40

20

◆
= 1.34 · 1011 hundred billion 



�
�
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Pervious method: Exact topological inference (ETI)


Dq = sup
1jq

|�i(G
1
�j
)� �i(G

2
�j
)|

<latexit sha1_base64="lP+ky5FnTU8H/i/pDfbRmwzvQYA="></latexit><latexit sha1_base64="lP+ky5FnTU8H/i/pDfbRmwzvQYA="></latexit><latexit sha1_base64="lP+ky5FnTU8H/i/pDfbRmwzvQYA="></latexit><latexit sha1_base64="lP+ky5FnTU8H/i/pDfbRmwzvQYA="></latexit><latexit sha1_base64="lP+ky5FnTU8H/i/pDfbRmwzvQYA="></latexit>

P (Dq � d) = 1� Aq,q�2q
q

�

Chung et al. 2017 IPMI



Random transposition on the permutation group

⇡ij(x) = (x1, x2, · · · , xi�1, yj , xi+1, · · · , xm)
<latexit sha1_base64="V3CjlUxsHqqQ24XlBbChlt3T0JM="></latexit><latexit sha1_base64="V3CjlUxsHqqQ24XlBbChlt3T0JM="></latexit><latexit sha1_base64="V3CjlUxsHqqQ24XlBbChlt3T0JM="></latexit><latexit sha1_base64="V3CjlUxsHqqQ24XlBbChlt3T0JM="></latexit><latexit sha1_base64="V3CjlUxsHqqQ24XlBbChlt3T0JM="></latexit>

⇡ij(y) = (y1, y2, · · · , yj�1, xi, yj+1, · · · , yn)
<latexit sha1_base64="lDjPPuLj2EHby0I/lqu9gnllC9Q="></latexit><latexit sha1_base64="lDjPPuLj2EHby0I/lqu9gnllC9Q="></latexit><latexit sha1_base64="lDjPPuLj2EHby0I/lqu9gnllC9Q="></latexit><latexit sha1_base64="lDjPPuLj2EHby0I/lqu9gnllC9Q="></latexit><latexit sha1_base64="lDjPPuLj2EHby0I/lqu9gnllC9Q="></latexit>

x = (x1, x2, · · · , xi�1, xi, xi+1, · · · , xm)
<latexit sha1_base64="EUH5SZihQ9ApTCezVmO5NQ+9L6Q=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKtaSFEE3QtGNywr2Ak0Ik8mkHTq5MDORltDXceOruFFQ1K0v4qQNqK0HBr7z/3OYOb8bMyqkYXxohaXlldW14nppY3Nre0ff3WuLKOGYtHDEIt51kSCMhqQlqWSkG3OCApeRjju8zvzOPeGCRuGdHMfEDlA/pD7FSCrJ0Rup5fpwNIGXsDJyzCocOfUqtLAXSZE1KT01JxnQWXeSdT92cOzoZaNmTAsugplDGeTVdPQXy4twEpBQYoaE6JlGLO0UcUkxI5OSlQgSIzxEfdJTGKKACDudbjqBR0rxoB9xdUIJp+rviRQFQowDV90MkByIeS8T//N6ifQv7JSGcSJJiGcP+QmDMoJZbNCjnGDJxgoQ5lT9FeIB4ghLFW5JhWDOr7wI7XrNVHx7Vm5c5XEUwQE4BBVggnPQADegCVoAgwfwBF7Bm/aoPWvv2ufsakHLZ/bBn9K+vgEGv6Ny</latexit><latexit sha1_base64="EUH5SZihQ9ApTCezVmO5NQ+9L6Q=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKtaSFEE3QtGNywr2Ak0Ik8mkHTq5MDORltDXceOruFFQ1K0v4qQNqK0HBr7z/3OYOb8bMyqkYXxohaXlldW14nppY3Nre0ff3WuLKOGYtHDEIt51kSCMhqQlqWSkG3OCApeRjju8zvzOPeGCRuGdHMfEDlA/pD7FSCrJ0Rup5fpwNIGXsDJyzCocOfUqtLAXSZE1KT01JxnQWXeSdT92cOzoZaNmTAsugplDGeTVdPQXy4twEpBQYoaE6JlGLO0UcUkxI5OSlQgSIzxEfdJTGKKACDudbjqBR0rxoB9xdUIJp+rviRQFQowDV90MkByIeS8T//N6ifQv7JSGcSJJiGcP+QmDMoJZbNCjnGDJxgoQ5lT9FeIB4ghLFW5JhWDOr7wI7XrNVHx7Vm5c5XEUwQE4BBVggnPQADegCVoAgwfwBF7Bm/aoPWvv2ufsakHLZ/bBn9K+vgEGv6Ny</latexit><latexit sha1_base64="EUH5SZihQ9ApTCezVmO5NQ+9L6Q=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKtaSFEE3QtGNywr2Ak0Ik8mkHTq5MDORltDXceOruFFQ1K0v4qQNqK0HBr7z/3OYOb8bMyqkYXxohaXlldW14nppY3Nre0ff3WuLKOGYtHDEIt51kSCMhqQlqWSkG3OCApeRjju8zvzOPeGCRuGdHMfEDlA/pD7FSCrJ0Rup5fpwNIGXsDJyzCocOfUqtLAXSZE1KT01JxnQWXeSdT92cOzoZaNmTAsugplDGeTVdPQXy4twEpBQYoaE6JlGLO0UcUkxI5OSlQgSIzxEfdJTGKKACDudbjqBR0rxoB9xdUIJp+rviRQFQowDV90MkByIeS8T//N6ifQv7JSGcSJJiGcP+QmDMoJZbNCjnGDJxgoQ5lT9FeIB4ghLFW5JhWDOr7wI7XrNVHx7Vm5c5XEUwQE4BBVggnPQADegCVoAgwfwBF7Bm/aoPWvv2ufsakHLZ/bBn9K+vgEGv6Ny</latexit><latexit sha1_base64="EUH5SZihQ9ApTCezVmO5NQ+9L6Q=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKtaSFEE3QtGNywr2Ak0Ik8mkHTq5MDORltDXceOruFFQ1K0v4qQNqK0HBr7z/3OYOb8bMyqkYXxohaXlldW14nppY3Nre0ff3WuLKOGYtHDEIt51kSCMhqQlqWSkG3OCApeRjju8zvzOPeGCRuGdHMfEDlA/pD7FSCrJ0Rup5fpwNIGXsDJyzCocOfUqtLAXSZE1KT01JxnQWXeSdT92cOzoZaNmTAsugplDGeTVdPQXy4twEpBQYoaE6JlGLO0UcUkxI5OSlQgSIzxEfdJTGKKACDudbjqBR0rxoB9xdUIJp+rviRQFQowDV90MkByIeS8T//N6ifQv7JSGcSJJiGcP+QmDMoJZbNCjnGDJxgoQ5lT9FeIB4ghLFW5JhWDOr7wI7XrNVHx7Vm5c5XEUwQE4BBVggnPQADegCVoAgwfwBF7Bm/aoPWvv2ufsakHLZ/bBn9K+vgEGv6Ny</latexit><latexit sha1_base64="EUH5SZihQ9ApTCezVmO5NQ+9L6Q=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKtaSFEE3QtGNywr2Ak0Ik8mkHTq5MDORltDXceOruFFQ1K0v4qQNqK0HBr7z/3OYOb8bMyqkYXxohaXlldW14nppY3Nre0ff3WuLKOGYtHDEIt51kSCMhqQlqWSkG3OCApeRjju8zvzOPeGCRuGdHMfEDlA/pD7FSCrJ0Rup5fpwNIGXsDJyzCocOfUqtLAXSZE1KT01JxnQWXeSdT92cOzoZaNmTAsugplDGeTVdPQXy4twEpBQYoaE6JlGLO0UcUkxI5OSlQgSIzxEfdJTGKKACDudbjqBR0rxoB9xdUIJp+rviRQFQowDV90MkByIeS8T//N6ifQv7JSGcSJJiGcP+QmDMoJZbNCjnGDJxgoQ5lT9FeIB4ghLFW5JhWDOr7wI7XrNVHx7Vm5c5XEUwQE4BBVggnPQADegCVoAgwfwBF7Bm/aoPWvv2ufsakHLZ/bBn9K+vgEGv6Ny</latexit>

y = (y1, y2, · · · , yj�1, yj , yj+1, · · · , yn)
<latexit sha1_base64="p3V2c+RJzMj7svrS7DrNNlTJols=">AAACKXicbZBdS8MwFIbT+TXn19RLb4JDmDhHOwS9EYbeeDnBfcBaSpqlW7Y0LUkqlLK/441/xRsFRb31j5huA3XzQOA575tDcl4vYlQq0/wwckvLK6tr+fXCxubW9k5xd68lw1hg0sQhC0XHQ5IwyklTUcVIJxIEBR4jbW90nfnteyIkDfmdSiLiBKjPqU8xUlpyi/XU9nyYjOElLCeuVYGJW6tAG/dCJbMmHZ5a4wyG0+4k635sfuwWS2bVnBRcBGsGJTCrhlt8sXshjgPCFWZIyq5lRspJkVAUMzIu2LEkEcIj1CddjRwFRDrpZNMxPNJKD/qh0IcrOFF/T6QokDIJPH0zQGog571M/M/rxsq/cFLKo1gRjqcP+TGDKoRZbLBHBcGKJRoQFlT/FeIBEggrHW5Bh2DNr7wIrVrV0nx7VqpfzeLIgwNwCMrAAuegDm5AAzQBBg/gCbyCN+PReDbejc/p1Zwxm9kHf8r4+gYYoqN9</latexit><latexit sha1_base64="p3V2c+RJzMj7svrS7DrNNlTJols=">AAACKXicbZBdS8MwFIbT+TXn19RLb4JDmDhHOwS9EYbeeDnBfcBaSpqlW7Y0LUkqlLK/441/xRsFRb31j5huA3XzQOA575tDcl4vYlQq0/wwckvLK6tr+fXCxubW9k5xd68lw1hg0sQhC0XHQ5IwyklTUcVIJxIEBR4jbW90nfnteyIkDfmdSiLiBKjPqU8xUlpyi/XU9nyYjOElLCeuVYGJW6tAG/dCJbMmHZ5a4wyG0+4k635sfuwWS2bVnBRcBGsGJTCrhlt8sXshjgPCFWZIyq5lRspJkVAUMzIu2LEkEcIj1CddjRwFRDrpZNMxPNJKD/qh0IcrOFF/T6QokDIJPH0zQGog571M/M/rxsq/cFLKo1gRjqcP+TGDKoRZbLBHBcGKJRoQFlT/FeIBEggrHW5Bh2DNr7wIrVrV0nx7VqpfzeLIgwNwCMrAAuegDm5AAzQBBg/gCbyCN+PReDbejc/p1Zwxm9kHf8r4+gYYoqN9</latexit><latexit sha1_base64="p3V2c+RJzMj7svrS7DrNNlTJols=">AAACKXicbZBdS8MwFIbT+TXn19RLb4JDmDhHOwS9EYbeeDnBfcBaSpqlW7Y0LUkqlLK/441/xRsFRb31j5huA3XzQOA575tDcl4vYlQq0/wwckvLK6tr+fXCxubW9k5xd68lw1hg0sQhC0XHQ5IwyklTUcVIJxIEBR4jbW90nfnteyIkDfmdSiLiBKjPqU8xUlpyi/XU9nyYjOElLCeuVYGJW6tAG/dCJbMmHZ5a4wyG0+4k635sfuwWS2bVnBRcBGsGJTCrhlt8sXshjgPCFWZIyq5lRspJkVAUMzIu2LEkEcIj1CddjRwFRDrpZNMxPNJKD/qh0IcrOFF/T6QokDIJPH0zQGog571M/M/rxsq/cFLKo1gRjqcP+TGDKoRZbLBHBcGKJRoQFlT/FeIBEggrHW5Bh2DNr7wIrVrV0nx7VqpfzeLIgwNwCMrAAuegDm5AAzQBBg/gCbyCN+PReDbejc/p1Zwxm9kHf8r4+gYYoqN9</latexit><latexit sha1_base64="p3V2c+RJzMj7svrS7DrNNlTJols=">AAACKXicbZBdS8MwFIbT+TXn19RLb4JDmDhHOwS9EYbeeDnBfcBaSpqlW7Y0LUkqlLK/441/xRsFRb31j5huA3XzQOA575tDcl4vYlQq0/wwckvLK6tr+fXCxubW9k5xd68lw1hg0sQhC0XHQ5IwyklTUcVIJxIEBR4jbW90nfnteyIkDfmdSiLiBKjPqU8xUlpyi/XU9nyYjOElLCeuVYGJW6tAG/dCJbMmHZ5a4wyG0+4k635sfuwWS2bVnBRcBGsGJTCrhlt8sXshjgPCFWZIyq5lRspJkVAUMzIu2LEkEcIj1CddjRwFRDrpZNMxPNJKD/qh0IcrOFF/T6QokDIJPH0zQGog571M/M/rxsq/cFLKo1gRjqcP+TGDKoRZbLBHBcGKJRoQFlT/FeIBEggrHW5Bh2DNr7wIrVrV0nx7VqpfzeLIgwNwCMrAAuegDm5AAzQBBg/gCbyCN+PReDbejc/p1Zwxm9kHf8r4+gYYoqN9</latexit><latexit sha1_base64="p3V2c+RJzMj7svrS7DrNNlTJols=">AAACKXicbZBdS8MwFIbT+TXn19RLb4JDmDhHOwS9EYbeeDnBfcBaSpqlW7Y0LUkqlLK/441/xRsFRb31j5huA3XzQOA575tDcl4vYlQq0/wwckvLK6tr+fXCxubW9k5xd68lw1hg0sQhC0XHQ5IwyklTUcVIJxIEBR4jbW90nfnteyIkDfmdSiLiBKjPqU8xUlpyi/XU9nyYjOElLCeuVYGJW6tAG/dCJbMmHZ5a4wyG0+4k635sfuwWS2bVnBRcBGsGJTCrhlt8sXshjgPCFWZIyq5lRspJkVAUMzIu2LEkEcIj1CddjRwFRDrpZNMxPNJKD/qh0IcrOFF/T6QokDIJPH0zQGog571M/M/rxsq/cFLKo1gRjqcP+TGDKoRZbLBHBcGKJRoQFlT/FeIBEggrHW5Bh2DNr7wIrVrV0nx7VqpfzeLIgwNwCMrAAuegDm5AAzQBBg/gCbyCN+PReDbejc/p1Zwxm9kHf8r4+gYYoqN9</latexit>

transpose i-th and j-th data



f(⇡ij(x),⇡ij(y)) = g(f(x,y), xi, yi)
<latexit sha1_base64="YKob5iL42BVymD4D5q4rq+NB9zc="></latexit><latexit sha1_base64="YKob5iL42BVymD4D5q4rq+NB9zc="></latexit><latexit sha1_base64="YKob5iL42BVymD4D5q4rq+NB9zc="></latexit><latexit sha1_base64="YKob5iL42BVymD4D5q4rq+NB9zc="></latexit><latexit sha1_base64="YKob5iL42BVymD4D5q4rq+NB9zc="></latexit>

Theorem 1:  If the test statistic is algebraic, there exists 
a function g such that

where computational complexity of g is constant. 

Theorem 2:  Any permutation in             can be 
reachable by a sequence of transpositions.

Sm+n
<latexit sha1_base64="wix3FPHeUHywDbx/yO/IfXY/UdU=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCURQZdFNy4r2ge0IUymk3boZBJmJoUS8iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVXW1jc2t6rbtZ3dvf0D+/Coo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gclf43SmVisXiSc8S6kV4JFjICNZG8m17EGE9DoLsMfez6ELkvl13Gs4caJW4JalDiZZvfw2GMUkjKjThWKm+6yTay7DUjHCa1wapogkmEzyifUMFjqjysnnyHJ0ZZYjCWJonNJqrvzcyHCk1iwIzWeRUy14h/uf1Ux3eeBkTSaqpIItDYcqRjlFRAxoySYnmM0MwkcxkRWSMJSbalFUzJbjLX14lncuGa/jDVb15W9ZRhRM4hXNw4RqacA8taAOBKTzDK7xZmfVivVsfi9GKVe4cwx9Ynz/IK5O9</latexit><latexit sha1_base64="wix3FPHeUHywDbx/yO/IfXY/UdU=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCURQZdFNy4r2ge0IUymk3boZBJmJoUS8iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVXW1jc2t6rbtZ3dvf0D+/Coo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gclf43SmVisXiSc8S6kV4JFjICNZG8m17EGE9DoLsMfez6ELkvl13Gs4caJW4JalDiZZvfw2GMUkjKjThWKm+6yTay7DUjHCa1wapogkmEzyifUMFjqjysnnyHJ0ZZYjCWJonNJqrvzcyHCk1iwIzWeRUy14h/uf1Ux3eeBkTSaqpIItDYcqRjlFRAxoySYnmM0MwkcxkRWSMJSbalFUzJbjLX14lncuGa/jDVb15W9ZRhRM4hXNw4RqacA8taAOBKTzDK7xZmfVivVsfi9GKVe4cwx9Ynz/IK5O9</latexit><latexit sha1_base64="wix3FPHeUHywDbx/yO/IfXY/UdU=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCURQZdFNy4r2ge0IUymk3boZBJmJoUS8iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVXW1jc2t6rbtZ3dvf0D+/Coo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gclf43SmVisXiSc8S6kV4JFjICNZG8m17EGE9DoLsMfez6ELkvl13Gs4caJW4JalDiZZvfw2GMUkjKjThWKm+6yTay7DUjHCa1wapogkmEzyifUMFjqjysnnyHJ0ZZYjCWJonNJqrvzcyHCk1iwIzWeRUy14h/uf1Ux3eeBkTSaqpIItDYcqRjlFRAxoySYnmM0MwkcxkRWSMJSbalFUzJbjLX14lncuGa/jDVb15W9ZRhRM4hXNw4RqacA8taAOBKTzDK7xZmfVivVsfi9GKVe4cwx9Ynz/IK5O9</latexit><latexit sha1_base64="wix3FPHeUHywDbx/yO/IfXY/UdU=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCURQZdFNy4r2ge0IUymk3boZBJmJoUS8iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVXW1jc2t6rbtZ3dvf0D+/Coo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gclf43SmVisXiSc8S6kV4JFjICNZG8m17EGE9DoLsMfez6ELkvl13Gs4caJW4JalDiZZvfw2GMUkjKjThWKm+6yTay7DUjHCa1wapogkmEzyifUMFjqjysnnyHJ0ZZYjCWJonNJqrvzcyHCk1iwIzWeRUy14h/uf1Ux3eeBkTSaqpIItDYcqRjlFRAxoySYnmM0MwkcxkRWSMJSbalFUzJbjLX14lncuGa/jDVb15W9ZRhRM4hXNw4RqacA8taAOBKTzDK7xZmfVivVsfi9GKVe4cwx9Ynz/IK5O9</latexit><latexit sha1_base64="wix3FPHeUHywDbx/yO/IfXY/UdU=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCURQZdFNy4r2ge0IUymk3boZBJmJoUS8iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVXW1jc2t6rbtZ3dvf0D+/Coo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gclf43SmVisXiSc8S6kV4JFjICNZG8m17EGE9DoLsMfez6ELkvl13Gs4caJW4JalDiZZvfw2GMUkjKjThWKm+6yTay7DUjHCa1wapogkmEzyifUMFjqjysnnyHJ0ZZYjCWJonNJqrvzcyHCk1iwIzWeRUy14h/uf1Ux3eeBkTSaqpIItDYcqRjlFRAxoySYnmM0MwkcxkRWSMJSbalFUzJbjLX14lncuGa/jDVb15W9ZRhRM4hXNw4RqacA8taAOBKTzDK7xZmfVivVsfi9GKVe4cwx9Ynz/IK5O9</latexit>

Chung et al. 2019 CNI



Online computation for t-stat.


O(2)

O(m)

O(9)

O(3m+2)

T-stat computation per permutation        
Permutation test:     O(4m+4n+20) 
Transposition test: O(35)



Simulation: Mixing proportion over transpositions



x1, · · · , xm ⇠ 0.1 + Unif(0, 1)
<latexit sha1_base64="59UNYnH6rxyYeofcyB1mAhrnK6Y=">AAACD3icbVDNSsNAGNzUv1r/oh69LBalYimJCHosevFYwbSFJoTNZtMu3U3C7kZaQt/Ai6/ixYMiXr16823ctjlodWBhmJmPb78JUkalsqwvo7S0vLK6Vl6vbGxube+Yu3ttmWQCEwcnLBHdAEnCaEwcRRUj3VQQxANGOsHweup37omQNInv1DglHkf9mEYUI6Ul3zwe+XYdujhMlKzDkc8hdCXl0GrY8BQ6Olqz6vaJb1athjUD/EvsglRBgZZvfrphgjNOYoUZkrJnW6nyciQUxYxMKm4mSYrwEPVJT9MYcSK9fHbPBB5pJYRRIvSLFZypPydyxKUc80AnOVIDuehNxf+8XqaiSy+ncZopEuP5oihjUCVwWg4MqSBYsbEmCAuq/wrxAAmEla6wokuwF0/+S9pnDVvz2/Nq86qoowwOwCGoARtcgCa4AS3gAAwewBN4Aa/Go/FsvBnv82jJKGb2wS8YH987O5jz</latexit><latexit sha1_base64="59UNYnH6rxyYeofcyB1mAhrnK6Y=">AAACD3icbVDNSsNAGNzUv1r/oh69LBalYimJCHosevFYwbSFJoTNZtMu3U3C7kZaQt/Ai6/ixYMiXr16823ctjlodWBhmJmPb78JUkalsqwvo7S0vLK6Vl6vbGxube+Yu3ttmWQCEwcnLBHdAEnCaEwcRRUj3VQQxANGOsHweup37omQNInv1DglHkf9mEYUI6Ul3zwe+XYdujhMlKzDkc8hdCXl0GrY8BQ6Olqz6vaJb1athjUD/EvsglRBgZZvfrphgjNOYoUZkrJnW6nyciQUxYxMKm4mSYrwEPVJT9MYcSK9fHbPBB5pJYRRIvSLFZypPydyxKUc80AnOVIDuehNxf+8XqaiSy+ncZopEuP5oihjUCVwWg4MqSBYsbEmCAuq/wrxAAmEla6wokuwF0/+S9pnDVvz2/Nq86qoowwOwCGoARtcgCa4AS3gAAwewBN4Aa/Go/FsvBnv82jJKGb2wS8YH987O5jz</latexit><latexit sha1_base64="59UNYnH6rxyYeofcyB1mAhrnK6Y=">AAACD3icbVDNSsNAGNzUv1r/oh69LBalYimJCHosevFYwbSFJoTNZtMu3U3C7kZaQt/Ai6/ixYMiXr16823ctjlodWBhmJmPb78JUkalsqwvo7S0vLK6Vl6vbGxube+Yu3ttmWQCEwcnLBHdAEnCaEwcRRUj3VQQxANGOsHweup37omQNInv1DglHkf9mEYUI6Ul3zwe+XYdujhMlKzDkc8hdCXl0GrY8BQ6Olqz6vaJb1athjUD/EvsglRBgZZvfrphgjNOYoUZkrJnW6nyciQUxYxMKm4mSYrwEPVJT9MYcSK9fHbPBB5pJYRRIvSLFZypPydyxKUc80AnOVIDuehNxf+8XqaiSy+ncZopEuP5oihjUCVwWg4MqSBYsbEmCAuq/wrxAAmEla6wokuwF0/+S9pnDVvz2/Nq86qoowwOwCGoARtcgCa4AS3gAAwewBN4Aa/Go/FsvBnv82jJKGb2wS8YH987O5jz</latexit><latexit sha1_base64="59UNYnH6rxyYeofcyB1mAhrnK6Y=">AAACD3icbVDNSsNAGNzUv1r/oh69LBalYimJCHosevFYwbSFJoTNZtMu3U3C7kZaQt/Ai6/ixYMiXr16823ctjlodWBhmJmPb78JUkalsqwvo7S0vLK6Vl6vbGxube+Yu3ttmWQCEwcnLBHdAEnCaEwcRRUj3VQQxANGOsHweup37omQNInv1DglHkf9mEYUI6Ul3zwe+XYdujhMlKzDkc8hdCXl0GrY8BQ6Olqz6vaJb1athjUD/EvsglRBgZZvfrphgjNOYoUZkrJnW6nyciQUxYxMKm4mSYrwEPVJT9MYcSK9fHbPBB5pJYRRIvSLFZypPydyxKUc80AnOVIDuehNxf+8XqaiSy+ncZopEuP5oihjUCVwWg4MqSBYsbEmCAuq/wrxAAmEla6wokuwF0/+S9pnDVvz2/Nq86qoowwOwCGoARtcgCa4AS3gAAwewBN4Aa/Go/FsvBnv82jJKGb2wS8YH987O5jz</latexit><latexit sha1_base64="59UNYnH6rxyYeofcyB1mAhrnK6Y=">AAACD3icbVDNSsNAGNzUv1r/oh69LBalYimJCHosevFYwbSFJoTNZtMu3U3C7kZaQt/Ai6/ixYMiXr16823ctjlodWBhmJmPb78JUkalsqwvo7S0vLK6Vl6vbGxube+Yu3ttmWQCEwcnLBHdAEnCaEwcRRUj3VQQxANGOsHweup37omQNInv1DglHkf9mEYUI6Ul3zwe+XYdujhMlKzDkc8hdCXl0GrY8BQ6Olqz6vaJb1athjUD/EvsglRBgZZvfrphgjNOYoUZkrJnW6nyciQUxYxMKm4mSYrwEPVJT9MYcSK9fHbPBB5pJYRRIvSLFZypPydyxKUc80AnOVIDuehNxf+8XqaiSy+ncZopEuP5oihjUCVwWg4MqSBYsbEmCAuq/wrxAAmEla6wokuwF0/+S9pnDVvz2/Nq86qoowwOwCGoARtcgCa4AS3gAAwewBN4Aa/Go/FsvBnv82jJKGb2wS8YH987O5jz</latexit>

y1, · · · , yn ⇠ Unif(0, 1)
<latexit sha1_base64="1IeucGnjF4o8tJNmtxaw0gIX6Uo=">AAACCHicbVDNSsNAGNzUv1r/oh49uFiECqUkIuix6MVjBdMWmhA2m027dLMJuxshhB69+CpePCji1Ufw5tu4bXPQ1oGFYWY+vv0mSBmVyrK+jcrK6tr6RnWztrW9s7tn7h90ZZIJTBycsET0AyQJo5w4iipG+qkgKA4Y6QXjm6nfeyBC0oTfqzwlXoyGnEYUI6Ul3zzOfbsJXRwmSjZh7nPoShpDR2caVtM+88261bJmgMvELkkdlOj45pcbJjiLCVeYISkHtpUqr0BCUczIpOZmkqQIj9GQDDTlKCbSK2aHTOCpVkIYJUI/ruBM/T1RoFjKPA50MkZqJBe9qfifN8hUdOUVlKeZIhzPF0UZgyqB01ZgSAXBiuWaICyo/ivEIyQQVrq7mi7BXjx5mXTPW7bmdxf19nVZRxUcgRPQADa4BG1wCzrAARg8gmfwCt6MJ+PFeDc+5tGKUc4cgj8wPn8AUJSXlg==</latexit><latexit sha1_base64="1IeucGnjF4o8tJNmtxaw0gIX6Uo=">AAACCHicbVDNSsNAGNzUv1r/oh49uFiECqUkIuix6MVjBdMWmhA2m027dLMJuxshhB69+CpePCji1Ufw5tu4bXPQ1oGFYWY+vv0mSBmVyrK+jcrK6tr6RnWztrW9s7tn7h90ZZIJTBycsET0AyQJo5w4iipG+qkgKA4Y6QXjm6nfeyBC0oTfqzwlXoyGnEYUI6Ul3zzOfbsJXRwmSjZh7nPoShpDR2caVtM+88261bJmgMvELkkdlOj45pcbJjiLCVeYISkHtpUqr0BCUczIpOZmkqQIj9GQDDTlKCbSK2aHTOCpVkIYJUI/ruBM/T1RoFjKPA50MkZqJBe9qfifN8hUdOUVlKeZIhzPF0UZgyqB01ZgSAXBiuWaICyo/ivEIyQQVrq7mi7BXjx5mXTPW7bmdxf19nVZRxUcgRPQADa4BG1wCzrAARg8gmfwCt6MJ+PFeDc+5tGKUc4cgj8wPn8AUJSXlg==</latexit><latexit sha1_base64="1IeucGnjF4o8tJNmtxaw0gIX6Uo=">AAACCHicbVDNSsNAGNzUv1r/oh49uFiECqUkIuix6MVjBdMWmhA2m027dLMJuxshhB69+CpePCji1Ufw5tu4bXPQ1oGFYWY+vv0mSBmVyrK+jcrK6tr6RnWztrW9s7tn7h90ZZIJTBycsET0AyQJo5w4iipG+qkgKA4Y6QXjm6nfeyBC0oTfqzwlXoyGnEYUI6Ul3zzOfbsJXRwmSjZh7nPoShpDR2caVtM+88261bJmgMvELkkdlOj45pcbJjiLCVeYISkHtpUqr0BCUczIpOZmkqQIj9GQDDTlKCbSK2aHTOCpVkIYJUI/ruBM/T1RoFjKPA50MkZqJBe9qfifN8hUdOUVlKeZIhzPF0UZgyqB01ZgSAXBiuWaICyo/ivEIyQQVrq7mi7BXjx5mXTPW7bmdxf19nVZRxUcgRPQADa4BG1wCzrAARg8gmfwCt6MJ+PFeDc+5tGKUc4cgj8wPn8AUJSXlg==</latexit><latexit sha1_base64="1IeucGnjF4o8tJNmtxaw0gIX6Uo=">AAACCHicbVDNSsNAGNzUv1r/oh49uFiECqUkIuix6MVjBdMWmhA2m027dLMJuxshhB69+CpePCji1Ufw5tu4bXPQ1oGFYWY+vv0mSBmVyrK+jcrK6tr6RnWztrW9s7tn7h90ZZIJTBycsET0AyQJo5w4iipG+qkgKA4Y6QXjm6nfeyBC0oTfqzwlXoyGnEYUI6Ul3zzOfbsJXRwmSjZh7nPoShpDR2caVtM+88261bJmgMvELkkdlOj45pcbJjiLCVeYISkHtpUqr0BCUczIpOZmkqQIj9GQDDTlKCbSK2aHTOCpVkIYJUI/ruBM/T1RoFjKPA50MkZqJBe9qfifN8hUdOUVlKeZIhzPF0UZgyqB01ZgSAXBiuWaICyo/ivEIyQQVrq7mi7BXjx5mXTPW7bmdxf19nVZRxUcgRPQADa4BG1wCzrAARg8gmfwCt6MJ+PFeDc+5tGKUc4cgj8wPn8AUJSXlg==</latexit><latexit sha1_base64="1IeucGnjF4o8tJNmtxaw0gIX6Uo=">AAACCHicbVDNSsNAGNzUv1r/oh49uFiECqUkIuix6MVjBdMWmhA2m027dLMJuxshhB69+CpePCji1Ufw5tu4bXPQ1oGFYWY+vv0mSBmVyrK+jcrK6tr6RnWztrW9s7tn7h90ZZIJTBycsET0AyQJo5w4iipG+qkgKA4Y6QXjm6nfeyBC0oTfqzwlXoyGnEYUI6Ul3zzOfbsJXRwmSjZh7nPoShpDR2caVtM+88261bJmgMvELkkdlOj45pcbJjiLCVeYISkHtpUqr0BCUczIpOZmkqQIj9GQDDTlKCbSK2aHTOCpVkIYJUI/ruBM/T1RoFjKPA50MkZqJBe9qfifN8hUdOUVlKeZIhzPF0UZgyqB01ZgSAXBiuWaICyo/ivEIyQQVrq7mi7BXjx5mXTPW7bmdxf19nVZRxUcgRPQADa4BG1wCzrAARg8gmfwCt6MJ+PFeDc+5tGKUc4cgj8wPn8AUJSXlg==</latexit>

x1, · · · , xm ⇠ 0.1 + Unif(0, 1)
<latexit sha1_base64="59UNYnH6rxyYeofcyB1mAhrnK6Y=">AAACD3icbVDNSsNAGNzUv1r/oh69LBalYimJCHosevFYwbSFJoTNZtMu3U3C7kZaQt/Ai6/ixYMiXr16823ctjlodWBhmJmPb78JUkalsqwvo7S0vLK6Vl6vbGxube+Yu3ttmWQCEwcnLBHdAEnCaEwcRRUj3VQQxANGOsHweup37omQNInv1DglHkf9mEYUI6Ul3zwe+XYdujhMlKzDkc8hdCXl0GrY8BQ6Olqz6vaJb1athjUD/EvsglRBgZZvfrphgjNOYoUZkrJnW6nyciQUxYxMKm4mSYrwEPVJT9MYcSK9fHbPBB5pJYRRIvSLFZypPydyxKUc80AnOVIDuehNxf+8XqaiSy+ncZopEuP5oihjUCVwWg4MqSBYsbEmCAuq/wrxAAmEla6wokuwF0/+S9pnDVvz2/Nq86qoowwOwCGoARtcgCa4AS3gAAwewBN4Aa/Go/FsvBnv82jJKGb2wS8YH987O5jz</latexit><latexit sha1_base64="59UNYnH6rxyYeofcyB1mAhrnK6Y=">AAACD3icbVDNSsNAGNzUv1r/oh69LBalYimJCHosevFYwbSFJoTNZtMu3U3C7kZaQt/Ai6/ixYMiXr16823ctjlodWBhmJmPb78JUkalsqwvo7S0vLK6Vl6vbGxube+Yu3ttmWQCEwcnLBHdAEnCaEwcRRUj3VQQxANGOsHweup37omQNInv1DglHkf9mEYUI6Ul3zwe+XYdujhMlKzDkc8hdCXl0GrY8BQ6Olqz6vaJb1athjUD/EvsglRBgZZvfrphgjNOYoUZkrJnW6nyciQUxYxMKm4mSYrwEPVJT9MYcSK9fHbPBB5pJYRRIvSLFZypPydyxKUc80AnOVIDuehNxf+8XqaiSy+ncZopEuP5oihjUCVwWg4MqSBYsbEmCAuq/wrxAAmEla6wokuwF0/+S9pnDVvz2/Nq86qoowwOwCGoARtcgCa4AS3gAAwewBN4Aa/Go/FsvBnv82jJKGb2wS8YH987O5jz</latexit><latexit sha1_base64="59UNYnH6rxyYeofcyB1mAhrnK6Y=">AAACD3icbVDNSsNAGNzUv1r/oh69LBalYimJCHosevFYwbSFJoTNZtMu3U3C7kZaQt/Ai6/ixYMiXr16823ctjlodWBhmJmPb78JUkalsqwvo7S0vLK6Vl6vbGxube+Yu3ttmWQCEwcnLBHdAEnCaEwcRRUj3VQQxANGOsHweup37omQNInv1DglHkf9mEYUI6Ul3zwe+XYdujhMlKzDkc8hdCXl0GrY8BQ6Olqz6vaJb1athjUD/EvsglRBgZZvfrphgjNOYoUZkrJnW6nyciQUxYxMKm4mSYrwEPVJT9MYcSK9fHbPBB5pJYRRIvSLFZypPydyxKUc80AnOVIDuehNxf+8XqaiSy+ncZopEuP5oihjUCVwWg4MqSBYsbEmCAuq/wrxAAmEla6wokuwF0/+S9pnDVvz2/Nq86qoowwOwCGoARtcgCa4AS3gAAwewBN4Aa/Go/FsvBnv82jJKGb2wS8YH987O5jz</latexit><latexit sha1_base64="59UNYnH6rxyYeofcyB1mAhrnK6Y=">AAACD3icbVDNSsNAGNzUv1r/oh69LBalYimJCHosevFYwbSFJoTNZtMu3U3C7kZaQt/Ai6/ixYMiXr16823ctjlodWBhmJmPb78JUkalsqwvo7S0vLK6Vl6vbGxube+Yu3ttmWQCEwcnLBHdAEnCaEwcRRUj3VQQxANGOsHweup37omQNInv1DglHkf9mEYUI6Ul3zwe+XYdujhMlKzDkc8hdCXl0GrY8BQ6Olqz6vaJb1athjUD/EvsglRBgZZvfrphgjNOYoUZkrJnW6nyciQUxYxMKm4mSYrwEPVJT9MYcSK9fHbPBB5pJYRRIvSLFZypPydyxKUc80AnOVIDuehNxf+8XqaiSy+ncZopEuP5oihjUCVwWg4MqSBYsbEmCAuq/wrxAAmEla6wokuwF0/+S9pnDVvz2/Nq86qoowwOwCGoARtcgCa4AS3gAAwewBN4Aa/Go/FsvBnv82jJKGb2wS8YH987O5jz</latexit><latexit sha1_base64="59UNYnH6rxyYeofcyB1mAhrnK6Y=">AAACD3icbVDNSsNAGNzUv1r/oh69LBalYimJCHosevFYwbSFJoTNZtMu3U3C7kZaQt/Ai6/ixYMiXr16823ctjlodWBhmJmPb78JUkalsqwvo7S0vLK6Vl6vbGxube+Yu3ttmWQCEwcnLBHdAEnCaEwcRRUj3VQQxANGOsHweup37omQNInv1DglHkf9mEYUI6Ul3zwe+XYdujhMlKzDkc8hdCXl0GrY8BQ6Olqz6vaJb1athjUD/EvsglRBgZZvfrphgjNOYoUZkrJnW6nyciQUxYxMKm4mSYrwEPVJT9MYcSK9fHbPBB5pJYRRIvSLFZypPydyxKUc80AnOVIDuehNxf+8XqaiSy+ncZopEuP5oihjUCVwWg4MqSBYsbEmCAuq/wrxAAmEla6wokuwF0/+S9pnDVvz2/Nq86qoowwOwCGoARtcgCa4AS3gAAwewBN4Aa/Go/FsvBnv82jJKGb2wS8YH987O5jz</latexit>

y1, · · · , yn ⇠ Unif(0, 1)
<latexit sha1_base64="1IeucGnjF4o8tJNmtxaw0gIX6Uo=">AAACCHicbVDNSsNAGNzUv1r/oh49uFiECqUkIuix6MVjBdMWmhA2m027dLMJuxshhB69+CpePCji1Ufw5tu4bXPQ1oGFYWY+vv0mSBmVyrK+jcrK6tr6RnWztrW9s7tn7h90ZZIJTBycsET0AyQJo5w4iipG+qkgKA4Y6QXjm6nfeyBC0oTfqzwlXoyGnEYUI6Ul3zzOfbsJXRwmSjZh7nPoShpDR2caVtM+88261bJmgMvELkkdlOj45pcbJjiLCVeYISkHtpUqr0BCUczIpOZmkqQIj9GQDDTlKCbSK2aHTOCpVkIYJUI/ruBM/T1RoFjKPA50MkZqJBe9qfifN8hUdOUVlKeZIhzPF0UZgyqB01ZgSAXBiuWaICyo/ivEIyQQVrq7mi7BXjx5mXTPW7bmdxf19nVZRxUcgRPQADa4BG1wCzrAARg8gmfwCt6MJ+PFeDc+5tGKUc4cgj8wPn8AUJSXlg==</latexit><latexit sha1_base64="1IeucGnjF4o8tJNmtxaw0gIX6Uo=">AAACCHicbVDNSsNAGNzUv1r/oh49uFiECqUkIuix6MVjBdMWmhA2m027dLMJuxshhB69+CpePCji1Ufw5tu4bXPQ1oGFYWY+vv0mSBmVyrK+jcrK6tr6RnWztrW9s7tn7h90ZZIJTBycsET0AyQJo5w4iipG+qkgKA4Y6QXjm6nfeyBC0oTfqzwlXoyGnEYUI6Ul3zzOfbsJXRwmSjZh7nPoShpDR2caVtM+88261bJmgMvELkkdlOj45pcbJjiLCVeYISkHtpUqr0BCUczIpOZmkqQIj9GQDDTlKCbSK2aHTOCpVkIYJUI/ruBM/T1RoFjKPA50MkZqJBe9qfifN8hUdOUVlKeZIhzPF0UZgyqB01ZgSAXBiuWaICyo/ivEIyQQVrq7mi7BXjx5mXTPW7bmdxf19nVZRxUcgRPQADa4BG1wCzrAARg8gmfwCt6MJ+PFeDc+5tGKUc4cgj8wPn8AUJSXlg==</latexit><latexit sha1_base64="1IeucGnjF4o8tJNmtxaw0gIX6Uo=">AAACCHicbVDNSsNAGNzUv1r/oh49uFiECqUkIuix6MVjBdMWmhA2m027dLMJuxshhB69+CpePCji1Ufw5tu4bXPQ1oGFYWY+vv0mSBmVyrK+jcrK6tr6RnWztrW9s7tn7h90ZZIJTBycsET0AyQJo5w4iipG+qkgKA4Y6QXjm6nfeyBC0oTfqzwlXoyGnEYUI6Ul3zzOfbsJXRwmSjZh7nPoShpDR2caVtM+88261bJmgMvELkkdlOj45pcbJjiLCVeYISkHtpUqr0BCUczIpOZmkqQIj9GQDDTlKCbSK2aHTOCpVkIYJUI/ruBM/T1RoFjKPA50MkZqJBe9qfifN8hUdOUVlKeZIhzPF0UZgyqB01ZgSAXBiuWaICyo/ivEIyQQVrq7mi7BXjx5mXTPW7bmdxf19nVZRxUcgRPQADa4BG1wCzrAARg8gmfwCt6MJ+PFeDc+5tGKUc4cgj8wPn8AUJSXlg==</latexit><latexit sha1_base64="1IeucGnjF4o8tJNmtxaw0gIX6Uo=">AAACCHicbVDNSsNAGNzUv1r/oh49uFiECqUkIuix6MVjBdMWmhA2m027dLMJuxshhB69+CpePCji1Ufw5tu4bXPQ1oGFYWY+vv0mSBmVyrK+jcrK6tr6RnWztrW9s7tn7h90ZZIJTBycsET0AyQJo5w4iipG+qkgKA4Y6QXjm6nfeyBC0oTfqzwlXoyGnEYUI6Ul3zzOfbsJXRwmSjZh7nPoShpDR2caVtM+88261bJmgMvELkkdlOj45pcbJjiLCVeYISkHtpUqr0BCUczIpOZmkqQIj9GQDDTlKCbSK2aHTOCpVkIYJUI/ruBM/T1RoFjKPA50MkZqJBe9qfifN8hUdOUVlKeZIhzPF0UZgyqB01ZgSAXBiuWaICyo/ivEIyQQVrq7mi7BXjx5mXTPW7bmdxf19nVZRxUcgRPQADa4BG1wCzrAARg8gmfwCt6MJ+PFeDc+5tGKUc4cgj8wPn8AUJSXlg==</latexit><latexit sha1_base64="1IeucGnjF4o8tJNmtxaw0gIX6Uo=">AAACCHicbVDNSsNAGNzUv1r/oh49uFiECqUkIuix6MVjBdMWmhA2m027dLMJuxshhB69+CpePCji1Ufw5tu4bXPQ1oGFYWY+vv0mSBmVyrK+jcrK6tr6RnWztrW9s7tn7h90ZZIJTBycsET0AyQJo5w4iipG+qkgKA4Y6QXjm6nfeyBC0oTfqzwlXoyGnEYUI6Ul3zzOfbsJXRwmSjZh7nPoShpDR2caVtM+88261bJmgMvELkkdlOj45pcbJjiLCVeYISkHtpUqr0BCUczIpOZmkqQIj9GQDDTlKCbSK2aHTOCpVkIYJUI/ruBM/T1RoFjKPA50MkZqJBe9qfifN8hUdOUVlKeZIhzPF0UZgyqB01ZgSAXBiuWaICyo/ivEIyQQVrq7mi7BXjx5mXTPW7bmdxf19nVZRxUcgRPQADa4BG1wCzrAARg8gmfwCt6MJ+PFeDc+5tGKUc4cgj8wPn8AUJSXlg==</latexit>

m=n=10

m=n=100



Matlab code

http://www.stat.wisc.edu/~mchung/transpositions

[stat_s, time_s] = test_permute (x , y, per_s)


stat_t=[];

for i=1:10000

    [stat, time] = test_transpose (x, y, per_t / 10000);

    stat_t=[stat_t; stat];

    time_t=time_t + time;

end


Permutation test

Transposition test



t-stat (202 females ‒ 154 males)



Thank you!�
Question? mkchung@wisc.edu



