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Abstract. Catalan words are a particular case of growth-restricted words. Here we give
the bivariate generating function for bargraphs associated to Catalan words according to the
semiperimeter and area statistics. Exact formulas to count Catalan bargraphs according to
the two statistics are also found. We show a connection to the Narayana numbers. Finally,
we give similar results for the exterior corner statistic.

1. Introduction

A word w = w1w2 · · ·wn over the set of positive integers is called a Catalan word if w1 = 1
and 1 ≤ wi ≤ wi−1 + 1 for i = 2, . . . , n. Let Cn denote the set of the Catalan words of length
n. For example, C3 = {111, 112, 121, 122, 123}. The cardinality of the set Cn is given by the

Catalan number Cn = 1
n+1

(

2n
n

)

, see [20, Exercise 80]. There is a natural way to associate a
Dyck path of length 2n with a Catalan word in Cn. Remember that a Dyck path of length
2n is a lattice path of Z× Z running from (0, 0) to (2n, 0) that never passes below the x-axis
and whose permitted steps are the up diagonal step (1, 1) and the down diagonal step (1,−1),
called rise and fall, respectively. For a Dyck path of length 2n, we associate the word formed
by the y-coordinate of each final point of the rises steps. This word is clearly a Catalan
word of length n and the construction is a bijection. For example, in Figure 1 we show the
Dyck path associated to the Catalan word 12211123433421 ∈ C15. Catalan words have been
studied in the context of exhaustive generation of Gray codes for growth-restricted words
[16]. Recently, Barril et al. [1] study the distribution of descents on the sets of Catalan words
avoiding a pattern of length at most three.
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Figure 1. Dyck path of the Catalan word 12211123433421.

In this paper, we consider the area, semiperimeter and exterior corner statistics of the
Catalan words over their associated bargraphs. Remember that a bargraph is a self-avoiding
lattice path in the first quadrant with steps U = (0, 1), H = (1, 0), andD = (0,−1) that starts
at the origin and ends on the x-axis. A Catalan word w = w1 · · ·wn can be represented as
a bargraph, whose i-th column contains wi cells for 1 ≤ i ≤ n. For example, Figure 2 shows
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the bargraph associated to the Catalan word 12211123433421. The distribution of several
bargraph statistics has been given in [2, 3, 4, 10, 14, 15] and references contained therein.

Figure 2. Bargraph of the Catalan word 12211123433421.

The outline of the paper is this: Section 2 contains the bivariate generating function of the
joint distribution of the area and semiperimeter statistics over the set of Catalan words of
length n. Recurrence relations for the joint distribution are given for the Catalan words that
end with letter i. Section 3 contains the generating function for the number of nonempty
Catalan words according to length and semiperimeter, as well as an explicit expression in
terms of binomial coefficients. Finally, Sections 4 and 5 contain analogous results for the area
and exterior corners statistics.

2. Area and semiperimeter statistics

Let w be a Catalan word. We denote by area(w) and sper(w) the area and semiperimeter
of the bargraph representation of the Catalan word w. For example, for the bargraph in
Figure 2 we have area(w) = 38 and sper(w) = 22. Let Cn,i denote the set of Catalan words
of length n whose last symbol is i. Define the generating function

Ai(x; p, q) :=
∑

n≥1

xn
∑

w∈Cn,i

psper(w)qarea(w).

By definitions, we have

A1(x; p, q) = p2qx+ pqx
∑

j≥1

Aj(x; p, q),(1)

Ai(x; p, q) = p2qixAi−1(x; p, q) + pqix
∑

j≥i

Ai(x; p, q), i ≥ 2.(2)

Define the bivariate generating function A(x; p, q; v) =
∑

i≥1Ai(x; p, q)v
i−1. Then by multi-

plying (2) by vi−1 and summing over i ≥ 2 with using (1), we obtain

A1(x; p, q) = p2qx+ pqxA(x; p, q; 1),

A(x; p, q; v) −A1(x; p, q) = p2q2xvA(x; p, q; qv) +
pq2xv

1− qv
(A(x; p, q; 1) −A(x; p, q; qv)),

which leads to

A(x; p, q; v) = p2qx+ pqxA(x; p, q; 1) + p2q2xvA(x; p, q; qv) +
pq2xv

1− qv
(A(x; p, q; 1) −A(x; p, q; qv)).

(3)

Note that when p = q = 1, we have

1− v + xv2

1− v
A(x; 1, 1; v) = x+

x

1− v
A(x; 1, 1; 1).
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By taking v = C(x) = 1−
√
1−4x
2x the generating function for the Catalan numbers, we see that

A(x; 1, 1; 1) = C(x)− 1, as expected. Hence,

A(x; 1, 1; v) = x
C(x)− v

1− v + xv2
.(4)

Let an,i(p, q) denote the joint distribution over Cn,i for the area and semiperimeter, that is,

an,i(p, q) :=
∑

w∈Cn,i

psper(w)qarea(w).

Theorem 2.1. For n ≥ 3 and 3 ≤ i ≤ n

an,i(p, q) = qan,i−1(p, q) + (p− 1)pqian−1,i−1(p, q)− p2qian−1,i−2(p, q),

with the initial conditions an,1(p, q) = pq
∑n−1

i=1 an−1,i(p, q) and an,2(p, q) = qan,1(p, q) +
pq2an−1,1(p, q) for n ≥ 2, and a1,1(p, q) = p2q.

Proof. For n ≥ 2 and 1 ≤ i ≤ n, we have

an,i(p, q) = pqi
n−1
∑

j=i

an−1,j(p, q) + p2qian−1,i−1(p, q).(5)

Indeed, any Catalan word w ∈ Cn,i can be decomposed as w = w′i, where w′ ∈ Cn−1,j for
i− 1 ≤ j ≤ n− 1. If j = i− 1 then the contribution is p2qian−1,i−1(p, q), see Figure 3 (left).
For i ≤ j ≤ n − 1 the contribution is given by pqian,j(p, q), see Figure 3 (right). Summing
over j we obtain the sum on the right side of (5).

ii− 1 ij

Figure 3. Decomposition of the Catalan word in Cn,i.

From (5) we have that

an,i(p, q)− qan,i−1(p, q) = p2qian−1,i−1(p, q)− pqian−1,i−1(p, q)− p2qian−1,i−2(p, q).

The initial values can be obtained from the definition. �

We recall that an infinite lower triangular matrix is called a (proper) Riordan array [18] if

its kth column satisfies the generating function g(z) (f(z))k for k ≥ 0, where g(z) and f(z) are
formal power series with g(0) 6= 0, f(0) = 0 and f ′(0) 6= 0. The matrix corresponding to the
pair f(z), g(z) is denoted by (g(z), f(z)). If we multiply (g, f) by a column vector (c0, c1, . . . )

T

with the generating function h(z), then the resulting column vector has generating function
gh(f). This property is known as the Fundamental Theorem of Riordan arrays or summation
property.

The product of two Riordan arrays (g(z), f(z)) and (h(z), l(z)) is defined by

(g(z), f(z)) ∗ (h(z), l(z)) = (g(z)h (f(z)) , l (f(z))) .
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We recall that the set of all Riordan matrices is a group under the operator “ ∗ ” [18]. The
identity element is I = (1, z), and the inverse of (g(z), f(z)) is

(6) (g(z), f(z))−1 =
(

1/
(

g ◦ f
)

(z), f(z)
)

,

where f(z) is the compositional inverse of f(z). Rogers [17] introduced the concept of the A-
sequence. Specifically, Rogers observed that every element dn+1,k+1 of a Riordan matrix (not
belonging to row 0 or column 0) can be expressed as a linear combination of the elements
in the preceding row. In particular, an infinite lower triangular array D = (dn,k)n,k≥0 is
a Riordan array if and only if there is a sequence (a0 6= 0, a1, a2, . . . ) such that for every
non-negative integers n, k

dn+1,k+1 = a0dn,k + a1dn,k+1 + a2dn,k+2 + · · · ,
The sequence (an)n≥0 is called A-sequence. Moreover, if D = (g(x), f(x)), then the generating
function A(x) of the A-sequence of D satisfies f(x) = xA(f(x)), see [13].

Let c(n, i) denote the number of Catalan words of length n that end with letter i. In
Theorem 2.2 we show that the infinite matrix [c(n, i)]n,i≥1 is a Riordan array.

Theorem 2.2. The infinite triangular matrix T = [c(n+1, k+1)]n,k≥0 has a Riordan array

expression given by

T = (C(x), xC(x)) ,

where C(x) = 1−
√
1−4x
2x is the generating function of the Catalan numbers. Moreover,

c(n, k) =
k

n

(

2n − 1− k

n− 1

)

.

Proof. From the definition we have that

c(n, 1) =

n−1
∑

i=1

c(n − i, 1)c(i, 1), n ≥ 2,

with c(1, 1) = 1. Therefore, c(n+1, 1) = Cn and
∑

n≥0 c(n+1, 1)xn = C(x). Given any word

w in Cn+1,k for k ≥ 2, it can be decomposed as w = w′k, where w′ ∈ Cn,i, for k− 1 ≤ i. Then
we have the relation

c(n+ 1, k) = c(n, k − 1) + c(n, k) + c(n, k + 1) + · · ·+ c(n, n).

Then T = (g, f) is a Riordan array such that g(x) = C(x), whose generating function of the
A-sequence is A(x) = 1/(1−x). Therefore f(x) = xA(f(x)) = x

1−f(x) , so f(x)2−f(x)+x = 0

and f(x) = xC(x). Finally, from the definition of Riordan array and the combinatorial
identity (see [12, Ec. (5.70)])

C(x)r =
∑

k≥0

(

2k + r

k

)

r

2k + r
xk,

we have that

c(n + 1, k + 1) = [xn]xkC(x)k+1 = [xn−k]
∑

ℓ≥0

(

2ℓ+ k + 1

ℓ

)

k + 1

2ℓ+ k + 1
xℓ.

By comparing the coefficients we obtain the combinatorial expression for the sequence c(n, k).
�
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From the summation property of the Riordan arrays we get again the bivariate generating
function A(x; 1, 1, v). Indeed,

(C(x), xC(x))

(

x

1− vx

)

=
xC(x)

1− vxC(x)
= x

C(x)− v

1− v + xv2
.

3. The semiperimeter statistic

In this section we study the semiperimeter statistic. In particular we give a connection
with the Narayana sequence. By (3) with q = 1, we obtain

(

1− p2xv +
pxv

1− v

)

A(x; p, 1; v) = p2x+

(

px+
pxv

1− v

)

A(x; p, 1; 1).(7)

By taking v = v0 such that 1− p2xv0 +
pxv0
1−v0

= 0, namely

v0 =
1 + p2x+ px−

√

p4x2 − 2p3x2 + p2x2 − 2p2x− 2px+ 1

2p2x
,

we obtain A(x; p, 1; 1) = p(v0 − 1). By definition of Narayana number (see sequence A001263
in [19]), we can state the following result.

Theorem 3.1. The generating function for the number of nonempty Catalan words according

to the length and the semiperimeter is given by

N(px, p) =
1− p(1 + p)x−

√

1− 2p(1 + p)x− p2(1− p)2x2

2px

= p2x+ p3(1 + p)x+ p4(1 + 3p + p2)x2 + · · · ,

where

N(x, t) =
1− (1 + t)x−

√

1− 2(1 + t)x+ ((t− 1)x)2

2x

is the generating function for the Narayana numbers. Moreover, the number of Catalan words

of length n ≥ 1 with perimeter k = n+ 1, n + 2, . . . , 2n is given by

1

k − n

(

n

k − n− 1

)(

n− 1

k − n− 1

)

.(8)

Theorem 3.2. There is a bijection between the Catalan words in Cn of semiperimeter 2n+1−k
for k = 1, 2, . . . , n and the Dyck paths of length 2n with exactly k peaks.

Proof. Let w = w1 · · ·wn be any Catalan word of semiperimeter 2n+1−k for k = 1, 2, . . . , n.
Start reading the reverse word wR = wnwn−1 · · ·w1. If you read the symbol wi, then you
make up steps until height y = i and one down step. Notice that we obtain a Dyck path of
length 2n with exactly k peaks. This algorithm is a bijection. �

The distribution of the Dyck path of length 2n and k peaks is given by the Narayana
numbers. So, from the above bijection we can also obtain (8). In Figure 4 we show the
Catalan words in C3 and their corresponding Dyck paths under this bijection. Notice that
Deutsch and Elizalde [10] give a bijection between the bargraphs and Dyck paths.
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w = 11 1 w = 11 2 w = 12 1

w = 12 2 w = 12 3

Figure 4. Dyck paths and their associated Catalan words and bargraphs.

From the same bijection given in Theorem 3.2 we obtain the following corollary.

Corollary 3.3. There is a bijection between the Catalan words of length n that end with

letter 1 of semiperimeter 2n− k for k = 1, 2, . . . , n− 1 and the Dyck paths of length 2(n− 1)
with exactly k peaks.

The following theorem uses two bijections on Dyck paths denoted DUtoDXD and DeutschIn-
vol in [5]. We recall that DUtoDXD sends DU ’s to DXD’s, where a DXD is a DUD or
DDD, and DeutschInvol interchanges DU ’s and UU ’s (thereby explaining the symmetry
N(n, k) = N(n, n + 1 − k) of the Narayana numbers). See [9] for other results on corners in
parallelogram polyominoes.

Theorem 3.4. There is a bijection between the Catalan words in Cn+1 that end with letter 2

and have semiperimeter n+ 3 + k and the parallelogram polyominoes of semiperimeter n+ 1
having k corners for n ≥ 2 and k = 0, 1, . . . , n− 2.

For example, for n = 4 and k = 1 there are 8 parallelogram polyominoes of semiperimeter
n+ 1 = 5 with 1 corner, see Figure 5.

Figure 5. Parallelogram polyominoes of semiperimeter 5 with 1 corner.

That is the same as the number of Catalan words of length n+ 1 = 5 that end with letter
2 and have semiperimeter n+ k + 3 = 8, see Figure 6.

Figure 6. Catalan words of length 5 that end with letter 2 and have
semiperimeter 8.
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Proof of Theorem 3.4. The parallelogram polyominoes of semiperimeter n+1 with k corners
correspond to Dyck n-paths with k long interior inclines (see [5] for definitions of these terms).
This is because corners on the upper boundary correspond to long ascents, and on the lower
boundary to long descents, under the standard bijection from parallelogram polyominoes
(or equivalently, Levine pairs) to Dyck paths. This standard bijection is used again below
and is given, for example, in Sec. 5 of [5], where a Levine (r, s)-pair is the ordered pair of
nonintersecting paths obtained from a parallelogram polyomino that ends at (r, s) by deleting
the first and last steps from each of the upper and lower boundary.

For a Dyck n-path P , the semiperimeter of the corresponding Catalan bargraph is n +
1 + #UUs in P , and for the path P , #UU ’s +#UD’s = n and of course, a UD is a peak.
Hence the the Catalan words in Cn+1 that end with letter 2 and have semiperimeter n+3+ k
correspond to Dyck (n+1)-paths that end UDD and have n−k peaks. Partition these paths
into two subsets: A0, those with a short (i.e. of length 1) last ascent, and B0, those with a
long last ascent. Thus paths in B0 necessarily end UUDD. We have the sequence of bijections

A0
delete last peak−−−−−−−−−→ Dyck n-paths with n− k − 1 peaks and long last descent

ReversePath ◦ DeutschInvol−−−−−−−−−−−−−−−−−→ Dyck n-paths with k + 2 peaks and short last ascent,

and the latter Dyck paths correspond to the set A in Sec. 6 in [5], namely, Levine-(k+2, n−
1− k) pairs in which the top path ends E.

Similarly, for B0, we have

B0
delete last 4 steps−−−−−−−−−−−→ Dyck (n− 1)-paths with n− k − 1 peaks

DeutschInvol−−−−−−−−→ Dyck (n− 1)-paths with k + 1 peaks

insert UD−−−−−−−→
at last peak

Dyck n-paths with k + 1 peaks and long last ascent,

and the latter Dyck paths correspond to the set B in Sec. 6 in [5], namely, Levine-(k+1, n−k)
pairs in which the top path ends N .

Now, Sec. 6 in [5] presents a bijection from A (resp. B) to Dyck n-paths containing k
long interior inclines and ending DD (resp. UD). In view of the opening remark above, this
completes the proof. �

Let s(n, i) denote the semiperimeter of the Catalan words of length n that end with letter
i. The first few values are

[s(n, i)]n,i≥1 =























2 0 0 0 0 0
3 4 0 0 0 0
9 10 6 0 0 0
30 32 21 8 0 0
105 110 75 36 10 0
378 392 273 144 55 12

...























In Theorem 3.5 we give a recurrence relation for the sequence s(n, i).
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Theorem 3.5. For n ≥ 2 and 2 ≤ i ≤ n

s(n, i) =
n(3i− 1)− i(i + 1)

(2n − i)(2n − i− 1)

(

2n− i

n

)

+

n−1
∑

j=i−1

s(n− 1, j),

with s(n, 1) =
∑n−1

j=1 s(n − 1, j) + Cn−1 for n ≥ 2 and s(1, 1) = 2, where Cn is a Catalan

number.

Proof. From decomposition given in Figure 3 we have for n ≥ 2 and 2 ≤ i ≤ n,

s(n, i) = s(n− 1, i− 1) + 2c(n − 1, i− 1) +

n−1
∑

j=i

(s(n− 1, j) + c(n− 1, j)) .

From the closed formula given in Theorem 2.2 we have

s(n, i) = s(n− 1, i − 1) + 2
i− 1

n− 1

(

2n− 2− i

n− 2

)

+

n−1
∑

j=i

(

s(n− 1, j) +
j

n− 1

(

2n− 3− j

n− 2

))

= 2
i− 1

n− 1

(

2n− 2− i

n− 2

)

+
i+ 1

n

(

2n− 2− i

n− 1− i

)

+

n−1
∑

j=i−1

s(n− 1, j)

=
n(3i− 1)− i(i+ 1)

(2n− i)(2n − i− 1)

(

2n− i

n

)

+

n−1
∑

j=i−1

s(n− 1, j).

Note that we use the combinatorial identity

n
∑

j=i

c(n, i) =

n
∑

j=i

i

n

(

2n− 1− i

n− 1

)

=
i+ 1

n+ 1

(

2n− i

n− i

)

.(9)

The initial values can be obtained in a similar way. �

If we consider the difference s(n, i)− s(n, i− 1), then for n ≥ 2 and 3 ≤ i ≤ n,

s(n, i) =
n(7− 3i) + i2 − 5

(2n − i)(2n − i− 1)

(

2n− i

n− 1

)

+ s(n, i− 1)− s(n− 1, i − 2).

Let s(n) be the total semiperimeter over all Catalan words of length n. The first few values
are

2, 7, 25, 91, 336, 1254, 4719, 17875, 68068, 260338, . . . (sequence A097613).

Notice that our combinatorial interpretation is new. In Corollary 3.6 we give an explicit
relation for the sequence s(n).

Corollary 3.6. The total semiperimeter over all Catalan words of length n is given by

s(n) =
1

2

((

2n + 2

n+ 1

)

−
(

2n

n

))

.

Proof. By differentiating A(x; p, q; 1) at p = 1, Theorem 3.1 gives

A′ =
∂

∂p
A(x; p, 1; 1) |p=1=

1− x

2x
√
1− 4x

− 1

2
− 1

x
.
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By using the fact that
∑

n≥0

(2n
n

)

xn = 1√
1−4x

, we obtain that the coefficient of xn in A′,

namely the total semiperimeter over all Catalan words of length n, is given by

1

2

((

2n+ 2

n+ 1

)

−
(

2n

n

))

,

as required. �

4. The area statistic

The goal of this section is analyze the area statistic. In particular, we give a continued
fraction expression for the generating function. By (3) with p = 1 we obtain

A(x; 1, q; v) = qx+
qx

1− qv
A(x; 1, q; 1) − q3xv2

1− qv
A(x; 1, q; qv).

By iterating this equation an infinite number of times (here we assume |x|< 1 or |q|< 1), we
obtain

A(x; 1, q; v) =
∑

j≥1

(−1)j−1qj
2

xjv2j−2(1− qjv +A(x; 1, q; 1))

j
∏

i=1

1

1− qiv
.

By setting v = 1, and solving for A(x; 1, q; 1), we can state the following result.

Theorem 4.1. The generating function for the number of nonempty Catalan words according

to their length and area is given by

A(x; 1, q; 1) =

∑

j≥1(−1)j−1 qj
2

xj

∏j−1

i=1
(1−qi)

1−∑

j≥1(−1)j−1 qj
2
xj

∏j
i=1

(1−qi)

= qx+ (q + 1)q2x2 + q3(q3 + q2 + 2q + 1)x3 + (q + 1)(q5 + 2q3 + q2 + 2q + 1)q4x4 + · · · .
We can also obtain the above result using automata theory. The problem of calculating

the area of a given Catalan word is equivalent to calculating the sum of the labels over the
rise steps in its associated Dyck path (see Figure 1). To this problem we can associate the
transition diagram of a finite automaton as shown in Figure 7, whose states are represented by
circles and final states by double circles, and the initial state is labelled by an arrow entering
that state and each transition between states is represented by a labelled arrow. For our case,
the label qℓx from the node qℓ−1 to the node qℓ represents one rise step in the Dyck path
labelled by ℓ.

q0 q1 q2 qn−1 qn

xq xq2 xqn

Figure 7. Counting automaton associated to the Dyck path.

The technique to find the ordinary generating function corresponding to an automaton (or
in general for a context-free language) is known as the Chomsky-Schűtzenberger methodology,
(see for example [8, 7]). The idea behind this procedure is to obtain a system of equations using
a deterministic finite automaton, where the unknowns are the ordinary generating functions
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associated with each state of the automaton. The finite automaton in Figure 7 gives rise to
a system of equations for the associated multivariate generating functions:































L0(x, q) = xqL0(x, q) + 1,

L1(x, q) = xq2L2(x, q) + L0(x, q),
...

Ln−1(x, q) = xqnLn(x, q) + Ln−2(x, q),

Ln(x, q) = Ln−1(x, q).

Solving this system, we obtain the generating function associated to the automaton. Note
that the initial state of the automaton is q0, so

L0(x, z) =
1

1− qx

1− q2x

1−
...

1− qn−1

1− qnx























n times

Since A(x; 1, q; 1) is the limit as n approaches to infinity, we obtain the following theorem.

Theorem 4.2. The generating function for the number of Catalan words, including the empty

word, according to the length and area is given by the infinite continued fraction

1 +A(x; 1, q; 1) =
1

1− qx

1− q2x

. . .

.

The above continued fraction expression was given by Carlitz [6] for the ordinary generating

function
∑

n≥0

∑

D∈Dyck(n) q
area(D)+n, where Dyck(n) is the set of the Dyck paths of length

2n (see also [11]).
Let t(n, i) denote the area of the Catalan words of length n that end with letter i. The

first few values are

[t(n, i)]n,i≥1 =























1 0 0 0 0 0
2 3 0 0 0 0
7 9 6 0 0 0
27 32 24 10 0 0
107 121 93 50 15 0
428 470 363 214 90 21

...























From a similar argument as in Theorem 3.5 we obtain the following result.

Theorem 4.3. For n ≥ 2 and 2 ≤ i ≤ n

t(n, i) =
i2

2n − i

(

2n− i

n

)

+

n−1
∑

j=i−1

t(n− 1, j),
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with t(n, 1) =
∑n−1

j=1 t(n − 1, j) + Cn−1 for n ≥ 2 and c(1, 1) = 1, where Cn is a Catalan

number.

Let t(n) be the total area of over all Catalan words of length n. The first few values are

1, 5, 22, 93, 386, 1586, 6476, 26333, 106762, 431910, . . . (sequence A000346).

Corollary 4.4. The total area over all Catalan words of length n is given by

t(n) =
1

2

(

4n −
(

2n

n

))

.

Proof. Let B(x; v) = ∂
∂q
A(x; 1, q; v) |q=1. Then by differentiating (3) respect to q we obtain,

B(x; v) = x+
x

(1− v)2
A(x; 1, 1; 1) +

x

1− v
B(x; 1)

− xv2(3− 2v)

(1− v)2
A(x; 1, 1; v) − xv2

1− v
(B(x; v) +

∂

∂v
A(x; 1, 1; v)).

By using (4), namely A(x; 1, 1; v) = x C(x)−v

1−v+xv2
, we obtain

(1− v + xv2)3

1− v
B(x; v) =

x(1− v + xv2)2

1− v
B(x; 1) + x(1− xv2)C(x) + xv(v − 2).

By differentiating twice this equation respect to v, and then taking v = C(x), we obtain

that B(x, 1) = 1−
√
1−4x

2(1−4x) , which, by the fact that
∑

n≥0

(

2n
n

)

xn = 1√
1−4x

, leads to the desired

result. �

5. The exterior corner statistic

An exterior corner in a bargraph is a point of intersection of a horizontal (H) step with an
up (U) step or the intersection of a down (D) step with a horizontal (H) step. Let cor(w)
denote the number of exterior corners associated to the bargraph of the Catalan word w. Let
corhu(w) and cordh(w) denote the number of corners of type hu and dh, respectively. For
example, for the bargraph in Figure 8 we denote by red (resp. blue) the corners of type hu
(resp. dh). Moreover, cor(w) = 10, corhu(w) = 6, and cordh(w) = 4. This distribution has
been studied for example for parallelogram polyominoes [9] and for the bargraphs associated
to set partitions and compositions [15].

Figure 8. Exterior corners of a bargraph.

Define

Bi(x; p, q) :=
∑

n≥1

xn
∑

w∈Cn,i

pcorhu(w)qcordh(w).
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By definitions, we have

B1(x; p, q) = x+ xB1(x; p, q) + qx
∑

j≥2

Bj(x; p, q),(10)

Bi(x; p, q) = pxBi−1(x; p, q) + xBi(x; p, q) + xq
∑

j≥i+1

Bj(x, t), i ≥ 2.(11)

Define B(x; p, q; v) =
∑

i≥1 Bi(x; p, q)v
i−1. Then by multiplying (11) by vi−1 and summing

over i ≥ 2 with using (10), we obtain

B1(x; p, q) = x+ xB1(x; p, q) + qx (B(x; p, q; 1) −B1(x; p, q)) ,

B(x; p, q; v) −B1(x; p, q) = pxvB(x; p, q; v) + x (B(x; p, q; v)−B1(x; p, q))

+
xqv

1− v
(B(x; p, q, 1) −B1(x; p, q)) −

xq

1− v
(B(x; p, q; v) −B1(x; p, q)) ,

which leads to

B(x; p, q; v) = x+

(

pxv + x− xq

1− v

)

B(x; p, q; v) +
qx

1− v
B(x; p, q; 1).(12)

If p = q in (12) we obtain

B(x; q; v) := B(x; q, q; v) = x+

(

qxv + x− xq

1− v

)

B(x; q; v) +
qx

1− v
B(x; q; 1).(13)

Then
(

1− x− qxv +
xq

1− v

)

B(x; q; v) = x+
qx

1− v
B(x; q; 1).

By taking v = v0 such that 1− x− qxv0 +
xq

1−v0
= 0, namely

v0 =
1− x+ qx−

√

1− 2x(1 + q) + (1 + 2q − 3q2)x2

2qx
,

we obtain B(x; q; 1) = (v0 − 1)/q.

Theorem 5.1. The generating function for the number of nonempty Catalan words according

to the length and the exterior corners is given by

B(x; q; 1) =
1− (1 + q)x−

√

1− 2(1 + q)x+ (1 + 2q − 3q2)x2

2q2x

= x+ (1 + q)x2 + (1 + 2q + 2q2)x3 + (1 + 3q + 6q2 + 4q3)x4 + · · · ,
Let w(n, i) denote the number of exterior corners of the Catalan words of length n that

end with letter i. The first few values are

[w(n, i)]n,i≥1 =























0 0 0 0 0 0
0 1 0 0 0 0
2 2 2 0 0 0
9 9 6 3 0 0
36 36 24 12 4 0
140 140 95 50 20 5

...























In Theorem 5.2 we give a recurrence relation for the sequence w(n, i).
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Theorem 5.2. For n ≥ 2 and 2 ≤ i ≤ n

w(n, i) =
i− 1

n− 1

(

2n− 2− i

n− 2

)

+
i+ 2

n

(

2n− 3− i

n− 1

)

+

n−1
∑

j=i−1

w(n − 1, j),

with w(n, 1) =
∑n−1

j=1 w(n− 1, j) + 3 (2n−4)!
n!(n−3)! for n ≥ 2 and w(1, 1) = 0.

Proof. From decomposition given in Figure 3 we have for n ≥ 2 and 2 ≤ i ≤ n,

w(n, i) = w(n − 1, i − 1) + c(n− 1, i− 1) + w(n − 1, i) +

n−1
∑

j=i+1

(w(n − 1, j) + c(n− 1, j)) .

From the closed formula given in Theorem 2.2 and the combinatorial identity (9) we obtain

w(n, i) = w(n− 1, i − 1) +
i− 1

n− 1

(

2n − 2− i

n− 2

)

+ w(n− 1, i) +

n−1
∑

j=i+1

(w(n− 1, j) + c(n − 1, j))

=
i− 1

n− 1

(

2n− 2− i

n− 2

)

+
i+ 2

n

(

2n − i− 3

n− i− 2

)

+ w(n− 1, i− 1) +

n−1
∑

j=i−1

w(n − 1, j).

The initial values can be obtained in a similar way. �

Let w(n) be the total number of exterior corners over all Catalan words of length n. The
first few values are

0, 1, 6, 27, 112, 450, 1782, 7007, 27456, 107406, . . . (sequence A220101).

Corollary 5.3. The total number of exterior corners over all Catalan words of length n is

given by

w(n) =
3(n − 1)

2n − 1

(

2n− 1

n− 2

)

.

Let w(n) denote the total number of exterior corners, including the origin and termination
point of the bargraph, over all Catalan words of length n. It is clear that w(n) = w(n) +Cn,
where Cn is the n-th Catalan numbers. From Corollary 5.3 we have

w(n) = (3n − 2)Cn−1.

The first few values of the sequence w(n) are

2, 5, 16, 55, 196, 714, 2640, 9867, 37180, 140998, . . . (sequence A051960).

Finally, if p = 1 in (12) we obtain
(

1− x− xv +
xq

1− v

)

B(x; 1, q; v) = x+
qx

1− v
B(x; 1, q; 1).(14)

By taking v = v0 such that 1− x− xv0 +
xq

1−v0
= 0, namely

v0 =
1−

√

1− 4x− (4q − 4)x2

2x
,

we have B(x; 1, q; 1) = (v0 − 1)/q.
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Theorem 5.4. The generating function for the number of nonempty Catalan words according

to the length and the exterior corners of type dh is given by

B(x; 1, q; 1) =
1− 2x−

√

1− 4(1 − (1− q)x)x

2qx

= x+ 2x2 + (q + 4)x3 + 2(3q + 4)x4 + 2
(

q2 + 12q + 8
)

x5 + · · · .
Let wdh(n) be the total number of exterior corners of type dh over all Catalan words of

length n. The first few values are

0, 0, 1, 6, 28, 120, 495, 2002, 8008, 31824, . . . (sequence A002694).

Corollary 5.5. The total number of exterior corners of type dh over all Catalan words of

length n is given by

wdh(n) =

(

2n− 2

n− 3

)

.

If q = 1 in (12) we can obtain similar results. Notice that we get again the Narayana
distribution.

Theorem 5.6. The generating function for the number of nonempty Catalan words according

to the length and the exterior corners of type hu is given by

B(x; p, 1; 1) = −1− (1 + p)x−
√

(1 + (p− 1)x)2 − 4px

2px

= x+ (p+ 1)x2 +
(

p2 + 3p + 1
)

x3 +
(

p3 + 6p2 + 6p+ 1
)

x4 + · · · .
Let whu(n) be the total number of exterior corners of type hu over all Catalan words of

length n. The first few values are

0, 1, 5, 21, 84, 330, 1287, 5005, 19448, 75582, . . . (sequence A002054).

Corollary 5.7. The total number of exterior corners of type hu over all Catalan words of

length n is given by

whu(n) =

(

2n− 1

n− 2

)

.
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