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Let 4,(q) denote the n!-square matrix (with rows and columns indexed by the full
symmetric group S,) whose (o, 7) entry is g™ (“""') where g is an indeterminate and
Inv (7) denotes the number of inversions in 7. This matrix has found application to
the g-permanent [1] and to a model in “infinite statistics™ [2]. Several authors [2] [3]
[4] prove that A4,(q) is positive definite for —1 < g < 1. D. Zagier [2] computes the
determinant

n-l nlln—k)

det A,(q) = [] (1 - g**+0)55
k=1

by factoring the element }_ _o ¢"™ ™ in the group ring (Z[q])[Sa], and conjectures
that the entries of [[[;Z}(1 — ¢***")]4,(¢g)”" are polynomials in ¢ with integral
coefficients. We strengthen Zagier’s conjecture slightly.

CONJECTURE |  Suppose the entries of A,(q)~" are written in lowest terms as quo-
tients of :nrege;-coeﬁ?c:ent polynomials. Then the least common multiple (Icm) of the
denominators = [[}—;(g**+!) — 1).

The determinantal divisors (d;(q) := ged{i x i minors}) of A,(g) are monic
integral polynomials, hence so are its mvarlant factors Ui(q) = di(q) /di-1(q).
Recall ¥;(q) divides ¢41(g), 1 <i<n!— 1, and []", ¥i(g) = det A4,(g). Conjecture
1 is equivalent to

n—1

CONJECTURE 2 i (q) = [T/=) g%+ — 1).

To see this equivalence, write 4 for A,(g) for brevity, and recall that from the
definitions, the ged of the cofactors of A is dy_; =[] ¥ = det A/, equiva-
lently, the ged of the entries of (det 4) 4! is det A4 /4,y. Hence for the entries of 4~
(in lowest terms), the gcd of the numerators is 1, and the lcm of the denominators

1s Y. O

This raises the question of describing all the invariant factors of 4,(q) or
equivalently, all its elementary divisors (prime power divisors of its invariant
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factors). For example, the unimodular matrices P, Q below serve to put A43(g) in
Smith normal form (invariant factors on the diagonal): PA3Q =

diag(la 1— 92, 1= 412, = q21 (1_ qz)zs (l - qz)(l_ qﬁ))

10 0 0 0 0

—q 1 0 0 0 0

s |0 0 1 0 0 0

0 —gq 0 1 0 0

0o ¢ -q -¢ 10

¢ ¢ ¢-9 —9-¢ ¢ 1

\ 1 ¢ ¢ 0 —¢ ¢+¢
01 0 -—g 7 —q*
10 0 1 0 —g+¢ -4
Q= 0 0 0 1 0 —q
00 0 0 1 —q

o 0 0 o0 —q 1+ ¢

Clearly, from the factorization of det 4,(g) above, every elementary divisor of
An(g) (over Q) is a power of one of the cyclotomic polynomials ¢(g) =g —1,
b @)=  g+1,63@) =@ +a+1,.... Since  (An(—q)),, = (—g)™ ") =
sgno sgnt(A4,(q)),,, it follows that all invariant factors of 4,(g) are polynomials
in ¢ Also, ¢a(—q) = dar(q), while dars1(—q) = daars1)(9). Together with the
irreducibility of the cyclotomic polynomials, these facts imply ¢%, . and &’ 22k +1)
always have the same multiplicity as elementary divisors of 4,(¢g). The followmg
table gives the elementary divisors of A4i(g) and As(g) [multiplicities in brackets].
(The entries for 44(g) were obtained using Mathematica.)

A3(q) Aa(q)
»13] 412 ¢i[6] of[11] oi[6]
3] 4302 ol6]  @3[11] #3[6]
¢3[1] #sl6]  #3[2]
P6/[1] ?a[2]

o6[6] 5[]

o12(2]

The multiplicities for ¢; and ¢, seem to involve the Stirling cycle numbers ;| —
the number of permutations in S, with exactly k cycles—also known as the unsigned

Stirling numbers of the first kind.

CONJECTURE 3 The list of elementary divisors of A,(q) contains exactly [" | copies
of (g—1)" and "] copies of (q+1)" for each i.
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Conjecture 3 jibes with Conjecture 2 in that both imply n —1 is the largest power of
q —1 (resp. ¢ +1) that divides v¥,(q), and it also yields the correct total power of
(1— ¢*) that divides det 4,(g) as follows. From the factorization of det 4,(g) above,

this power is Z::t% = {1!(!1 —l—%—.---,‘—,), by elementary telescoping sums.
On the other hand, according to Conjecture 3, this power is > 7 [n'i I,]i =
Sio[[Jn=d=n-n=%"_o[[Ji=n'(n-1-1—---—1), using an elementary

Stirling number identity.
The invariant factors for A4(g) are [multiplicities in brackets]: 1[1],¢%> — 1[6],

(@ — 1)°19), (¢ — (g — D[2, (¢* — 1)’(¢° — D[4],(¢* — D)(¢* — ("> - 1) [2].
This suggests that possibly the following might be true.

CONJECTURE 4  Each invariant factor of An(q) is a product of powers of polynomials
from the set {(q* — l)k(kﬂ)}lskgnfl-
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Unknown
Conjecture 4 has a misprint. The polynomials should be q^(k(k+1)-1, not (q^2-1)^(k(k+1)).


