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Let denote the n!-square matrix (with rows and columns indexed by the full 
symmetric group Sn) whose (cr, r)  entry is f / ^ ^ ' )  where q is an indeterminate and 
Inv(~r) denotes the number of inversions in w. This matrix has found application to 
the q-permanent [l] and to a model in "infinite statistics" [2]. Several authors [2] (31 
[4] prove that An(q) is positive definite for -1 < q < 1. D. Zagier [2] computes the 
determinant 

by factoring the element Sires, P^T in the group ring (Z[q])[S,J, and conjectures 
that the entries of f 1 - qk(k"l'l)]~,, ( q ) *  are polynomials in q with integral 
coefficients. We strengthen Zagier's conjecture slightly. 

CONJECTURE 1 Suppose the entries of A,,(~}' are written in lowest terms as quo- 
twits of intege~oefficient polynomials. Then the least common multiple (Ian) of the 
denominators = n ~ i  (@'l'l) - 1). 

The detdnaatal divisors (di(q) := gcd{i x i minors}) of An(q) are monic 
integral polynomials, hence so are its invariant factors. {̂q) := di(q)/di-l(q). 
Recall v,!~,(q) divides &+I (q) ,  1 < i < n! - 1, and $it?) = det An (q). Conjecture 
1 is equivalent to 

CONJECTURE 2 (q) w+') - 1). 

To sec this equivalence, write A for AÃˆ(q for brevity, and recall that from the 
definitions, the god of the cofactors of A is dni-' = nyi/ if'i = det A/ipn!,equiva- 
lently, the gcd of the entries of (det A1A-l is det A/$^. Hence for the entries of A-I 

(in lowest terms), the gcd of the numerators is 1, and the 1cm of the denominators 
is $,,!. 0 

This raises the question of describing all the invariant factors of A,&) or 
equivalently, all its elementary divisors (prime power divisors of its invariant. - 
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Conjecture 4 has a misprint. The polynomials should be q^(k(k+1)-1, not (q^2-1)^(k(k+1)).


