Lecture 2: Product measure, measurable function and distribution

Product space

T =A1,...,k}, k is finite or co

I';, 2 € Z, are sets

[Liez Ti =Ty x -« x Ty ={(ay,...,ax) : a; € I';,i € T}
RXxR=R?>®, RxRxR=R>

Let (2, F;), i € Z, be measurable spaces

[I;cz Fi is not necessarily a o-field

0 (ITiez Fi) is called the product o-field on the product space [T;er §2;

(ITiez i, 0 (ITiez Fi)) is denoted by [T;ez(2, Fi)

Example: [,—;__x(R,B) = (R*, BY)

.....

Product measure

Consider a rectangle [ay, bi] X [ag, ba] C R?. The usual area of [ay,b;] X [ag, bo] is

(b1 — a1)(bg — az) = m([ay, bi])m([az, ba])

Is m([aq, b1])m([az, bo]) the same as the value of a measure defined on the product o-field?

A measure v on (2, F) is said to be o-finite if and only if there exists a sequence {A;, Ao, ...}
such that UA; = Q and v(A;) < oo for all ¢

Any finite measure (such as a probability measure) is clearly o-finite

The Lebesgue measure on R is o-finite, since R = UA,, with A, = (-n,n),n=1,2, ...

The counting measure in is o-finite if and only if 2 is countable

Proposition 1.3 (Product measure theorem). Let (£, F;,v;), i = 1,...,k, be measure
spaces with o-finite measures, where £ > 2 is an integer. Then there exists a unique o-finite
measure on the product o-field o(F; X - - - X Fy), called the product measure and denoted by
V1 X -+ X Vg, such that

vp X o X (A X X Ag) = 1 (Ar) - ve(Ag)
forall A; € F,i=1,.. k.
Let P be a probability measure on (R*, B¥). The c.d.f. (or joint c.d.f.) of P is defined by
F(z1,...,x) = P((—o00,m1] X -+ X (=00, 2%]), 2, €R

There is a one-to-one correspondence between probability measures and joint c.d.f.’s on RF

If F(xq,...,xx) is a joint c.d.f., then

Fi(z) = ~ lim F(xy, ., @i 1, 2,201, ..., Ty

is a c.d.f. and is called the ¢th marginal c.d.f.



Marginal c.d.f.’s are determined by their joint c.d.f.
But a joint c.d.f. cannot be determined by £ marginal c.d.f.’s.
If
F(xlv a3 flfk) = Fl(xl) e Fk(xk)7 (xh ,I’k) S Rkv

then the probability measure corresponding to F'is the product measure P; X

P; being the probability measure corresponding to F;
Measurable function

f+ a function from Q2 to A (often A = R¥)
Inverse image of B C A under f:

[7(B)={feBt={weQ: f(w) € B}.

The inverse function f~! need not exist for f~1(B) to be defined.
F1(BE) = (S~ (B))* for any B C A,

Y UB;)) =Uf~Y(B;) for any B; C A, i=1,2,...

Let C be a collection of subsets of A. Define f~1(C) = {f~1(C) : C € C}

-+ X P, with

Definition 1.3. Let (2, F) and (A,G) be measurable spaces and f a function from €
to A. The function f is called a measurable function from (2, F) to (A,G) if and only if

fYGg)c F.

If f is measurable from (2, F) to (A,G), then f~!(G) is a sub-o-field of F (verify). It is

called the o-field generated by f and is denoted by o(f).

If f is measurable from (2, F) to (R, B), it is called a Borel function or a random variable
A random vector (X7, ..., X,,) is measurable from (2, F) to (R", B") (each X; is a random

variable)

Examples
If F is the collection of all subsets of 2, then any function f is measurable
Indicator function for A C §:

1 weA
[A(w){
0 wé¢A.

For any B C R,

0 0€B,1¢ B
A 0¢B/1eB
A 0eB,1¢B
Q 0e B,1€B.

Then, o(l4) = {0, A, A%, Q} and I, is Borel iff A € F
o(f) is much simpler than F

I,'(B) =




Simple function
k
p(w) =D ails,(w),
i=1

where Aq, ..., A, are measurable sets on 2 and aq, ..., a, are real numbers. Let A4, ..., A, be
a partition of €2, i.e., A;’s are disjoint and A; U ---U Ay = 2. Then the simple function ¢
with distinct a;’s exactly characterizes this partition and o(¢) = o({Aq, ..., Ar}).

Proposition 1.4. Let (2, F) be a measurable space.

(i) f is Borel if and only if f~*(a,00) € F for all a € R.

(ii) If f and g are Borel, then so are fg and af + bg, where a and b are real numbers; also,
f/g is Borel provided g(w) # 0 for any w € €.

(iii) If fi, fo,... are Borel, then so are sup,, f,, inf, f,, limsup,, f,, and liminf, f,. Further-
more, the set

A= {w € lim fn(w) exists}

is an event and the function

lim, o folw) weA
h(w) =
{ filw) wi A
is Borel.
(iv) Suppose that f is measurable from (€2, F) to (A,G) and g is measurable from (A, G) to
(A, H). Then the composite function g o f is measurable from (Q, F) to (A, H).

(v) Let ©Q be a Borel set in RP. If f is a continuous function from 2 to R?, then f is
measurable.

Distribution (law)
Let (2, F,v) be a measure space and f be a measurable function from (2, F) to (A, G). The

induced measure by f, denoted by v o f~!, is a measure on G defined as

vof(B)=v(feB)=v(f(B), Beg

If v = P is a probability measure and X is a random variable or a random vector, then
P o X~1is called the law or the distribution of X and is denoted by Px.
The c.d.f. of Px is also called the c.d.f. or joint c.d.f. of X and is denoted by Fx.

Examples 1.3 and 1.4



