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Abstract

We present a low-constant approximation for the metric k-median problem on insertion-only streams using

O(ε−3k log n) space. In particular, we present a streaming (O(ε−3k log n), 2 + ε)-bicriterion solution that

reports cluster weights. Running the offline approximation algorithm due to [1] on this bicriterion solution

yields a (17.66 + ε)-approximation [2, 3, 4]. Our result matches the best-known space requirements for

streaming k-median clustering while significantly improving the approximation accuracy. We also provide

a lower bound, showing that any polylog(n)-space streaming algorithm that maintains an (α, β)-bicriterion

must have β ≥ 2. Our technique breaks the stream into segments defined by jumps in the optimal clus-

tering cost, which increases monotonically as the stream progresses. By storing an accurate summary of

recent segments of the stream and a lower-space summary of older segments, our algorithm maintains a

(O(ε−3k log n), 2 + ε)-bicriterion solution for the entirety of the stream.

In addition to our main result, we introduce a novel construction that we call a candidate set. This is a

collection of points that, with high probability, contains k points that yield a near-optimal k-median cost. We

present an algorithm called monotone faraway sampling (MFS) for constructing a candidate set in a single

pass over a data stream. We show that using this candidate set in tandem with a coreset speeds up the

search for a solution set of k cluster centers upon termination of the data stream. While coresets of smaller

asymptotic size are known, comparative simplicity of MFS makes it appealing as a practical technique.
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1. Introduction1

The metric k-median clustering problem is to identify, given a collection of points in a metric space

(X , d), a set of k points, called centers, that (approximately) minimize the sum of the distances of each point

in the collection to its nearest center. We consider this problem in the insertion-only streaming setting, in

which a collection of n points from X are presented sequentially in a data stream D = p1, p2, . . . pn, and we

are tasked with identifying a clustering solution (i.e., producing a set of k centers) based on a single pass

through the stream of points, ideally using memory that grows sublinearly in n. That is, our goal is to find

a collection C ⊆ X of cardinality k that minimizes

n∑
i=1

min
c∈C

d(pi, c),

while using storage that grows sublinearly, and ideally polylogarithmically, in n.2

Streaming clustering dates to the work of Guha, Meyerson, Mishra, Motwani and O’Callaghan [2]. There3

have been two main classes of algorithms for solving the streaming version of metric k-medians in polyloga-4

rithmic space complexity. The first class are those based on facility location algorithms, dating to the first5

polylogarithmic solution for the streaming k-median problem due to Charikar, O’Callaghan, and Panigrahy6

[3]. These methods build upon the connection between the k-median problem and the facility location prob-7

lem, using as a subroutine the online facility location algorithm of Meyerson [5]. Facility-based algorithms8

achieve low space complexity (e.g., O(k log n)-space due to [4]), but tend to suffer from a comparatively large9

approximation ratio. The best-space algorithm in this class provides a (O(k log n), 1063)-bicriterion solution10

(see Section 3.6 for a calculation of this constant). The second class of streaming k-median algorithms are11

those based on coresets [6, 7, 8, 9, 10], by which we mean algorithms that can return a (k, ε)-coreset for any12

ε > 0. These algorithms achieve an arbitrarily low approximation ratio, at the expense of significantly more13

storage, the lowest at the time of this writing being a O(ε−2k log4 n)-space coreset due to [8]. In these ap-14

proaches, one typically starts with an offline coreset construction procedure, which is then transformed into a15

streaming construction using the merge-and-reduce technique of [11]. The cost of using the merge-and-reduce16

technique is to multiply the space complexity by a factor of Ω(log3 n). Although other methods have been17

found for the Euclidean case [12, 13], this remains the only technique available for constructing coresets in18

general metric spaces. Without overcoming this nearly 40-year-old barrier, coreset-based algorithms cannot19

match the space complexity of facility-based algorithms.20

These two classes of algorithms suggest a trade-off between the favorable space-bounds of facility-based21

methods and the favorable approximation ratio of coreset-based methods. A natural question concerns22

whether or not it is possible to design an algorithm that performs well in both space and approximation ratio.23

For Euclidean space, this question was answered in the affirmative by [14]. In 2009, Guha [15] introduced a24

facility-based (34 + ε)-approximation for metric spaces requiring memory of size O(ε−3 log 1
εk log2 n). This25
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result straddles the above-mentioned space-accuracy trade-off by offering a low-constant (although not as26

low as that achieved by coreset-based algorithms) as well as low-space (although not as low as the O(k log n)27

achieved by the best facility-based algorithms).28

2. Our Contribution29

Our main result, stated in Theorem 11, is an algorithm that maintains a (k, 2 + ε)-bicriterion for the30

streaming metric k-medians problem using O(ε−3k log n) space. This in turn yields an approximate solution31

to the streaming metric k-median problem with space requirements and approximation ratio that are both32

better than those in [15], using a technique entirely different from that of [14]. Our algorithm requires33

O(ε−3k log n)-space to maintain a (O(ε−3k log n), 2 + ε)-bicriterion solution. It is a well-known result [4, 3,34

2, 15] that running an offline γ-approximate clustering algorithm on an (α, β)-bicriterion solution yields a35

(β + 2γ(1 + β))-approximate clustering. With our (O(ε−3k log n), 2 + ε)-bicriterion solution, running the36

offline 2.61-approximation due to [1] thus yields a (17.66 + ε)-approximate solution to the streaming k-37

median problem. This improves the approximation factor of [15] by almost half, and the space requirement38

is improved from O(k log2 n) to O(k log n). We show in Section 3.5 that this result is essentially optimal,39

in the sense that no polylog(n)-space algorithm can improve upon the approximation ratio achieved by our40

algorithm.41

Our algorithm works in three “layers” running in parallel. Upon the arrival of a new point from the42

stream, each of these three layers are updated. The first layer is a black-box O(1)-approximation for the43

clustering problem. This approximation algorithm simply runs in the background while the higher layers44

save information from it. The second layer (see Section 3.2) maintains a summary of a prefix of the stream45

that is guaranteed to contribute at most an ε-small portion to the optimal clustering cost of the stream up46

to the current time. At any given time, this layer only requires space to store the output of the first layer47

produced at two previous times. The third layer (see Section 3.3) runs, in parallel, multiple instances of the48

facility location algorithm due to [5]. These three layers of computation jointly ensure that we maintain a49

solution throughout the stream that achieves a good approximation to the optimal clustering solution with50

high probability.51

Our techniques differ from previous facility-based algorithms in crucial ways. Like the previous works52

of [4, 3], our algorithm operates by breaking the stream up into subsequences of points called phases. The53

techniques used in these prior works tend to incur additional cost with each additional phase (i.e., as more54

points arrive in the stream). In contrast, we avoid additional costs by maintaining a summary of a prefix55

of the stream while ensuring that the cost of clustering the prefix accounts for only a small fraction of the56

total cost of clustering the stream. This requires that we have an O(1)-approximate estimate of the optimal57

cost of clustering the stream, without having observed it in its entirety. Of course, such an approximation is58
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impossible to guarantee. Instead, our Algorithm 1 allows us to pretend that we have such an estimate. The59

fundamental idea is to always maintain a summary of the “next prefix” of the stream. If we detect that the60

optimal clustering cost of the stream may have exceeded our current upper bound, we replace our current61

prefix summary with the new one and update our upper bound estimate accordingly. Meanwhile, given an62

O(1)-approximate estimate of the optimal clustering cost, we can construct a good approximation for the63

stream observed since the end of the prefix (see Section 3.3). Combining both these pieces, we are able to64

maintain a low-constant solution over the stream.65

In addition to our main theoretical result, we also present in Section 4 a technique for constructing what66

we term a candidate set, a data structure that complements the coreset-based techniques discussed above.67

The motivation for this construction is the approximate cost oracle property of coresets. By this we mean68

the property whereby the cost of k-median clustering on a coreset using a given set of k centers has cost69

that is (up to an additive error) equal to the cost of clustering the entire data stream with those k centers.70

When using a coreset, upon termination of the stream, one must perform an offline clustering of the coreset71

in order to find a clustering solution. This offline clustering procedure may be computationally intensive,72

owing to the need to entertain all points in the coreset as potential cluster centers. The idea behind a73

candidate set is to avoid this by instead constructing, in parallel to the coreset, a set of points M with74

cardinality significantly smaller than the coreset, with the guarantee that M contains a set of k points that75

achieves near-optimal clustering cost when applied to the data stream. Upon termination of the stream, one76

may then find a solution more quickly by searching only over the centers from the candidate set M , using,77

for example, the local search technique due to [16]. Thus we reap the storage advantages of coresets while78

avoiding the computational cost of searching over all possible sets of k centers from the coreset. While such79

approaches fall short of being competitive with the best known approaches for insertion-only streaming k-80

median clustering, the comparative simplicity of the MFS algorithm makes it an appealing candidate for use81

in practical applications compared with the best known theoretical algorithms, and may be of independent82

interest as a framework to be applied to other streaming problems.83

3. Phase-Based Streaming k-Median Clustering84

In this section, we present our main result, a phase-based algorithm for k-median clustering in insertion-85

only streams. Our algorithm maintains a (k, 2 + ε)-bicriterion solution using O(ε−3k log n) space. The86

algorithm has three major components, which we conceptualize as operating in three sequential layers.87

The first is a black-box O(1)-approximation; a single instance simply runs in the background while the88

higher layers save information from it. The second layer, presented in Section 3.2, maintains a summary89

of the prefix of the stream that contributes at most an ε-small portion to the total clustering cost of the90

stream. Maintaining this prefix requires only enough space to store the output of the black-box constant91
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approximation running in the first layer. The third layer, described in Section 3.3, runs parallel instances92

of the facility location algorithm of [5] in phases, adjusting the facility cost as the stream progresses. Four93

parallel instances in this layer (two in each of two different phases at any given time) are sufficient to94

maintain the 1 − 1
n probability of success attained by most approximate streaming clustering algorithms,95

but this probability can be amplified by increasing the number of parallel instances.96

3.1. Definitions and Notation97

Before proceeding, we pause to establish notation and definitions. We assume that we are given a data98

stream D = p1, p2, . . . , pn, consisting of a sequence of points lying in some metric space (X , d). We define the99

distance of a point p ∈ X to a set Φ ⊆ X as d(p,Φ) = minφ∈Φ d(p, φ), with d(p, ∅) =∞ by convention. For100

1 ≤ i ≤ j ≤ n, we write [i, j] to denote the subsequence of the stream given by pi, pi+1, . . . , pj , so that, for101

example, [1, N ] denotes the first N points appearing in the stream. We assume that each point p appearing102

in the stream has an associated integral weight w(p) ∈ {0, 1, 2, . . . }. We let n denote the total weight of the103

stream, n =
∑
p∈D w(p), while noting that we may equivalently consider D to be a sequence of points of104

unit weight, and represent a weight-w point in our original weighted stream by repeating the same point w105

times. In light of this fact, we will simply use n to denote the length of the stream throughout this work,106

with no real loss of generality. We assume throughout that n is known in advance, though this is for ease107

of exposition— a polynomial upper-bound on n is sufficient for our purposes. We note that n is assumed108

to be known in advance in most recent works on this problem [3, 4, 14], and removing this assumption is109

non-trivial. For a set (or multiset) A, we denote its cardinality by |A|.110

The goal of clustering is to identify a set of points that minimizes a clustering objective function, in111

which we pay a cost to connect each point in the data set to one of k cluster centers. In the present work,112

we are concerned with the k-median clustering objective.113

Definition 1 (Cost Function). Given a multiset A ⊂ X and a set C ⊂ X , the function ν(A,C) denotes the

cost of clustering A with a set of cluster centers C, defined to be

ν(A,C) =
∑
a∈A

min
c∈C

d(a, c).

Definition 2 (Optimum Cost). For a particular multiset of points A ⊂ X and a set B ⊂ X , we denote114

by νOPT(A,B, k) the lowest possible cost of clustering A with k centers from B. That is, νOPT(A,B, k) =115

minC∈Bk ν(A,C). When the set B is known from context (e.g., if B is the entire metric space X or B is the116

set of all points appearing in the data stream D), we will write simply νOPT(A, k).117

Definition 3 (Connect Function). Let A,B be multisets of equal cardinality. We write Connect(A,B) to

denote the minimum connection cost of transporting each a ∈ A to a unique b ∈ B. That is,

Connect(A,B) = min
t

∑
a∈A

d(a, t(a)),
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where the minimization is over all bijective maps t : A→ B.118

Before proceeding, we make two observations that will prove useful in Sections 3.2 and 3.4, respectively.119

Observation 4. Let A and B be multisets of equal cardinality with elements drawn from the metric space

(X , d) and let C ⊂ X . Then

ν(A,C) ≤ Connect(A,B) + ν(B,C).

Proof. Let g be the function that assigns each element of B to its nearest point in C. That is, the map from120

B to C that attains cost ν(B,C). Let t be the optimal bijective map from A to B that attains Connect(A,B).121

By the triangle inequality, for every a ∈ A, d(a, g(t(a))) ≤ d(a, t(a)) + d(t(a), g(t(a))). Let h be the optimal122

map assigning each a ∈ A to its nearest point in C. The result follows by summing over all a ∈ A and noting123

that d(a, h(a)) ≤ d(a, g(t(a))).124

Observation 5. Let A1, B1, A2 and B2 be multisets of elements from the metric space (X , d) with |A1| = |B1|125

and |A2| = |B2|. If Connect(A1, B1) ≤ v1 and Connect(A2, B2) ≤ v2, then Connect(A1 ∪ A2, B1 ∪ B2) ≤126

v1 + v2.127

Proof. Let ti be the optimal bijective map from Ai to Bi. Then consider g(a) = ti(a) if a ∈ Ai. While g128

may not be the optimal bijective map from A1 ∪ A2 to B1 ∪ B2, it yields an upper bound, completing the129

proof.130

3.2. Phase Manager131

As mentioned above, our algorithm relies on maintaining an estimate of the optimal k-median clustering

cost of the stream to within a multiplicative error (refer to Theorem 9 below to see where this estimate is

used). Recalling our notation [1, N ] to denote the first N points of the stream, we require a way to maintain

a monotonically increasing function f([1, N ]) such that for all N ,

νOPT([1, N ],X , k) ≤ f([1, N ]) ≤ θνOPT([1, N ],X , k) (1)

for a constant θ that we will specify below. Note that here and in the sequel, we will suppress the metric132

space X from our notation νOPT([1, N ],X , k), taking this metric space to be understood, and instead simply133

write νOPT([1, N ], k).134

Operating on an insertion-only stream D, Braverman, et al. [4] introduced a modification of the PLS

algorithm initially presented in [3], which we refer to as PLS+. PLS+ maintains a multiset Q such that for all

N , Connect([1, N ], Q) ≤ µνOPT([1, N ], k) for some constant µ. PLS+ constructs Q according to a technique

that connects each arriving point in D to (weighted) points seen previously in the stream. We make a simple

modification to maintain, in addition, a value q such that Connect([1, N ], Q) ≤ q. For a portion P of the

stream, we write PLS+(P ) to denote the multiset Q built on this portion of the stream, and we denote the
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resultant upper bound on Connect(P,Q) by q(P ). Via a standard argument (see, e.g., [3]), running an offline

γ-approximation for k-median on Q yields a 2γ(1 +µ)-approximate solution on the original input. Thus, we

will see below that we can take the constant θ in Equation (1) to be

θ = 2γ(1 + µ). (2)

Beyond simply computing a clustering solution, we use the output of the PLS+ algorithm to build a135

monotonically increasing function f satisfying Equation (1) as follows. Define f ′ to be the sum of q([1, N ])136

and the cost of clustering PLS+([1, N ]) with its γ-approximate k-median clustering. By Observation 4, f ′137

satisfies the desired inequalities in Equation (1), but f ′ may not be monotonically increasing, as the clustering138

cost of the γ-approximate solution need not be monotonic in the size of the input. To get around this, we139

define f recursively according to f([1, N ]) = max{f ′([1, N ], f([1, N − 1])}. Upon arrival of a new point140

pN , having already computed f([1, N − 1]), we obtain f ′([1, N ]) by adding pN to the input to our running141

instance of PLS+ and using the new PLS+ cost q([1, N ]). Thus, computing f([1, N ]) requires O(1) additional142

computation time and storage beyond the cost of running PLS+ on the stream. By construction, f is143

guaranteed to be monotonically increasing. Moreover, it still satisfies the desired inequalities in Equation (1)144

because νOPT([1, N ], k) is monotonically increasing in N .145

The purpose of the second layer of our algorithm is to keep track of a prefix of the stream such that at

any given time N , the connection cost of that prefix accounts for at most a small fraction of the total optimal

clustering cost νOPT([1, N ], k). This is achieved by maintaining a two-level filtration of the stream. Having

observed the first N points of the stream [1, N ] = p1, p2, . . . , pN , we denote the elements of this filtration by

AN and BN , where ∅ ⊆ AN ⊆ BN ⊆ [1, N ]. Specifically, we take AN and BN to be prefixes of the stream,

meaning that they are each equal to some sequence [1,m] for some 1 ≤ m ≤ N . Further, we select these

prefixed in such a way that the following two loop invariants are maintained:

f(AN ) ≤ ε

µθ
f(BN )

f(BN ) >
ε

µθ
f([1, N ]),

(3)

where µ is the approximation constant guaranteed by PLS+, θ is as in Equation (2), and f is the function146

constructed by the first layer to satisfy Equation 1.147

At the beginning of the stream, it will be necessary to establish these two loop invariants. Let m be148

the smallest number such that {p1, p2, . . . , pm} contain exactly k + 1 distinct points. We define At and Bt149

arbitrarily for t < m, noting that solving the k-medians clustering problem on a multiset of at most k distinct150

points can be solved trivially by taking the centers to be equal to those points. We take Am to be the empty151

set and Bm to be the first k + 1 distinct points in the stream. We observe also that even if k + 1 distinct152

points do not arrive until m is much greater than k + 1, this initialization procedure can be performed in153

O(k log n).154
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Having established the loop invariants in Equation (3), Algorithm 1 maintains these invariants with155

a single instance of PLS+. When a point arrives, it simply updates the running instance of PLS+ and,156

if necessary, updates AN and BN in terms of AN−1 and BN−1 in order to maintain the loop invariants.157

Specifically, if the condition in Line 2 is satisfies, this indicates that the second loop invariant in Equation (3)158

has been violated, and we need to discard our previous prefix AN−1 and update our stream prefix to be the159

old BN−1. When this occurs, we say that we have begun a new phase. Note that Algorithm 1 does not store160

any information besides the state of PLS+ for each element of the current filtration. Therefore, the memory161

requirement for this portion of our algorithm is precisely that required to run an instance of PLS+.162

Algorithm 1 Update Process, upon arrival of point pN . ε > 0 is a user-specified approximation constant.

µ is the constant of approximation guaranteed by PLS+. θ is as defined in Equation (2).

1: Update PLS+ with pN and compute f([1, N ])

2: if f([1, N ]) ≥ µθ
ε f(BN−1) then

3: AN ← BN−1; BN ← [1, N ]

4: else

5: AN ← AN−1; BN ← BN−1

6: end if

Lemma 6. Suppose that µθ/ε > 1 in Algorithm 1. Using O(k log n) memory, Algorithm 1 maintains a

filtration ∅ ⊂ AN ⊂ BN ⊂ [1, N ] such that for all N , the invariants in Equation (3) are satisfied. That is,

for all N ,

f(AN ) ≤ ε

µθ
f(BN ) and f(BN ) >

ε

µθ
f([1, N ]).

Proof. If the condition on Line 2 is not satisfied, then both invariants in Equation (3) continue to hold,163

and we can simply leave our filtration unchanged. If the condition on Line 2 is satisfied, then the second164

invariant in Equation (3) has been violated, and must be re-established in Line 3. We recursively assume165

that both invariants held for the filtration of [1, N − 1]. For ease of notation, write β = µθ/ε. The first166

invariant in Algorithm 1 reads f(AN ) ≤ β−1f(BN ), which is equivalent to f(BN−1) ≤ β−1f([1, N − 1]).167

This is guaranteed to hold, since the second invariant was violated by assumption. The second invariant168

reads f(BN ) > β−1f([1, N ]). Since we have BN = [1, N ] on Line 3 and β > 1, Line 3 reestablishes the169

second invariant.170

Algorithm 1 guarantees that when a phase change occurs, νOPT(D, k) will remain within a constant171

multiplicative range of our present (estimated) upper bound until the next phase change, as the following172

result shows.173
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Lemma 7. Let µ be the constant of approximation guaranteed by PLS+ and let θ be as in Equation (2).

Provided that ε > 0 satisfies µθ/ε > 1, Algorithm 1 guarantees that for all N ,

f(BN )

θ
≤ νOPT([1, N ], k) <

µθ

ε
f(BN ).

Proof. The first inequality follows from the approximation guarantee of f and monotonicity. The second174

inequality follows from the second loop invariant of Algorithm 1, which is ensured by Lemma 6, and the fact175

that νOPT([1, N ], k) ≤ f([1, N ]).176

As discussed above, the goal of maintaining a prefix AN (and a “next” prefix BN ) is to ensure that at177

any time, we can safely assume that the cost of clustering the prefix contributes only an ε-small fraction of178

the total optimal clustering cost. The following lemma makes this precise.179

Lemma 8. Provided that 0 < ε ≤ 1/2 and µθ/ε > 1, at all times N , the prefix AN maintained by Algorithm 1

is such that

Connect(AN ,PLS+(AN )) ≤ ενOPT([1, N ], k).

Proof. By Lemma 6, the function f based on Algorithm 1 guarantees that f(AN ) ≤ εf(BN )/µθ. Using the

fact that f(AN ) is a trivial upper bound on νOPT(AN , k) and applying Lemma 7, we have

νOPT(AN , k) ≤ f(AN ) ≤ ε

µθ
f(BN ) ≤ ε

µ
νOPT([1, N ], k).

As discussed above, the PLS+ algorithm running in the background of Algorithm 1 yields a weighted set180

PLS+(AN ), such that Connect(AN ,PLS+(AN )) ≤ µνOPT(AN , k). Combining this with the above display,181

we have shown that Connect(AN ,PLS+(AN )) ≤ ενOPT([1, N ], k), completing the proof.182

In the next two sections, we will use the guarantees of Algorithm 1 to construct a (O(ε−3k log n), 2 + ε)-183

bicriterion clustering solution. A collection of subroutines running in parallel in the third layer of our184

algorithm will observe (but not influence) Algorithm 1 and store two sets at any given time N : PLS+(AN )185

and PLS+(BN ). That is, the third layer stores the state of the PLS+ algorithm as run on the current prefix186

AN and on the “next” prefix BN . In this way, we will maintain a k-median clustering solutions on both AN187

and BN at all times N .188

3.3. Facility Manager189

The bookkeeping done by Algorithm 1 ensures that at any time, the cost of clustering the prefix AN

contributes at most an ε fraction of the optimal clustering cost νOPT([1, N ], k) (see Lemma 8 below). It

remains, then, to ensure that we can produce at any time N a close approximation for clustering the

remainder of the stream, [1, N ] \ AN . Toward this end, in this section we present Algorithm 3, which runs

in parallel with Algorithm 1. We make use of a modified version of the online facility location algorithm due
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to [5] as a subroutine. The main result of this section is Theorem 10, which establishes that Algorithm 3

maintains, at each time N , a weighted set QN such that with high probability,

Connect([1, N ] \AN , QN ) ≤ (2 + ε) νOPT([1, N ], k).

Toward this end, we recall the OFL Algorithm 2, as used in [3], which solves the facility location problem190

with facility cost κ. We use the OFL algorithm to maintain a weighted set of facilities (i.e., points from191

the stream) Φ. Upon the arrival of a point p, we open a weight w(p) facility at point p with probability192

w(p)d(p,Φ)/κ; otherwise we connect it to the nearest open facility, incrementing that facility’s weight by193

w(p) and paying service cost w(p)d(p,Φ). We will see in Theorem 9 below that by choosing the facility cost κ194

appropriately, we can ensure that Φ achieves a service cost that is within a constant multiple of the optimal195

k-median clustering cost of the input.196

Algorithm 2 The OFL algorithm. κ is a user-supplied facility cost.

1: ServiceCost← 0; FacilityCount← 0; Φ← ∅

Update Process, upon arrival of point pN :

2: if a probability min(1, w(pN )d(pN ,Φ)/κ) event occurs then

3: Open a facility at pN with weight w(pN )

4: FacilityCount← FacilityCount +1

5: else

6: Increment weight of a nearest facility to pN by w(pN )

7: ServiceCost← ServiceCost +w(pN )d(pN ,Φ)

8: end if

The output from running Algorithm 2 on the stream is a set of points Φ (i.e., the facilities opened by the197

algorithm), with each facility p ∈ Φ weighted according to the total weight of the points served by p. The198

following theorem shows that the facility set Φ produced by Algorithm 2 applied to a weighted set of points199

A has total service cost that is a good approximation to the optimal k-median cost νOPT(A, k). Further, we200

show that the total number of facilities |Φ| opened by the algorithm is at most a multiplicative factor larger201

than k. Of course, the set Φ may contain more than k facilities. Below, we will show how to cull the set Φ,202

which may contain more than k facilities, to obtain a set of k cluster centers. First, we present Theorem 9,203

which establishes a high-probability bound on the total service cost of the facility set Φ. The result follows204

by tuning the parameters in Theorem 3.1 of [4]. Our result includes a parameter ε, which is set to ε = 1 in205

the original theorem. We thus include a sketch of how to modify the original proof to allow this parameter206

to vary.207

Theorem 9. Suppose that OFL runs on a weighted set of points A with total weight at most n, using facility208

cost κ = L/k(1 + log n) where L ≤ ενOPT(A, k), with ε ∈ (0, 1/2]. Then with probability at least 1 − 1
n , at209
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most 7ε−1k(1 + log n)νOPT(A, k)/L facilities are opened, and the total service cost of the resulting solution210

is at most (2 + 7ε) νOPT(A, k).211

Proof Sketch. Consider an optimal center c that services the set S ⊂ A. Let σ =
∑
p∈S d(p, c) be the total212

service cost of assigning the points in S to c. For j ≥ 0, define set Sj ⊆ S such that |Sj | = ε|S|/(1 + ε)j and213

each point in Sj is not farther from c than any point point in Sj+1. Then for j′ = log1+ε(n/2) ≤ 2ε−1 log n214

and ε ≤ 1/2, the set ∪j>j′Sj consists of at most a single point. As in the proof of Theorem 3.1 in [4], the215

service cost of all points after a facility is opened in a region is deterministically at most (ε/(1−ε)+(1+ε))σ.216

This follows by applying Markov’s inequality to show that the cost of connecting the nearest ε|S| points to217

the opened facility is at most ε
1−εσ. As for before a facility opens, it is shown in [4] that the probability218

of having total service at least y over x regions before a facility opens is at most ex−y(e−1)/e. Setting219

x = 2ε−1k(1 + log n) and y = 2eε−1k(1 + log n)/(e− 1) yields the result.220

Theorem 9 implies that we can obtain a good approximation to the optimal clustering, so long as the221

parameter L is within a constant multiple of νOPT(A, k). Algorithm 3 handles the problem of keeping222

multiple instances of OFL running in parallel while updating this facility cost in response to phase changes223

identified by Algorithm 1 as the stream proceeds. The algorithm maintains a collection of OFL instances224

running in parallel. Any time a phase change occurs (i.e., Algorithm 1 updates the filtration AN ⊆ BN ),225

Algorithm 3 begins running d + 1 instances of OFL with facility cost set to εf(BN )/θ. These instances226

continue running until the next phase change (Line 1 in Algorithm 3), when we increase the service cost227

and duplicate the instance d + 1 times. Thus, each phase over the course of the stream has an associated228

collection of d+ 1 independent instances of the OFL algorithm. We say that these instances are running in229

the same bucket, with the t-th phase having an associated bucket, also numbered t. We make the distinction230

between a phase and a bucket owing to the fact that in Algorithm 3, we will need to initialize the OFL231

instances running in the (t + 1)-th bucket upon the start of the t-th phase. Note that this is precisely the232

reason for maintaining the prefix AN and the “next” prefix BN . Throughout the stream, Algorithm 3 uses233

the current bucket (i.e., the bucket associated to the current phase) and the next bucket (i.e., the bucket234

associated to the next phase) to maintain a weighted set of facilities QN that is comprised of facilities from235

two different running OFL instances.236

We now present the main theorem of this section.237

Theorem 10. Suppose that ε ∈ (0, 1/2]. With probability at least 1− n−d, where d is a chosen parameter,

Algorithm 3 maintains a weighted set QN such that

Connect([1, N ] \AN , QN ) ≤ (2 + 7ε)(1 + ε)νOPT([1, N ], k),

The algorithm requires memory of size O(dε−3k log n).238
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Algorithm 3 Update Process, upon arrival of point pN . µ is the approximation constant guaranteed by

PLS+ and θ is as defined in Equation (2).

1: if pN causes phase t to begin then

2: Terminate all instances in bucket t− 1

3: Force all instances in bucket t to open pN as a facility

4: Φ1 ← facilities of a bucket t instance with minimal service cost

5: κ← εf(BN )/θk(1 + log n)

6: Initialize d+ 1 instances of OFL in bucket t+ 1 with facility cost κ

7: else

8: Update all running instances of OFL with point pN

9: Terminate instances with more than 7µθ2ε−3k(1 + log n) open facilities

10: end if

11: if bucket t contains a running instance then

12: Φ1 ← facilities of an instance in bucket t with minimal service cost

13: else

14: Φ2 ← facilities of an instance in bucket t+ 1 with minimal service cost

15: QN ← Φ1 ∪ Φ2

16: end if

Proof. To establish the space bound, note first that Line 9 guarantees that we have at most 7µθ2ε−3k(1 +239

log n) facilities per instance of OFL. We store at most d+1 instances in each of buckets t and t+1, resulting240

in an overall storage of at most 14(d+1)µθ2ε−3k(1+log n) facilities. The O(dε−3k log n) space bound follows241

since µ and θ are assumed constant.242

We now prove that with high probability, at least one instance in bucket t remained active throughout

phase t− 1. Specifically, we show that at least one instance in bucket t has not opened too many facilities,

thus avoiding termination on line 9. Toward this end, consider the instances in bucket t. By definition,

these started running as a batch of d + 1 instances at the beginning of phase t− 1. Since Algorithm 1 sets

AN ← BN−1 at a phase change, these instances were started with facility cost εf(AN )/θk(1 + log n) and

ran on the segment BN \ AN . We let B′N denote BN without the final point that caused the transition to

phase t, and apply Theorem 9 to B′N . By Lemma 7, we have

θνOPT(B′N , k)

εf(AN )
< µθ2ε−2.

With this bound, Theorem 9 guarantees that with probability 1− n−d−1, at least one of the d+ 1 instances243

will open at most 7µθ2ε−2k(1 + log n) facilities when running on B′N . Since the number of facilities opened244

is monotonically increasing during runtime, this implies the same bound on the number of facilities when245
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running OFL on the segment B′N \AN . Therefore, with probability 1−n−d−1, at least one instance survives246

to the beginning of phase t by not being terminated on Line 9. At the beginning of phase t, we apply the247

same analysis to [1, N ] \ BN (without the need to remove the final point, since the phase has not ended),248

and arrive at the same probabilistic bound on the number of facilities for instances in bucket t+ 1.249

Let Lt = k(1 + log n)κt where κt is the facility cost used for instances in bucket t. We consider two

possible cases. In the first case, suppose that νOPT(B′N , k) ≥ ενOPT([1, N ], k). We repeat the previous

analysis with Theorem 9 of running OFL on the segment [1, N ] \AN instead of B′N \AN . Since

θνOPT([1, N ], k)

εf(AN )
≤ ε−2θνOPT(B′N , k)

f(AN )
< µθ2ε−3

and

Lt =
εf(AN )

θ
≤ ενOPT(AN , k) ≤ ενOPT([1, N ], k),

Theorem 9 gives a high-probability guarantee that at least one OFL instance running in bucket t has opened250

no more than 7µθ2ε−3k(1 + log n) facilities with total service cost at most (2 + 7ε)νOPT([1, N ], k).251

In the second case, suppose that νOPT(B′N , k) < ενOPT([1, N ], k). If there is an active instance in bucket t,

then its total connection cost is at most (2+7ε)νOPT([1, N ], k). If there are no active instances in bucket t, we

return Φ1∪Φ2. We apply Theorem 9 to B′N \AN to show that Connect(B′N \AN ,Φ1) ≤ (2+7ε)νOPT(B′N , k).

Line 3 implies that

Connect(B′N \AN ,Φ1) = Connect(BN \AN ,Φ1),

and therefore Connect(BN \AN ,Φ1) < (2 + 7ε)νOPT(B′N , k). By definition,

Lt+1 =
εf(BN )

θ
≤ ενOPT(BN , k) ≤ ενOPT([1, N ], k),

and we apply the theorem again to [1, N ]\BN to show that Connect([1, N ]\BN ,Φ2) ≤ (2+7ε)νOPT([1, N ], k).

Observation 5 then bounds the connection cost as

Connect([1, N ] \AN ,Φ1 ∪ Φ2) ≤ (2 + 7ε) [νOPT(B′N , k) + νOPT([1, N ], k)] < (2 + 7ε)(1 + ε)νOPT([1, N ], k).

Of course, the above proof holds for a single phase. Since there is at least one point per phase, there are at252

most n phases. Applying a union bound over the phases, the 1−n−d−1 probability guarantee for each phase253

yields a 1− n−d probability guarantee over the full stream, completing the proof.254

From now on, for ease of notation, we refer to the result of Theorem 10 as guaranteeing connection cost255

(2 + ε)νOPT([1, N ], k), rather than (2 + 7ε)(1 + ε)νOPT([1, N ], k). This follows by rescaling ε by a suitable256

constant and making use of the fact that ε ≤ 1/2 by assumption.257
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3.4. Combining Both Algorithms258

The layers of our algorithm described above work in combination to maintain clusterings for two parts

of the stream: a prefix AN and the rest of the stream, [1, N ] \ AN . Applying the PLS+ algorithm to this

prefix yields a multiset PLS+(AN ) such that

Connect (AN ,PLS+(AN )) ≤ µνOPT(AN , k).

Similarly, Algorithm 3 produces a weighted set QN such that

Connect([1, N ] \AN , QN ) ≤ (2 + ε) νOPT([1, N ], k).

Combining these two outputs, we obtain our desired bicriterion solution for the k-median clustering problem.259

Theorem 11. With notation as above, define UN = PLS+(AN )∪QN and suppose that ε ∈ (0, 1/2] satisfies260

µθ/ε > 1. With high probability, at any time N , UN is a (O(ε−3k log n), 2 + ε)-bicriterion solution for261

k-median clustering.262

Proof. By Lemma 8, at any time N , we have Connect(AN ,PLS+(AN )) ≤ ενOPT([1, N ], k). Similarly, Algo-263

rithm 3 provides us with a weighted set QN such that Connect([1, N ] \ AN , QN ) ≤ (2 + ε) νOPT([1, N ], k).264

Define UN = PLS+(AN )∪QN . By Observation 5, Connect([1, N ], UN ) ≤ (2 + 2ε)νOPT([1, N ], k). Replacing265

ε by ε/2 yields the desired bicriterion solution. By Theorem 10, the facility manager running in Algorithm 3266

maintains QN using O(ε−3k log n) space, while PLS+ requires O(k log n) space [4], establishing the desired267

result.268

3.5. Lower Bound269

We have shown that the k-median clustering problem can be approximately solved using sublinear space,270

specifically by first producing a bicriterion solution. Here, we establish an accompanying lower bound,271

showing that no sublinear-space (α, β)-bicriterion solution is possible for the streaming k-median problem272

for β < 2. The following lower bound relies on the fact that one can construct problem instances in which273

certain input points are especially crucial to the clustering cost, but any approximation algorithm using274

sublinear space must forget most of the input points.275

Theorem 12. For the metric k-median problem, no streaming algorithm that uses space sublinear in the276

input size can (with greater than constant probability) maintain a (α, β)-bicriterion for β < 2.277

Proof. Consider a specific algorithm with space complexity S(n), measured in the number of points able to be278

stored, and suppose that S(n) = o(n). Define R(n) =
⌈√

nS(n)
⌉

and note that R(n) = o(n). We will begin279

by constructing an input for the 1-median case, and then show that it can be modified for k-median. Let the280

input begin with (p1, p2, . . . , pR(n)) with d(pi, pj) = 1 for all distinct i, j ∈ {1, 2, . . . , R(n)}. That is, the first281
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R(n) points are, in a certain sense, indistinguishable to any algorithm. Thus, even for a non-deterministic282

algorithm, there must exist a deterministic c ∈ {1, 2, . . . , R(n)} such that after the algorithm has seen the first283

R(n) points of the input, c is stored in memory with probability at most S(n)/R(n) ≤
√
S(n)/n = o(1). Now,284

construct the entire input to be (p1, p2, . . . , pR(n), qR(n)+1, . . . , qn), where d(pc, qi) = 1∀i ∈ {R(n)+1, . . . , n},285

and set all other distances according to shortest path distance. If our algorithm has failed to store pc as a286

potential center, the next best clustering (using one of the first R(n) points as the center) yields a cost of287

R(n) − α + 2(n − R(n)). In contrast, the optimal clustering, which uses pc as the center, has cost n − 1.288

Since α is a lower-bound on the storage requirement of the algorithm (any algorithm must at least store the289

solution that it constructs), in the large-n limit, this input yields a cost-ratio approaching 2 with probability290

approaching 1.291

To extend this construction from the 1-median problem to the more general k-median setting, use the292

above input with size n/k and duplicate it k times, where each duplicated set is at least distance 2 from any293

other. The value of c may be different for each of the k pieces, but there will always exist a deterministic294

(c1, c2, . . . , ck) such that the above argument extends straightforwardly.295

3.6. Computing the Constant of Previous Algorithms296

We close this section by pausing briefly to compute the constant of the original PLS algorithm presented297

in [3], which the authors left unspecified. The lower-space algorithm of [4] has an even larger approximation298

constant, owing to the high-probability guarantee on the facility location lemma of a (3+ 2e
e−1 )-approximation299

instead of a 4-approximation. In Section 2 of [3], the connection cost of the maintained PLS set is seen300

to be c = 4(1 + 4(a + b)) for constants a, b, which can be freely specified subject to the restraint that301

a+ 4(1 + 4(a+ b)) ≤ ab. Minimizing c as a function of a and b subject to this constraint, we obtain a lower302

bound on the approximation-ratio of these algorithms. Since the function c(a, b) has no critical points, its303

minimum must occur on the boundary of the constraint equation. Using Lagrange multipliers to minimize304

a+ b subject to a+ 4(1 + 4(a+ b)) = ab, we find a = 16 +
√

276 and b = a+ 1, yielding a final approximation305

ratio of more than 1063.5.306

4. Monotone Faraway Sampling307

We turn now to the problem of producing a k-median candidate set in the insertion-only streaming setting.308

We note that this problem is related to, but distinct from, that discussed in the previous section. We begin309

by establishing relevant definitions to formalize our discussion of candidate sets in Section 1 and differentiate310

the notion of a candidate set from the related concept of a coreset. We then present the monotone faraway311

sampling (MFS) algorithm for producing a candidate set, and prove its correctness. Throughout this section,312

for ease of notation, we continue to suppress the metric space X from our notation, so that νOPT(D, k) is313

understood to mean νOPT(D,X , k), where X is the set of all points appearing in stream D.314
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Definition 13. Let D be a stream of points from metric space (X , d) and let P be the set of all points315

appearing in stream D. A set F ⊂ P is a (k, λ)-candidate set for P if there exists C ⊂ F with |C| = k316

satisfying ν(C,D) ≤ λνOPT(D, k).317

Finding a candidate set for a stream D, in tandem with a coreset S on D, allows one to find a clustering318

solution via a simple local search over the candidate set, similar to that in [16], using S to (approximately)319

evaluate the cost of clustering with any k centers from the candidate set. Our main result of this section320

shows that it is possible to construct a candidate set in the streaming setting in small space and with321

reasonable update time.322

Theorem 14. There exists an algorithm which, given a stream of points D = p1, p2, . . . pn from metric space323

(X , d) and an integer k ≥ 1, makes a single pass over the stream and produces a (k, 1 + (1 − γ)−1 + ρ)-324

candidate set for D with probability of failure η. The algorithm requires both space and update time of325

O(k2(ργ)−1 log(k/η) log(1 + kγn)).326

We claim that Algorithm 5 below is such an algorithm. Before presenting that algorithm and proving327

Theorem 14, we will first present a näıve solution to the candidate set problem, Algorithm 4. We will then328

alter this näıve algorithm to yield our Algorithm 5. We first establish a few definitions and supporting329

results.330

Definition 15. Given a set of points P ⊆ X , we call a point c∗ ∈ P an optimal 1-median for P if331

ν(P, {c∗}) = νOPT(P, 1). Note that the optimal 1-median of a set need not be unique.332

Definition 16. Given a (multi)set of points P ⊆ X and 0 ≤ γ ≤ 1, we say a point p ∈ P is γ-good for P333

if there exists an optimal 1-median c∗ ∈ P such that there are at most γ|P | points in P that are closer to c∗334

than p is.335

When γ = 1/2, this definition coincides with the definition of “good points” given in [5]. As such, we336

have an analogue to Lemma 2.1 of [5].337

Lemma 17. If a point p ∈ P is γ-good for P , then ν(P, {p}) ≤ (1 + (1− γ)−1)νOPT(P, 1).338

Proof. The proof is a simple extension of Lemma 2.1 in [5]. Let p ∈ P be γ-good for P and let c∗ ∈ P be

the optimal 1-median guaranteed by Definition 16. Define B = {q ∈ P | d(p, c∗) ≤ d(q, c∗)}. Summing over

all q ∈ B and using the fact that |B| ≥ (1− γ)|P |, we have

(1− γ)|P |d(p, c∗) ≤
∑
q∈B

d(q, c∗). (4)
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It follows that

ν(P, {p}) =
∑
q∈P

d(q, p) ≤
∑
q∈P

(d(q, c∗) + d(p, c∗)) = νOPT(P, 1) + |P |d(p, c∗)

≤ νOPT(P, 1) + νOPT(P, 1)
1

(1− γ)

∑
q∈B

d(q, c∗) ≤
(

1 +
1

(1− γ)

)
νOPT(P, 1),

where the inequalities follow from the triangle inequality, Equation (4) and the fact that
∑
q∈B d(q, c∗) ≤339

νOPT(P, 1), respectively.340

Lemma 17 suggests that we design a sampling algorithm that aims to capture one of the 1/γ proportion341

of points from each cluster that is γ-good for that cluster. This would require that we sample Ω(γ−1)342

proportion of the stream, and yet a larger proportion to ensure an exponentially small probability of failure.343

Note, however, that we would lose very little if instead of sampling a γ-good point, we managed to sample a344

point close to a γ-good point for a cluster. This idea motivates the following definition and counterpart to345

Lemma 17.346

Definition 18. For α ≥ 0 and 0 ≤ γ ≤ 1, we say that a point q ∈ X is (γ, α)-decent for P if there exists a347

point p ∈ P that is γ-good for P and d(q, p) ≤ α/|P |.348

Lemma 19. If p ∈ P is (γ, α)-decent for P , then

ν(P, {p}) ≤
(

1 +
1

1− γ

)
νOPT(P, 1) + α.

Proof. The proof is analogous to that of Lemma 17, using a point g that is γ-good for P in place of c∗,349

followed by an application of Lemma 17 to bound ν(P, {g}).350

Lemma 19 suggests a way to find a candidate set for a stream D. If γ is a reasonably large constant,351

say, γ = 1/2, then for a cluster C ⊆ D (i.e., a set of points all assigned to the same center under some352

optimal solution), there are by definition γ|C| points in C that are γ-good for C, and there are still more353

points within distance α/|C| of those γ-good points. Thus, intuitively speaking, a well-designed sampling354

scheme will, with high probability, sample one or more (γ, α)-decent points for the set C. Algorithm 4355

below maintains, in parallel, a number of correlated samples from the stream D. For a suitably-chosen set356

of nonnegative rationals R, for each r ∈ R, we will maintain a sample Fr. We call this parameter r the357

sample radius of the sampler. Roughly speaking, this parameter controls how far away a new point must358

be from the existing sampled points for it to be considered a likely (γ, α)-decent point. In the following359

subsections, we will show that we can choose this set R to be small, while still guaranteeing that with high360

probability, the union of these samples will contain a (γ, α)-decent point for each cluster in the optimal361

solution on the entirety of the stream seen so far. Lemma 19 will then imply that this union includes a362

(1 + (1− γ)−1 + ρ)-approximate solution to the k-median problem on the stream.363
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Algorithm 4 Algorithm for Monotone Faraway Sampling (MFS) from a stream of points. R is a set of non-

negative rational numbers. We use z ← Uniform(0, 1) to mean that z is assigned a value drawn uniformly

at random from the interval (0, 1).

1: N ← 1; w ←
(

1 + 4
ργ

)
k log

(
k2+k
η

)
2: for r ∈ R do

3: F
(0)
r ← ∅; m

(0)
r ← 0

4: end for

5: while pN 6= END OF STREAM do

6: N ← N + 1; z(N) ← Uniform(0, 1)

7: for r ∈ R do

8: if d(pN , F
(N−1)
r ) > r then

9: m
(N)
r ← m

(N−1)
r + 1

10: if m
(N)
r z(N) < w then

11: F
(N)
r ← F

(N−1)
r ∪ {pN}

12: else

13: F
(N)
r ← F

(N−1)
r

14: end if

15: end if

16: end for

17: end while
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Once we begin the iteration of the while-loop in Algorithm 4 (line 5) for point pN from stream D, we364

say that point pN has been encountered. The variable N counts the number of points encountered. If365

d(pN , F
(N−1)
r ) > r (line 8), we say that point pN is considered for sample Fr. If line 11 is executed, we say366

that point pN is sampled for sample Fr.367

We will show that under the condition that we choose set R correctly, and provided that we can find a368

lower bound V ≤ νOPT(D, k) on the optimal cost, then when the above algorithm finishes, the set F ∗V =369

∪r∈RFr will contain at least one k-element set that is a (1 + (1 − γ)−1 + ρ)-approximation to the optimal370

k-median cost. In addition to proving this, we must do the following:371

(1) Bound the number of values r ∈ R for which we must keep samples Fr.372

(2) Show that with high probability, no sample Fr grows larger than O(w log n), where n is the length of373

the stream D, and w is as defined on line 1.374

4.1. Bounding the Number of Points Considered375

Let D be a stream of points from a finite metric space. In what follows, let us fix positive integer k,

r ∈ R and γ ∈ (0, 1). Define w as in line 1 of Algorithm 4. Let A be a non-empty subset of points from

stream D and define the quantities

`(A) = exp

{
−w

k + 2νOPT(D, k)/(rγ |A|)

}
, and h(A) = 2νOPT(D, k)/r + kdγ |A|e.

Lemma 20. Given dγ |A|e independent Uniform(0, 1) random variables, the probability that each of them is376

at least w/h(A) is no greater than `(A).377

Proof. This follows immediately from the inequality 1− x ≤ exp{−x} and the independence of the samples378

z(N) in Algorithm 4.379

In what follows, let Um denote the set of the first m points considered for set Fr in Algorithm 4.380

Lemma 21. For a point p from stream D, let Bp denote the set of points in stream D within a distance of381

r/2 of p. For any point p in stream D, with probability at least 1− `(A), |Bp ∩ Uh(A)+1| ≤ dγ |A|e.382

Proof. Let Ni be the values of N for which pN ∈ Bp ∩ Uh(A), sorted in increasing order so that N1 < N2 <383

· · · < NM . There will thus be a Ni for each 1 ≤ i ≤M :=
∣∣Bp ∩ Uh(A)

∣∣.384

By Lemma 20, the probability that each of the elements of {Zi | 1 ≤ i ≤ dγ |A|e} takes on a value of385

at least w/h(A) is at most `(A). Otherwise, z(Ni) < w/h(A) for at least one i in 1 ≤ i ≤ dγ |A|e. Since386

pNi
∈ Uh(A), pNi

was one of the first h(A) points to be considered and thus m(Ni) ≤ h(A). It follows that387

m(Ni)z(Ni) < w, so pNi is sampled. After this time, no more points in Bp can be considered after pNi is388

sampled for Fr, because pNi
∈ Bp and diamBp ≤ r jointly imply that the condition d(pNi

, Fr) > r can never389
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be satisfied for any future pNi ∈ Bp. Thus the only points in Bp ∩ Uh(A)+1 can be pN1 , pN2 , . . . , pNi . Since390

i ≤ dγ |A|e, there are at most dγ |A|e such points.391

Lemma 22. Let β > 0. If C = {c1, c2, . . . , ck} is an optimal solution for the k-median problem on stream392

D, then D contains at most β−1νOPT(D, k) points at a distance of more than β from C.393

Proof. Suppose there are more than νOPT(D, k)/β points x with d(x,C) > β. Then the cost of clustering394

with C is νOPT(D, k) =
∑
i d(pi, C) > βνOPT(D, k)/β = νOPT(D, k), a contradiction.395

Lemma 23. Let A be a collection of points from stream D and let r > 0 be some number included in set R396

in Algorithm 4. The probability that Algorithm 4 considers strictly more than h(A) points for set Fr is at397

most k`(A).398

Proof. Let C be an optimal solution for the k-median problem on D. Applying a union bound over the k399

points in C, Lemma 21 implies that with probability at least 1 − k`(A), the set Uh(A)+1 contains at most400

kdγ |A|e points within a distance of r/2 of set C, Condition on this event and suppose by way of contradiction401

that more than h(A) points are considered for set Fr. By definition, the set of considered points Uh(A)+1402

has cardinality h(A) + 1 = 2νOPT(D, k)/r + kdγ |A|e+ 1. By Lemma 22, there are at most 2νOPT(D, k)/r403

points at a distance of more than r/2 of C. Thus, even if Uh(A)+1 contains all such points, Uh(A)+1 will still404

contain at most 2νOPT(D, k)/r + kdγ |A|e points in total, contradicting the cardinality of Uh(A)+1.405

4.2. Finding a Decent Point406

We have just shown in Lemma 23 that for a given parameter r ∈ R, at most a certain number of points407

from the stream are considered for the sample Fr. We turn now to the problem of showing that this sample408

contains a (γ, α)-decent point for suitably-chosen α. As before, fix integer k, r ∈ Q≥0 and γ ∈ (0, 1) and let409

w be as in line 1 of Algorithm 4.410

Lemma 24. Let A be a collection of points from stream D. In Algorithm 4, either411

(i) every point pi that is γ-good for A is considered for Fr, or412

(ii) a point pi that is (γ, r |A|)-decent for A is sampled for Fr.413

Proof. Let a point p = pN be a γ-good point for A, and let F
(N−1)
r be the set of points that have been414

sampled for Fr when point p is encountered. At time N when p is encountered, p is considered for Fr if415

and only if d(p, F
(N−1)
r ) > r. Therefore, if we do not consider p for Fr, then d(p, F

(N−1)
r ) ≤ r, implying the416

existence of a point sp ∈ F (N−1)
r with d(sp, p) ≤ r. Since p is a γ-good point for A, by definition, sp must417

be (γ, r |A|)-decent for A. Thus, unless Algorithm 4 considers every γ-good point for A, it must sample a418

(γ, r |A|)-decent point for A.419
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Lemma 25. Let A be a collection of points from stream D. On termination of Algorithm 4, sample Fr420

contains a (γ, r |A|)-decent point for A with probability at least 1− (k + 1)`(A).421

Proof. Consider the scenario where Algorithm 4 does not include any (γ, r |A|)-decent points for A in sample422

Fr. By Lemma 24, this means that Algorithm 4 considers all of the each of the at least dγ |A|e points that423

are γ-good for A.424

By applying Lemmas 23 and 20 followed by a union bound, we see that the probability that either425

(i) Algorithm 4 considers more than h(A) points for Fr, or426

(ii) the values z(N) drawn when each of the γ-good points are considered for Fr are each at least w/h(A)427

is at most (k + 1)`(A).428

Excluding this event, Algorithm 4 must consider at most h(A) points for sample Fr, including each of the429

γ-good points for A, and at least one of those good points has a corresponding random value of z(i) < w/h(A).430

Let pi denote one of these points. Since the total number of points considered by Algorithm 4 is at most431

h(A), it follows that m(i) is at most h(A), and m(i)z(i) < h(A)w/h(A) = w, so pi will be sampled for Fr.432

Since pi is γ-good for A, it is trivially (γ, r |A|)-decent for A. Thus, with probability at least 1− (k+ 1)`(A),433

Algorithm 4 includes a (γ, r |A|)-decent point for A in sample Fr.434

We are ready to establish one of the main results pertaining to Algorithm 4, showing that for suitable435

values of r ∈ R, the algorithm includes decent points in Fr.436

Lemma 26. For any set of points A from stream D, if

w =

(
1 +

4

ργ

)
k log

(
k2 + k

η

)
and r ∈

( ρ
2k

νOPT(D, k)

|A|
,
ρ

k

νOPT(D, k)

|A|
]
,

then with probability at least 1−η/k, Algorithm 4 will include in sample Fr at least one (γ, ρνOPT(D, k)/k)-decent437

point for A.438

Proof. By choice of r and w, we have

exp

{
−w

2νOPT(D, k)/(rγ |A|) + k

}
≤ exp

{
−w

4k/(ργ) + k

}

= exp

−
(

1 + 4
ργ

)
k log

(
k2+k
η

)
4k/(ργ) + k

 = exp

{
− log

(
k2 + k

η

)}
=

η

k2 + k
.

Furthermore, since r ≤ ρνOPT(D, k)/(k |A|), any (γ, r |A|)-decent point forA is also (γ, ρνOPT(D, k)/k)-decent439

for A. Therefore, by Lemma 25, Algorithm 4 includes in sample Fr a (γ, ρνOPT(D, k)/k)-decent point for A440

with probability at least 1− (k + 1) η
k2+k = 1− η/k.441

In the sequel, we will setA to be an optimal cluster ofD, and use the above result to obtain (γ, ρνOPT(D, k)/k)-decent442

points for each cluster, from which we will construct a 1 + (1 − γ)−1 + ρ approximation for the k-median443

problem by selecting values of r appropriately.444
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4.3. Exponentially Spaced Estimates for r445

Our result in the previous subsection depended on being able to select an appropriate value for r.446

However, since both νOPT(D, k) and |A| are unknown a priori, we do not know which value to use for r,447

and Algorithm 4 as it stands is insufficient. In this and the following sections, we will address this issue by448

demonstrating a scheme whereby we only need to store the values for O(k) “guesses” for r in such a way449

that we will be guaranteed to include in the set R the values that ensure that Lemma 26 applies for each450

cluster in the optimal solution.451

In what follows, we fix ρ ∈ (0, 1). For V > 0, let TV = {2i | i ∈ Z, 2i > ρV/(2kn)} and for a ≥ ρV/(2kn),

we define

TV (a) =

0 if a ≤ ρV
2kn

2blog ac otherwise.

Observation 27. Let a ≥ ρV/(kn). With notation as above,452

(a) TV (a) ∈ (a/2, a]453

(b) TV (a) ∈ TV .454

Lemma 28. Let A be a collection of points from stream D. If

w =

(
1 +

4

ργ

)
k log

(
k2 + k

η

)
and r = TV

(
ρ

k |A|
νOPT(D, k)

)
∈ R,

then with probability at least 1− η/k, upon termination of Algorithm 4, sample Fr will include at least one455

(γ, ρνOPT(D, k)/k)-decent point for A.456

Proof. Since TV (a) ∈ (a/2, a], this follows from Lemma 26.457

Corollary 29. Let A be a collection of points from stream D. If V ≤ νOPT(D, k) and r ∈ TV , then with458

probability at least 1 − η/k Algorithm 4 will include at least one (γ, ρνOPT(D, k)/k)-decent point for A in459

sample Fr.460

Proof. We have ρνOPT(D, k)/(k |A|) ≥ ρV/kn, so by Observation 27, TV (ρνOPT(D, k)/(k |A|)) ∈ TV . There-461

fore, r = TV (ρνOPT(D, k)/(k |A|)) ∈ TV . Accordingly, Lemma 28 implies that for this choice of r, Algo-462

rithm 4 will include in sample Fr at least one (γ, ρνOPT(D, k)/k)-decent point for A with probability at least463

1− η/k.464

We are now ready to state our second major theorem, which shows that we can choose R in such a465

way that Algorithm 4 will yield a candidate set for the stream. Specifically, Theorem 30 shows that by466

taking R = TV in Algorithm 4, provided V is chosen correctly, we will find a decent point for each of the467

clusters in the optimal solution with high probability, implying that the union of the samples maintained by468

Algorithm 4 is a candidate set for the stream.469
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Theorem 30. Let F ∗V = ∪r∈TV
Fr, that is, choose R in Algorithm 4 to be TV . If V ≤ νOPT(D, k),470

then with probability at least 1 − η, F ∗V contains at least one k-element subset C such that ν(D,C) ≤471 (
1 + (1− γ)−1 + ρ

)
νOPT(D, k).472

Proof. Let {A1, A2, · · · , Ak} be an optimal k-clustering of D. By Corollary 29 and a union bound over the

k clusters, it follows that with probability at least 1 − η, on termination of Algorithm 4, F ∗V contains a

(γ, ρνOPT(D, k)/k)-decent point for each of the clusters. Choose a set of k centers C by choosing from each

Ai some such decent point ci ∈ Ai. The ci need not be distinct— if they are not, we simply assume that set

C has been padded with arbitrary points from F ∗V to ensure that |C| = k. Then,

ν(D,C) ≤
k∑
i=1

∑
x∈Ai

d(x, ci) =

k∑
i=1

ν(Ai, {ci})

≤ ρνOPT(D, k) +

k∑
i=1

(
1 +

1

1− γ

)
νOPT(Ai, 1) =

(
1 +

1

1− γ
+ ρ

)
νOPT(D, k),

as we wished to show.473

4.4. Using ranges of r values474

As it stands, Theorem 30 is still not of much use to us. Even if we did have a lower bound V for475

νOPT(D, k), TV would still be an infinite set, meaning that in Algorithm 4, we would have to maintain476

samples Fr for an infinite number of values of r. In this section, we address this issue by showing that477

(1) We need not actually keep an MFS sample for every possible value of r in TV . Instead, we can group478

values of r into ranges of the form [`, u] so that Fr1 = Fr2 for all r1, r2 ∈ [`, u].479

(2) We can bound the number of such ranges for which we must maintain samples.480

(3) We can indeed find a lower bound V ≤ νOPT(D, k) so that Theorem 30 applies.481

Algorithm 5 alters Algorithm 4 to take these points and our above results into account, and its correct-482

ness, claimed in Theorem 14, will follow immediately once we address the above three points, handled in483

Lemmas 31, 33 and 34, respectively.484

We address Item 1 first by noting that for r1, r2 ∈ R in Algorithm 4 with r1 < r2, F
(N)
r1 = F

(N)
r2 for all485

time steps N until we encounter a point x in the stream whose distance from Fr1 is between r1 and r2.486

Lemma 31. Let 0 ≤ r1 < r2 be two values from R in Algorithm 4 and let N be the time of arrival of some487

point in the stream. If there does not exist i ∈ [N ] for which r1 < d(pi, F
(i)
r1 ) ≤ r2, then F

(N)
r1 = F

(N)
r2 .488

Proof. We proceed by induction on time step N . Note that before encountering the N -th element of the489

stream pN , the state of out algorithm is captured entirely by the contents of the sets F
(N)
r for all r ∈ R. At490
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the start of the algorithm, F
(0)
r = ∅ for all possible values r ∈ R by definition, establishing the base case491

N = 0.492

Consider the inductive case where for all N ′ < N , we have d(pN ′ , F
(N ′)
r1 ) 6∈ (r1, r2] and d(pN ′ , F

(N ′)
r2 ) 6∈493

(r1, r2]. By our induction hypothesis, we have F
(N−1)
r1 = F

(N−1)
r2 . Thus, if d(pN , F

(N ′)
r1 ) 6∈ (r1, r2] and494

d(pN , F
(N ′)
r2 ) 6∈ (r1, r2], then either pN will be considered for both sets F

(N)
r1 and F

(N)
r2 or it will be considered495

for neither. Observe that m
(N)
r1 = m

(N)
r2 by similar reasoning as that used to show that the sets are identical496

at time N − 1. Therefore, if pN is considered, then since the inclusion or exclusion of point pN depends only497

on the outcome of the random draw z(N) and on m
(N)
r1 , point pN is included in sample F

(N)
r1 if and only if498

it is included in F
(N)
r2 , and thus F

(N)
r1 = F

(N)
r2 .499

Lemma 31 suggests a scheme for keeping track of Fr over a variety of values for r. Rather than maintaining500

Fr for all r ∈ R, we keep track of Fr for all r in a given range of values on which Fr has the same state.501

Let us use T = {R1, R2, . . . } to denote a collection of disjoint intervals, which we will call ranges. Rather502

than keeping sample Fr for every distinct value of r from R, we will maintain one sample for each range and503

maintain the invariant that this sample is equivalent to Fr for any r in its corresponding range. That is, for504

each Ri ∈ T , we will maintain a sample FRi
so that Fr = FRi

for any r ∈ Ri.505

Initially, we need only concern ourselves with a single range, [0,∞), since before we’ve seen any points506

from the stream, Fr = ∅ for any sample radius r ∈ R. Whenever a point pN is encountered, we examine its507

distance to each of the samples FRi
for each Ri ∈ T . If the distance of point pN to a sample falls within the508

range of that sample, for example, if d(pN , FRi
) ∈ Ri = [`, u], then we split range Ri into two and “trim”509

the ends of these new ranges to discard values of r that do not concern us. Specifically, we split Ri into two510

intervals, one of values from Ri that are less than d(pN , FRi) and one of values from Ri that are greater511

than d(pN , FRi
). Then, we discard parts of ranges that do not include any elements from set TV as defined512

in Subsection 4.3.513

A few loose ends still remain. Firstly, we must show that we can avoid tracking too many different ranges514

at once. Neither Algorithm 4 nor Algorithm 5 will suffice in the streaming domain if we must maintain,515

say, Θ(n) different samples to cover all the ranges in T . Secondly, Theorem 30 yields a crucial property of516

our algorithm, but it rests on our having a lower bound V for νOPT(D, k). Finally, some of our preceding517

reasoning has assumed that n, the number of elements in the stream, is known ahead of time, an unrealistic518

assumption under the streaming model. We will show how this assumption can be relaxed.519

Definition 32. Let R = [`, u) be an interval with 0 ≤ ` < u, let S be a set of points from metric space (X , d)520

and let m be a non-negative integer. A ranged monotone faraway sample (RMFS) is a triple (R,S,m), where521

R = [`, u), S is a set of sampled points and m is the number of points considered for sample S.522

Note that using the notation from Algorithm 4, if (R,S,m) is a RMFS, then r ∈ R implies S = Fr.523
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Lemma 33. If U > νOPT(D, k), then there exists an index set I ⊂ Z with |I| ≤ 3(k − 1) such that for all524

pairs of points p, q from stream D, either d(p, q) < 2U or d(p, q) ∈ ∪i∈I [2i, 2i+1].525

Proof. Let D = p1, p2, . . . , pn be a stream of points from a metric space and assume U > νOPT(D, k). Let526

A1, A2, . . . , Ak be an optimal k-clustering of the stream with cost νOPT(D, k). We associate to the stream527

D a complete, undirected, weighted graph G, with a node for each point p from the stream and an edge528

(pi, pj) for each i 6= j with i, j ∈ [n] Each such edge has non-negative edge weight w(pi, pj) = d(pi, pj). Let529

L denote the set of all such edge weights in graph G.530

Call edge (u, v) augmenting for weighted undirected graph H if u and v are disconnected in H. Call δ an531

intra-component distance for graph H if there exists a pair of nodes u and v in the same connected component532

of H for which dH(u, v) = δ, where dH denotes the shortest path distance in graph H. Now, consider the533

graph G0 = T
(0)
1 ∪ T (0)

2 ∪ · · · ∪ T (0)
k , where each of the T

(0)
i is the (complete) subgraph in G induced by534

optimal cluster Ai. By construction, G0 includes all the points in stream D. Further, since A1, A2, . . . , Ak535

is a partition of the stream, G0 consists of exactly k connected components. By our assumption that536

A1, A2, . . . , Ak is an optimal clustering, we know that for all i, diam(Ai) ≤ 2νOPT(D, k) < 2U.537

Starting with graph G0, choose the shortest augmenting edge (call it e1) for G0 and add it to G0. Let538

T
(0)
i and T

(0)
j be the two connected components in G0 joined by edge e1. For all nodes u in component T

(0)
i539

and all nodes v in component T
(0)
j , add edge (u, v) to G0 with weight d(u, v). Call the resulting graph G1.540

G1 consists of k − 1 connected components.541

Repeat this operation, adding the shortest remaining augmenting edge e2 for G1 and adding all edges542

between pairs of newly-connected nodes to obtain graph G2, which consists of k− 2 connected components.543

Performing this operation k−1 times in total, we obtain a connected graph Gk−1. For i = 1, 2, . . . , k−1, let544

ai be the length of edge ei (i.e., the shortest augmenting edge for graph Gi−1), let bi be the diameter of the545

component in graph Gi that was created by merging two components from graph Gi−1, let ci = max1≤j≤i bj ,546

and let Li = Li−1 ∪ [ai, ci]. Set L0 = [0, 2U) and c0 = max1≤i≤k diam(T
(0)
i ). Since G0 has diameter at most547

2U , L0 includes all intra-component distances in G0. Observe that the set of intra-component distances in548

graph Gi that are not intra-component distances in graph Gi−1 all lie in the range [ai, ci], since (1) ai is549

a lower bound on the distance between two nodes that are not in the same connected component in graph550

Gi−1 and (2) diam(Gi) = bi ≤ ci by definition of ci.551

By construction, ai ≥ ai−1 for all 1 < i ≤ k−1, and since the diameter of the new component formed when552

we add edge ei to graph Gi−1 is precisely the length of edge ei plus the diameters of the merged components,553

we have bi ≤ ai + 2ci−1 (where we have used the fact that ci−1 is an upper bound on the diameter of any554

component in graph Gi−1). Further, we have that ci = max{ci−1, bi} = max{ci−1, ai + 2ci−1} = ai + 2ci−1.555

Thus, for all i ∈ [k − 1], we have either556

(i) ci−1 ≤ ai, in which case [ai, ci] ⊂ [ai, ai + 2ci−1] ⊂ [ai, 3ai], or557
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(ii) ci−1 > ai, in which case

[ai, ci] ⊂ [ai, ai + 2ci−1] ⊂ [ai−1, 3ci−1] = [ai−1, ci−1] ∪ [ci−1, 3ci−1] ⊂ Li−1 ∪ [ci−1, 3ci−1].

It follows that Li \ Li−1 is contained in either [ai, 3ai] or [ci−1, 3ci−1]. In either case, Li \ Li−1 intersects at558

most 3 distinct ranges of the form [2j , 2j+1] for some integer j. Thus, Lk−1 \L0 = Lk−1 \ [0, 2U) ⊃ L\ [0, 2V )559

can intersect at most 3(k − 1) distinct ranges of the form [2j , 2j+1].560

Lemma 34. Let L(N) be the set of RMFS objects maintained by Algorithm 5 at some time N upon the561

conclusion of an iteration of the while-loop on line 2. Let R1 = [`1,∞), R2 = [`2, u2), . . . , Ra = [`a, ua)562

be the ranges of the RMFS objects contained in L(N), with `1 > `2 > · · · > `a. If a ≥ 3k − 1, then563

`a ≤ νOPT(D, k).564

Proof. By construction of the algorithm, ranges R1, R2, . . . , Ra are all disjoint, and for all i ∈ [a], `i = 2ji565

for some ji ∈ Z. Let B = [`a,∞) \ (∪ai=1Ri). For each i = 1, 2, . . . , a − 1, the interval [ui, `i+1) contains an566

interval of the form [2j , 2j+1) for some j ∈ Z, and for each such i, by construction of our algorithm, there567

must have been in stream D a pair of points u, v with d(u, v) ∈ [ui, `i+1). Since [ui, `i+1] is the union of one568

or more intervals of the form [2j , 2j+1), d(u, v) is contained in an interval of the form [2j , 2j+1]. Such a pair569

of points exists for each i ∈ [a − 1], and each such pair of points corresponds to a distinct interval of the570

form [2j , 2j+1]. Thus, if a ≥ 3(k − 1) + 2, the converse of Lemma 33 implies that `a/2 ≤ νOPT(D, k), since571

we have shown that pairs of points from stream D lie in strictly more than 3(k − 1) intervals of the form572

[2j , 2j+1].573

With the above results in hand, we are ready to prove Theorem 14. Recall that the result states that574

given a data stream D, Algorithm 5 produces, with probability at least 1−η, a (k, 1+(1−γ)−1+ρ)-candidate575

set for D, and requires O(k2(ργ)−1 log(k/η) log(1 + kγn)) space and update time.576

Proof of Theorem 14. Theorem 30 implies that with high probability, upon termination, the union of the577

samplers in Algorithm 14 is a (k, 1 + (1− γ)−1 + ρ)-candidate set for the stream provided that Algorithm 5578

maintains the condition that the set TV is included in the union of ranges. This condition holds by construc-579

tion of the algorithm, and the correctness of Algorithm 5 follows.580

Lemma 23 shows that for any collection of pointsA, Algorithm 5 considers at most h(A) = 2νOPT(D, k)/r+581

kdγ |A|e points for inclusion in a sample of radius r. The randomness introduced by the variables z(N) imply582

that we sample wHh(A) points in expectation, where Hi denotes the i-th harmonic number. By construction,583

upon termination, any sample radius r tracked by Algorithm 5 is within a multiplicative factor O(log k) of584

νOPT(D, k), whence the trivial upper bound |A| ≤ n implies Hh(A) = O(log h(A)) = O(log k(1 + γn)).585

Standard concentration inequalities imply that with high probability, every sample Fi maintained by586

Algorithm 5 contains O(w log h(A)) points with high probability. Multiplying this by the 3k − 1 RMFS587
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Algorithm 5 Monotone Faraway Sampling using ranges for r. k, ρ, γ and η are user-supplied parameters.

We assume that RMFS triples (Ri, Fi,mi), with Ri,= [`i, ui), are stored in L, indexed in descending order

of their ranges’ lower bounds. We use L[1..j] to denote the j RMFS objects in L with the largest lower

bounds.

1: w ←
(

1 + 4
ργ

)
k log

(
k2+k
η

)
; R0 = [0,∞); m

(0)
0 ← 0; L(0) ← {(R0, ∅,m(0)

0 )}; V ← 0; N ← 1

2: while pN 6= END OF STREAM do

3: N ← N + 1; L(N) ← ∅; z(N) ← Uniform(0, 1)

4: for (R
(N−1)
i , F

(N−1)
i ,m

(N−1)
i ) ∈ L(N−1) do

5: δ ← d(pN , F
(N−1)
i )

6: if δ < `i then

7: L(N) ← L(N) ∪ {(R(N−1)
i , F

(N−1)
i ,m

(N−1)
i )

8: else if δ ≥ ui then

9: m
(N)
i ← m

(N−1)
r + 1

10: if m
(N)
i z(N) < w then

11: F
(N)
i ← F

(N−1)
i ∪ {pN}

12: else

13: F
(N)
i ← F

(N−1)
i

14: end if

15: L(N) ← L(N) ∪ {(R(N−1)
i , F

(N)
i ,m

(N)
i )}

16: else

17: u′ ← 2blog δc; `′ ← 2dlog δe

18: if `i 6= u′ then

19: m
(N)
i ← m

(N−1)
i + 1

20: if m
(N)
i z(N) < w then

21: F
(N)
i ← F

(N−1)
i ∪ {pN}

22: else

23: F
(N)
i ← F

(N−1)
i

24: end if

25: R← [`i, u
′); L(N) ← L(N) ∪ {(R,F (N)

i ,m
(N)
i )}

26: end if

27: if `′ 6= ui then

28: R← [`′, ui); L(N) ← L(N) ∪ {(R,F (N−1)
i ,m

(N−1)
i )}

29: end if

30: end if

31: end for

32: V ← 1
2`3k−1; i← 3k − 1; L(N) ← L(N)[1..i]

33: end while
27



objects maintained by the algorithm, we see that Algorithm 5 requires O(k2(ργ)−1 log(k/η) log k(1 + γn))588

space, and the same update time.589
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