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Abstract
The permutation test is an often used test procedure in brain 
imaging. Unfortunately, generating every possible permutation 
for large-scale brain image datasets such as HCP and ADNI with 
thousands images is not practical. Many previous attempts at 
speeding up the permutation test rely on various approximation 
strategies such as estimating the tail distribution with known 
parametric distributions. In this study, we show how to rapidly 
accelerate the permutation test without any type of 
approximate strategies by exploiting the underlying topological 
structure of the permutation group via random walks. The 
method is applied to large number of magnetic resonance 
images in two applications: (1) localizing the male and female 
differences and (2) localizing the regions of high genetic 
heritability in the sulcal and gyral graph patterns of the human 
cortical brain. The talk is based on arXiv:1812.06696.

http://arxiv.org/abs/1812.06696
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x = (x1, x2, · · · , xm)
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Permutation group of order m+n

What is permutation test?

p-value =
1

(m+ n)!

X

⇡2Sm+n

I
⇣
f(x,y) � f(⇡(x,y))

⌘

<latexit sha1_base64="4BQrkUXhonoiQzIWg5Hni9Yka4U="></latexit>



History of permutation test
Fisher 1935, The Design of Experiment 
✓
8

4

◆
= 70

Nichols et al. 2002, Human Brain Mapping
4279 citations✓
6

3

◆
= 20

Thompson et al. 2001, Nature Neuroscience
✓
40

20

◆
= 1.34 · 1011

Alpha06!

Supercomputer for 
1million permutations



Previous method:
Exact topological 
inference
Chung et al. 2017 Information Processing in Medical Imaging

Chung et al. 2018 MICCAI

Chung et al. 2019 Network Neuroscience

http://pages.stat.wisc.edu/~mchung/papers/chung.2017.IPMI.pdf
https://www.cs.wisc.edu/~mchung/papers/chung.2018.MICCAI.pdf
http://pages.stat.wisc.edu/~mchung/papers/chung.2019.NN.pdf


Resting-state functional-MRI at 
1200 time measured over 14min 
33 seconds.

416 subjects 
= 131 Monozygotic (MZ) twins
77 Dizygotic (DZ) twins
= 2GB x 416 = 832GB data



Cosine Series Representation

⇣i(t) =
kX

l=0

dli l(t), t 2 [0, 1]
<latexit sha1_base64="YzrXXWtfSYpzDYWFIwHETJgI9ak="></latexit><latexit sha1_base64="YzrXXWtfSYpzDYWFIwHETJgI9ak="></latexit><latexit sha1_base64="YzrXXWtfSYpzDYWFIwHETJgI9ak="></latexit><latexit sha1_base64="YzrXXWtfSYpzDYWFIwHETJgI9ak="></latexit><latexit sha1_base64="YzrXXWtfSYpzDYWFIwHETJgI9ak="></latexit>

 0(t) = 1, l(t) =
p
2 cos(l⇡t)

<latexit sha1_base64="/dmEFV4kBpITGnQSTopHgCrQaOk=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VoQUpSBN0IRTcuK9gHNCFMptN26OThzI1QQv/Djb/ixoUirgQX/o3TNAttPTBw7jn3cucePxZcgWV9G4WV1bX1jeJmaWt7Z3fP3D9oqyiRlLVoJCLZ9YligoesBRwE68aSkcAXrOOPr2d+54FJxaPwDiYxcwMyDPmAUwJa8sy6EyvuWRWo4kv7FGeVyCrsqHsJaX2KHRopXMFCuxxD1TPLVs3KgJeJnZMyytH0zE+nH9EkYCFQQZTq2VYMbkokcCrYtOQkisWEjsmQ9TQNScCUm2a3TfGJVvp4EEn9QsCZ+nsiJYFSk8DXnQGBkVr0ZuJ/Xi+BwYWb8jBOgIV0vmiQCAwRngWF+1wyCmKiCaGS679iOiKSUNBxlnQI9uLJy6Rdr9lWzb49Kzeu8jiK6Agdowqy0TlqoBvURC1E0SN6Rq/ozXgyXox342PeWjDymUP0B8bXD8VBniE=</latexit><latexit sha1_base64="/dmEFV4kBpITGnQSTopHgCrQaOk=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VoQUpSBN0IRTcuK9gHNCFMptN26OThzI1QQv/Djb/ixoUirgQX/o3TNAttPTBw7jn3cucePxZcgWV9G4WV1bX1jeJmaWt7Z3fP3D9oqyiRlLVoJCLZ9YligoesBRwE68aSkcAXrOOPr2d+54FJxaPwDiYxcwMyDPmAUwJa8sy6EyvuWRWo4kv7FGeVyCrsqHsJaX2KHRopXMFCuxxD1TPLVs3KgJeJnZMyytH0zE+nH9EkYCFQQZTq2VYMbkokcCrYtOQkisWEjsmQ9TQNScCUm2a3TfGJVvp4EEn9QsCZ+nsiJYFSk8DXnQGBkVr0ZuJ/Xi+BwYWb8jBOgIV0vmiQCAwRngWF+1wyCmKiCaGS679iOiKSUNBxlnQI9uLJy6Rdr9lWzb49Kzeu8jiK6Agdowqy0TlqoBvURC1E0SN6Rq/ozXgyXox342PeWjDymUP0B8bXD8VBniE=</latexit><latexit sha1_base64="/dmEFV4kBpITGnQSTopHgCrQaOk=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VoQUpSBN0IRTcuK9gHNCFMptN26OThzI1QQv/Djb/ixoUirgQX/o3TNAttPTBw7jn3cucePxZcgWV9G4WV1bX1jeJmaWt7Z3fP3D9oqyiRlLVoJCLZ9YligoesBRwE68aSkcAXrOOPr2d+54FJxaPwDiYxcwMyDPmAUwJa8sy6EyvuWRWo4kv7FGeVyCrsqHsJaX2KHRopXMFCuxxD1TPLVs3KgJeJnZMyytH0zE+nH9EkYCFQQZTq2VYMbkokcCrYtOQkisWEjsmQ9TQNScCUm2a3TfGJVvp4EEn9QsCZ+nsiJYFSk8DXnQGBkVr0ZuJ/Xi+BwYWb8jBOgIV0vmiQCAwRngWF+1wyCmKiCaGS679iOiKSUNBxlnQI9uLJy6Rdr9lWzb49Kzeu8jiK6Agdowqy0TlqoBvURC1E0SN6Rq/ozXgyXox342PeWjDymUP0B8bXD8VBniE=</latexit><latexit sha1_base64="/dmEFV4kBpITGnQSTopHgCrQaOk=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VoQUpSBN0IRTcuK9gHNCFMptN26OThzI1QQv/Djb/ixoUirgQX/o3TNAttPTBw7jn3cucePxZcgWV9G4WV1bX1jeJmaWt7Z3fP3D9oqyiRlLVoJCLZ9YligoesBRwE68aSkcAXrOOPr2d+54FJxaPwDiYxcwMyDPmAUwJa8sy6EyvuWRWo4kv7FGeVyCrsqHsJaX2KHRopXMFCuxxD1TPLVs3KgJeJnZMyytH0zE+nH9EkYCFQQZTq2VYMbkokcCrYtOQkisWEjsmQ9TQNScCUm2a3TfGJVvp4EEn9QsCZ+nsiJYFSk8DXnQGBkVr0ZuJ/Xi+BwYWb8jBOgIV0vmiQCAwRngWF+1wyCmKiCaGS679iOiKSUNBxlnQI9uLJy6Rdr9lWzb49Kzeu8jiK6Agdowqy0TlqoBvURC1E0SN6Rq/ozXgyXox342PeWjDymUP0B8bXD8VBniE=</latexit><latexit sha1_base64="/dmEFV4kBpITGnQSTopHgCrQaOk=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VoQUpSBN0IRTcuK9gHNCFMptN26OThzI1QQv/Djb/ixoUirgQX/o3TNAttPTBw7jn3cucePxZcgWV9G4WV1bX1jeJmaWt7Z3fP3D9oqyiRlLVoJCLZ9YligoesBRwE68aSkcAXrOOPr2d+54FJxaPwDiYxcwMyDPmAUwJa8sy6EyvuWRWo4kv7FGeVyCrsqHsJaX2KHRopXMFCuxxD1TPLVs3KgJeJnZMyytH0zE+nH9EkYCFQQZTq2VYMbkokcCrYtOQkisWEjsmQ9TQNScCUm2a3TfGJVvp4EEn9QsCZ+nsiJYFSk8DXnQGBkVr0ZuJ/Xi+BwYWb8jBOgIV0vmiQCAwRngWF+1wyCmKiCaGS679iOiKSUNBxlnQI9uLJy6Rdr9lWzb49Kzeu8jiK6Agdowqy0TlqoBvURC1E0SN6Rq/ozXgyXox342PeWjDymUP0B8bXD8VBniE=</latexit>

di = (d0i, d1i, · · · , dki)
<latexit sha1_base64="0bg42hwybkfMhyBcvQWkYwuTZ5E=">AAACFXicbVBNS8MwGE7n15xfVY9egkOYMEYrgl6EoRePE9wHrKOkabqFpU1JUmGU/gkv/hUvHhTxKnjz35h2PejmA+F98jzvS/I+XsyoVJb1bVRWVtfWN6qbta3tnd09c/+gJ3kiMOlizrgYeEgSRiPSVVQxMogFQaHHSN+b3uR+/4EISXl0r2YxGYVoHNGAYqS05JrN1PEC6GcuhVew4bupRbMm1NXOq4N9rmRxn9Ls1DXrVssqAJeJXZI6KNFxzS/H5zgJSaQwQ1IObStWoxQJRTEjWc1JJIkRnqIxGWoaoZDIUVpslcETrfgw4EKfSMFC/T2RolDKWejpzhCpiVz0cvE/b5io4HKU0ihOFInw/KEgYVBxmEcEfSoIVmymCcKC6r9CPEECYaWDrOkQ7MWVl0nvrGVbLfvuvN6+LuOogiNwDBrABhegDW5BB3QBBo/gGbyCN+PJeDHejY95a8UoZw7BHxifP4wGnS4=</latexit><latexit sha1_base64="0bg42hwybkfMhyBcvQWkYwuTZ5E=">AAACFXicbVBNS8MwGE7n15xfVY9egkOYMEYrgl6EoRePE9wHrKOkabqFpU1JUmGU/gkv/hUvHhTxKnjz35h2PejmA+F98jzvS/I+XsyoVJb1bVRWVtfWN6qbta3tnd09c/+gJ3kiMOlizrgYeEgSRiPSVVQxMogFQaHHSN+b3uR+/4EISXl0r2YxGYVoHNGAYqS05JrN1PEC6GcuhVew4bupRbMm1NXOq4N9rmRxn9Ls1DXrVssqAJeJXZI6KNFxzS/H5zgJSaQwQ1IObStWoxQJRTEjWc1JJIkRnqIxGWoaoZDIUVpslcETrfgw4EKfSMFC/T2RolDKWejpzhCpiVz0cvE/b5io4HKU0ihOFInw/KEgYVBxmEcEfSoIVmymCcKC6r9CPEECYaWDrOkQ7MWVl0nvrGVbLfvuvN6+LuOogiNwDBrABhegDW5BB3QBBo/gGbyCN+PJeDHejY95a8UoZw7BHxifP4wGnS4=</latexit><latexit sha1_base64="0bg42hwybkfMhyBcvQWkYwuTZ5E=">AAACFXicbVBNS8MwGE7n15xfVY9egkOYMEYrgl6EoRePE9wHrKOkabqFpU1JUmGU/gkv/hUvHhTxKnjz35h2PejmA+F98jzvS/I+XsyoVJb1bVRWVtfWN6qbta3tnd09c/+gJ3kiMOlizrgYeEgSRiPSVVQxMogFQaHHSN+b3uR+/4EISXl0r2YxGYVoHNGAYqS05JrN1PEC6GcuhVew4bupRbMm1NXOq4N9rmRxn9Ls1DXrVssqAJeJXZI6KNFxzS/H5zgJSaQwQ1IObStWoxQJRTEjWc1JJIkRnqIxGWoaoZDIUVpslcETrfgw4EKfSMFC/T2RolDKWejpzhCpiVz0cvE/b5io4HKU0ihOFInw/KEgYVBxmEcEfSoIVmymCcKC6r9CPEECYaWDrOkQ7MWVl0nvrGVbLfvuvN6+LuOogiNwDBrABhegDW5BB3QBBo/gGbyCN+PJeDHejY95a8UoZw7BHxifP4wGnS4=</latexit><latexit sha1_base64="0bg42hwybkfMhyBcvQWkYwuTZ5E=">AAACFXicbVBNS8MwGE7n15xfVY9egkOYMEYrgl6EoRePE9wHrKOkabqFpU1JUmGU/gkv/hUvHhTxKnjz35h2PejmA+F98jzvS/I+XsyoVJb1bVRWVtfWN6qbta3tnd09c/+gJ3kiMOlizrgYeEgSRiPSVVQxMogFQaHHSN+b3uR+/4EISXl0r2YxGYVoHNGAYqS05JrN1PEC6GcuhVew4bupRbMm1NXOq4N9rmRxn9Ls1DXrVssqAJeJXZI6KNFxzS/H5zgJSaQwQ1IObStWoxQJRTEjWc1JJIkRnqIxGWoaoZDIUVpslcETrfgw4EKfSMFC/T2RolDKWejpzhCpiVz0cvE/b5io4HKU0ihOFInw/KEgYVBxmEcEfSoIVmymCcKC6r9CPEECYaWDrOkQ7MWVl0nvrGVbLfvuvN6+LuOogiNwDBrABhegDW5BB3QBBo/gGbyCN+PJeDHejY95a8UoZw7BHxifP4wGnS4=</latexit><latexit sha1_base64="0bg42hwybkfMhyBcvQWkYwuTZ5E=">AAACFXicbVBNS8MwGE7n15xfVY9egkOYMEYrgl6EoRePE9wHrKOkabqFpU1JUmGU/gkv/hUvHhTxKnjz35h2PejmA+F98jzvS/I+XsyoVJb1bVRWVtfWN6qbta3tnd09c/+gJ3kiMOlizrgYeEgSRiPSVVQxMogFQaHHSN+b3uR+/4EISXl0r2YxGYVoHNGAYqS05JrN1PEC6GcuhVew4bupRbMm1NXOq4N9rmRxn9Ls1DXrVssqAJeJXZI6KNFxzS/H5zgJSaQwQ1IObStWoxQJRTEjWc1JJIkRnqIxGWoaoZDIUVpslcETrfgw4EKfSMFC/T2RolDKWejpzhCpiVz0cvE/b5io4HKU0ihOFInw/KEgYVBxmEcEfSoIVmymCcKC6r9CPEECYaWDrOkQ7MWVl0nvrGVbLfvuvN6+LuOogiNwDBrABhegDW5BB3QBBo/gGbyCN+PJeDHejY95a8UoZw7BHxifP4wGnS4=</latexit>

120 features



Subject level brain connectivity matrix

Subject 1

Subject 2

Subject 3

Correlation of 
Fourier 
coefficients

i

j

cij = corr(di,dj)
<latexit sha1_base64="kBi5THaeVP8cThtVMDD2QUhcbCU=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDIjgm6EohuXFewD2mHIZDJt2kwyJBmhDPMBbvwVNy4UcesHuPNvTNsRtPVA4HDOudzc48eMKm3bX1ZhaXllda24XtrY3NreKe/utZRIJCZNLJiQHR8pwignTU01I51YEhT5jLT90fXEb98Tqajgd3ocEzdCfU5DipE2kleuYC+lwwxeQiykrKY9P4RB5tET+EOHxyZl1+wp4CJxclIBORpe+bMXCJxEhGvMkFJdx461myKpKWYkK/USRWKER6hPuoZyFBHlptNjMnhklACGQprHNZyqvydSFCk1jnyTjJAeqHlvIv7ndRMdXrgp5XGiCcezRWHCoBZw0gwMqCRYs7EhCEtq/grxAEmEtemvZEpw5k9eJK3TmmPXnNuzSv0qr6MIDsAhqAIHnIM6uAEN0AQYPIAn8AJerUfr2Xqz3mfRgpXP7IM/sD6+Ad+smjc=</latexit><latexit sha1_base64="kBi5THaeVP8cThtVMDD2QUhcbCU=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDIjgm6EohuXFewD2mHIZDJt2kwyJBmhDPMBbvwVNy4UcesHuPNvTNsRtPVA4HDOudzc48eMKm3bX1ZhaXllda24XtrY3NreKe/utZRIJCZNLJiQHR8pwignTU01I51YEhT5jLT90fXEb98Tqajgd3ocEzdCfU5DipE2kleuYC+lwwxeQiykrKY9P4RB5tET+EOHxyZl1+wp4CJxclIBORpe+bMXCJxEhGvMkFJdx461myKpKWYkK/USRWKER6hPuoZyFBHlptNjMnhklACGQprHNZyqvydSFCk1jnyTjJAeqHlvIv7ndRMdXrgp5XGiCcezRWHCoBZw0gwMqCRYs7EhCEtq/grxAEmEtemvZEpw5k9eJK3TmmPXnNuzSv0qr6MIDsAhqAIHnIM6uAEN0AQYPIAn8AJerUfr2Xqz3mfRgpXP7IM/sD6+Ad+smjc=</latexit><latexit sha1_base64="kBi5THaeVP8cThtVMDD2QUhcbCU=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDIjgm6EohuXFewD2mHIZDJt2kwyJBmhDPMBbvwVNy4UcesHuPNvTNsRtPVA4HDOudzc48eMKm3bX1ZhaXllda24XtrY3NreKe/utZRIJCZNLJiQHR8pwignTU01I51YEhT5jLT90fXEb98Tqajgd3ocEzdCfU5DipE2kleuYC+lwwxeQiykrKY9P4RB5tET+EOHxyZl1+wp4CJxclIBORpe+bMXCJxEhGvMkFJdx461myKpKWYkK/USRWKER6hPuoZyFBHlptNjMnhklACGQprHNZyqvydSFCk1jnyTjJAeqHlvIv7ndRMdXrgp5XGiCcezRWHCoBZw0gwMqCRYs7EhCEtq/grxAEmEtemvZEpw5k9eJK3TmmPXnNuzSv0qr6MIDsAhqAIHnIM6uAEN0AQYPIAn8AJerUfr2Xqz3mfRgpXP7IM/sD6+Ad+smjc=</latexit><latexit sha1_base64="kBi5THaeVP8cThtVMDD2QUhcbCU=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDIjgm6EohuXFewD2mHIZDJt2kwyJBmhDPMBbvwVNy4UcesHuPNvTNsRtPVA4HDOudzc48eMKm3bX1ZhaXllda24XtrY3NreKe/utZRIJCZNLJiQHR8pwignTU01I51YEhT5jLT90fXEb98Tqajgd3ocEzdCfU5DipE2kleuYC+lwwxeQiykrKY9P4RB5tET+EOHxyZl1+wp4CJxclIBORpe+bMXCJxEhGvMkFJdx461myKpKWYkK/USRWKER6hPuoZyFBHlptNjMnhklACGQprHNZyqvydSFCk1jnyTjJAeqHlvIv7ndRMdXrgp5XGiCcezRWHCoBZw0gwMqCRYs7EhCEtq/grxAEmEtemvZEpw5k9eJK3TmmPXnNuzSv0qr6MIDsAhqAIHnIM6uAEN0AQYPIAn8AJerUfr2Xqz3mfRgpXP7IM/sD6+Ad+smjc=</latexit><latexit sha1_base64="kBi5THaeVP8cThtVMDD2QUhcbCU=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDIjgm6EohuXFewD2mHIZDJt2kwyJBmhDPMBbvwVNy4UcesHuPNvTNsRtPVA4HDOudzc48eMKm3bX1ZhaXllda24XtrY3NreKe/utZRIJCZNLJiQHR8pwignTU01I51YEhT5jLT90fXEb98Tqajgd3ocEzdCfU5DipE2kleuYC+lwwxeQiykrKY9P4RB5tET+EOHxyZl1+wp4CJxclIBORpe+bMXCJxEhGvMkFJdx461myKpKWYkK/USRWKER6hPuoZyFBHlptNjMnhklACGQprHNZyqvydSFCk1jnyTjJAeqHlvIv7ndRMdXrgp5XGiCcezRWHCoBZw0gwMqCRYs7EhCEtq/grxAEmEtemvZEpw5k9eJK3TmmPXnNuzSv0qr6MIDsAhqAIHnIM6uAEN0AQYPIAn8AJerUfr2Xqz3mfRgpXP7IM/sD6+Ad+smjc=</latexit>



Correlation (group) of correlation (subject)

cMZ
ij = corr(c1ij , c

2
ij)

<latexit sha1_base64="NpKUFxiyl700kM+wmOo0uSwvSSo=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0WoICUpgm6Eohs3QgX7wDYNk+mkHTvJhJmJUEK+w42/4saFIu7EjX/jNK2grQcGzj3nXu7c40WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd3GpLHApM65oyLlockYTQkdUUVI61IEBR4jDS94cXYb94TISkPb9QoIk6A+iH1KUZKS65p425ydZu6Cb1L4RnEXIhS0vF8iNOunalHP2UlKw9ds2iVrQxwnthTUgRT1Fzzo9PjOA5IqDBDUrZtK1JOgoSimJG00IkliRAeoj5paxqigEgnyU5L4YFWetDnQr9QwUz9PZGgQMpR4OnOAKmBnPXG4n9eO1b+qZPQMIoVCfFkkR8zqDgc5wR7VBCs2EgThAXVf4V4gATCSqdZ0CHYsyfPk0albFtl+/q4WD2fxpEHe2AflIANTkAVXIIaqAMMHsATeAGvxqPxbLwZ75PWnDGd2QV/YHx+A3r6oIA=</latexit><latexit sha1_base64="NpKUFxiyl700kM+wmOo0uSwvSSo=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0WoICUpgm6Eohs3QgX7wDYNk+mkHTvJhJmJUEK+w42/4saFIu7EjX/jNK2grQcGzj3nXu7c40WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd3GpLHApM65oyLlockYTQkdUUVI61IEBR4jDS94cXYb94TISkPb9QoIk6A+iH1KUZKS65p425ydZu6Cb1L4RnEXIhS0vF8iNOunalHP2UlKw9ds2iVrQxwnthTUgRT1Fzzo9PjOA5IqDBDUrZtK1JOgoSimJG00IkliRAeoj5paxqigEgnyU5L4YFWetDnQr9QwUz9PZGgQMpR4OnOAKmBnPXG4n9eO1b+qZPQMIoVCfFkkR8zqDgc5wR7VBCs2EgThAXVf4V4gATCSqdZ0CHYsyfPk0albFtl+/q4WD2fxpEHe2AflIANTkAVXIIaqAMMHsATeAGvxqPxbLwZ75PWnDGd2QV/YHx+A3r6oIA=</latexit><latexit sha1_base64="NpKUFxiyl700kM+wmOo0uSwvSSo=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0WoICUpgm6Eohs3QgX7wDYNk+mkHTvJhJmJUEK+w42/4saFIu7EjX/jNK2grQcGzj3nXu7c40WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd3GpLHApM65oyLlockYTQkdUUVI61IEBR4jDS94cXYb94TISkPb9QoIk6A+iH1KUZKS65p425ydZu6Cb1L4RnEXIhS0vF8iNOunalHP2UlKw9ds2iVrQxwnthTUgRT1Fzzo9PjOA5IqDBDUrZtK1JOgoSimJG00IkliRAeoj5paxqigEgnyU5L4YFWetDnQr9QwUz9PZGgQMpR4OnOAKmBnPXG4n9eO1b+qZPQMIoVCfFkkR8zqDgc5wR7VBCs2EgThAXVf4V4gATCSqdZ0CHYsyfPk0albFtl+/q4WD2fxpEHe2AflIANTkAVXIIaqAMMHsATeAGvxqPxbLwZ75PWnDGd2QV/YHx+A3r6oIA=</latexit><latexit sha1_base64="NpKUFxiyl700kM+wmOo0uSwvSSo=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0WoICUpgm6Eohs3QgX7wDYNk+mkHTvJhJmJUEK+w42/4saFIu7EjX/jNK2grQcGzj3nXu7c40WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd3GpLHApM65oyLlockYTQkdUUVI61IEBR4jDS94cXYb94TISkPb9QoIk6A+iH1KUZKS65p425ydZu6Cb1L4RnEXIhS0vF8iNOunalHP2UlKw9ds2iVrQxwnthTUgRT1Fzzo9PjOA5IqDBDUrZtK1JOgoSimJG00IkliRAeoj5paxqigEgnyU5L4YFWetDnQr9QwUz9PZGgQMpR4OnOAKmBnPXG4n9eO1b+qZPQMIoVCfFkkR8zqDgc5wR7VBCs2EgThAXVf4V4gATCSqdZ0CHYsyfPk0albFtl+/q4WD2fxpEHe2AflIANTkAVXIIaqAMMHsATeAGvxqPxbLwZ75PWnDGd2QV/YHx+A3r6oIA=</latexit><latexit sha1_base64="NpKUFxiyl700kM+wmOo0uSwvSSo=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0WoICUpgm6Eohs3QgX7wDYNk+mkHTvJhJmJUEK+w42/4saFIu7EjX/jNK2grQcGzj3nXu7c40WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd3GpLHApM65oyLlockYTQkdUUVI61IEBR4jDS94cXYb94TISkPb9QoIk6A+iH1KUZKS65p425ydZu6Cb1L4RnEXIhS0vF8iNOunalHP2UlKw9ds2iVrQxwnthTUgRT1Fzzo9PjOA5IqDBDUrZtK1JOgoSimJG00IkliRAeoj5paxqigEgnyU5L4YFWetDnQr9QwUz9PZGgQMpR4OnOAKmBnPXG4n9eO1b+qZPQMIoVCfFkkR8zqDgc5wR7VBCs2EgThAXVf4V4gATCSqdZ0CHYsyfPk0albFtl+/q4WD2fxpEHe2AflIANTkAVXIIaqAMMHsATeAGvxqPxbLwZ75PWnDGd2QV/YHx+A3r6oIA=</latexit>

c1ij = (c11ij , · · · , c1mij )
<latexit sha1_base64="3Xg+d9jbK6cshHTAO3u5w1Q7dc4=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIFUqZqKAboejGZQV7gXY6ZNJMG5uZDElGKMM8iBtfxY0LRdy4EHwb02kX2vpD4M93ziE5vxdxprRtf1u5peWV1bX8emFjc2t7p7i711QiloQ2iOBCtj2sKGchbWimOW1HkuLA47Tlja4n9dYDlYqJ8E6PI+oEeBAynxGsDXKLp0nX8yFJe8hN2H0KL2GZ9BKE0uxagV3SF1pV4AQGU3jsFkt21c4EFw2amRKYqe4WP7t9QeKAhppwrFQH2ZF2Eiw1I5ymhW6saITJCA9ox9gQB1Q5SbZcCo8M6UNfSHNCDTP6eyLBgVLjwDOdAdZDNV+bwP9qnVj7F07CwijWNCTTh/yYQy3gJCnYZ5ISzcfGYCKZ+SskQywx0SbPggkBza+8aJonVWRX0e1ZqXY1iyMPDsAhKAMEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH9PWnDWb2Qd/ZH39AOwaoKY=</latexit><latexit sha1_base64="3Xg+d9jbK6cshHTAO3u5w1Q7dc4=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIFUqZqKAboejGZQV7gXY6ZNJMG5uZDElGKMM8iBtfxY0LRdy4EHwb02kX2vpD4M93ziE5vxdxprRtf1u5peWV1bX8emFjc2t7p7i711QiloQ2iOBCtj2sKGchbWimOW1HkuLA47Tlja4n9dYDlYqJ8E6PI+oEeBAynxGsDXKLp0nX8yFJe8hN2H0KL2GZ9BKE0uxagV3SF1pV4AQGU3jsFkt21c4EFw2amRKYqe4WP7t9QeKAhppwrFQH2ZF2Eiw1I5ymhW6saITJCA9ox9gQB1Q5SbZcCo8M6UNfSHNCDTP6eyLBgVLjwDOdAdZDNV+bwP9qnVj7F07CwijWNCTTh/yYQy3gJCnYZ5ISzcfGYCKZ+SskQywx0SbPggkBza+8aJonVWRX0e1ZqXY1iyMPDsAhKAMEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH9PWnDWb2Qd/ZH39AOwaoKY=</latexit><latexit sha1_base64="3Xg+d9jbK6cshHTAO3u5w1Q7dc4=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIFUqZqKAboejGZQV7gXY6ZNJMG5uZDElGKMM8iBtfxY0LRdy4EHwb02kX2vpD4M93ziE5vxdxprRtf1u5peWV1bX8emFjc2t7p7i711QiloQ2iOBCtj2sKGchbWimOW1HkuLA47Tlja4n9dYDlYqJ8E6PI+oEeBAynxGsDXKLp0nX8yFJe8hN2H0KL2GZ9BKE0uxagV3SF1pV4AQGU3jsFkt21c4EFw2amRKYqe4WP7t9QeKAhppwrFQH2ZF2Eiw1I5ymhW6saITJCA9ox9gQB1Q5SbZcCo8M6UNfSHNCDTP6eyLBgVLjwDOdAdZDNV+bwP9qnVj7F07CwijWNCTTh/yYQy3gJCnYZ5ISzcfGYCKZ+SskQywx0SbPggkBza+8aJonVWRX0e1ZqXY1iyMPDsAhKAMEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH9PWnDWb2Qd/ZH39AOwaoKY=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="RKO7u3RNJjYZ/sIg7KqeLGABLOs=">AAACEXicbZDLSgMxGIX/qbdaq1a3boJFqFDKRBe6EQQ3LivYC7TTIZNm2tjMhSQjlGEexI2v4saFIm7c+Tam0y609UDg5DsJyX+8WHClbfvbKqytb2xuFbdLO+Xdvf3KQbmtokRS1qKRiGTXI4oJHrKW5lqwbiwZCTzBOt7kZpZ3HplUPArv9TRmTkBGIfc5Jdogt3Ke9j0f0WyA3ZQ/ZOgK1eggxTjLt3XUp8NIqzqawWAOT91K1W7YudCqwQtThYWabuWrP4xoErBQU0GU6mE71k5KpOZUsKzUTxSLCZ2QEesZG5KAKSfNh8vQiSFD5EfSrFCjnP6+kZJAqWngmZMB0WO1nM3gf1kv0f6lk/IwTjQL6fwhPxFIR2jWFBpyyagWU2MIldz8FdExkYRq02fJlICXR1417bMGthv4zoYiHMEx1ADDBVzDLTShBRSe4AXe4N16tl6tj3ldBWvR2yH8kfX5Awh+nx8=</latexit><latexit sha1_base64="RKO7u3RNJjYZ/sIg7KqeLGABLOs=">AAACEXicbZDLSgMxGIX/qbdaq1a3boJFqFDKRBe6EQQ3LivYC7TTIZNm2tjMhSQjlGEexI2v4saFIm7c+Tam0y609UDg5DsJyX+8WHClbfvbKqytb2xuFbdLO+Xdvf3KQbmtokRS1qKRiGTXI4oJHrKW5lqwbiwZCTzBOt7kZpZ3HplUPArv9TRmTkBGIfc5Jdogt3Ke9j0f0WyA3ZQ/ZOgK1eggxTjLt3XUp8NIqzqawWAOT91K1W7YudCqwQtThYWabuWrP4xoErBQU0GU6mE71k5KpOZUsKzUTxSLCZ2QEesZG5KAKSfNh8vQiSFD5EfSrFCjnP6+kZJAqWngmZMB0WO1nM3gf1kv0f6lk/IwTjQL6fwhPxFIR2jWFBpyyagWU2MIldz8FdExkYRq02fJlICXR1417bMGthv4zoYiHMEx1ADDBVzDLTShBRSe4AXe4N16tl6tj3ldBWvR2yH8kfX5Awh+nx8=</latexit><latexit sha1_base64="6LwXwVWXkI4fPHMlut9/1yspI2U=">AAACHHicbZDLSgMxFIYzXmu9VV26CRahQikTXehGKLpxWcFeoJ0OmTTTxiYzQ5IRyjAP4sZXceNCETcuBN/GdDoLbf0h8Oc755Cc34s4U9q2v62l5ZXVtfXCRnFza3tnt7S331JhLAltkpCHsuNhRTkLaFMzzWknkhQLj9O2N76e1tsPVCoWBnd6ElFH4GHAfEawNsgtnSU9z4ck7SM3YfcpvIQV0k8QSrNrFfbIINSqCqdQzOCJWyrbNTsTXDQoN2WQq+GWPnuDkMSCBppwrFQX2ZF2Eiw1I5ymxV6saITJGA9p19gAC6qcJFsuhceGDKAfSnMCDTP6eyLBQqmJ8EynwHqk5mtT+F+tG2v/wklYEMWaBmT2kB9zqEM4TQoOmKRE84kxmEhm/grJCEtMtMmzaEJA8ysvmtZpDdk1dGuX61d5HAVwCI5ABSBwDurgBjRAExDwCJ7BK3iznqwX6936mLUuWfnMAfgj6+sH6tqgog==</latexit><latexit sha1_base64="3Xg+d9jbK6cshHTAO3u5w1Q7dc4=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIFUqZqKAboejGZQV7gXY6ZNJMG5uZDElGKMM8iBtfxY0LRdy4EHwb02kX2vpD4M93ziE5vxdxprRtf1u5peWV1bX8emFjc2t7p7i711QiloQ2iOBCtj2sKGchbWimOW1HkuLA47Tlja4n9dYDlYqJ8E6PI+oEeBAynxGsDXKLp0nX8yFJe8hN2H0KL2GZ9BKE0uxagV3SF1pV4AQGU3jsFkt21c4EFw2amRKYqe4WP7t9QeKAhppwrFQH2ZF2Eiw1I5ymhW6saITJCA9ox9gQB1Q5SbZcCo8M6UNfSHNCDTP6eyLBgVLjwDOdAdZDNV+bwP9qnVj7F07CwijWNCTTh/yYQy3gJCnYZ5ISzcfGYCKZ+SskQywx0SbPggkBza+8aJonVWRX0e1ZqXY1iyMPDsAhKAMEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH9PWnDWb2Qd/ZH39AOwaoKY=</latexit><latexit sha1_base64="3Xg+d9jbK6cshHTAO3u5w1Q7dc4=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIFUqZqKAboejGZQV7gXY6ZNJMG5uZDElGKMM8iBtfxY0LRdy4EHwb02kX2vpD4M93ziE5vxdxprRtf1u5peWV1bX8emFjc2t7p7i711QiloQ2iOBCtj2sKGchbWimOW1HkuLA47Tlja4n9dYDlYqJ8E6PI+oEeBAynxGsDXKLp0nX8yFJe8hN2H0KL2GZ9BKE0uxagV3SF1pV4AQGU3jsFkt21c4EFw2amRKYqe4WP7t9QeKAhppwrFQH2ZF2Eiw1I5ymhW6saITJCA9ox9gQB1Q5SbZcCo8M6UNfSHNCDTP6eyLBgVLjwDOdAdZDNV+bwP9qnVj7F07CwijWNCTTh/yYQy3gJCnYZ5ISzcfGYCKZ+SskQywx0SbPggkBza+8aJonVWRX0e1ZqXY1iyMPDsAhKAMEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH9PWnDWb2Qd/ZH39AOwaoKY=</latexit><latexit sha1_base64="3Xg+d9jbK6cshHTAO3u5w1Q7dc4=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIFUqZqKAboejGZQV7gXY6ZNJMG5uZDElGKMM8iBtfxY0LRdy4EHwb02kX2vpD4M93ziE5vxdxprRtf1u5peWV1bX8emFjc2t7p7i711QiloQ2iOBCtj2sKGchbWimOW1HkuLA47Tlja4n9dYDlYqJ8E6PI+oEeBAynxGsDXKLp0nX8yFJe8hN2H0KL2GZ9BKE0uxagV3SF1pV4AQGU3jsFkt21c4EFw2amRKYqe4WP7t9QeKAhppwrFQH2ZF2Eiw1I5ymhW6saITJCA9ox9gQB1Q5SbZcCo8M6UNfSHNCDTP6eyLBgVLjwDOdAdZDNV+bwP9qnVj7F07CwijWNCTTh/yYQy3gJCnYZ5ISzcfGYCKZ+SskQywx0SbPggkBza+8aJonVWRX0e1ZqXY1iyMPDsAhKAMEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH9PWnDWb2Qd/ZH39AOwaoKY=</latexit><latexit sha1_base64="3Xg+d9jbK6cshHTAO3u5w1Q7dc4=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIFUqZqKAboejGZQV7gXY6ZNJMG5uZDElGKMM8iBtfxY0LRdy4EHwb02kX2vpD4M93ziE5vxdxprRtf1u5peWV1bX8emFjc2t7p7i711QiloQ2iOBCtj2sKGchbWimOW1HkuLA47Tlja4n9dYDlYqJ8E6PI+oEeBAynxGsDXKLp0nX8yFJe8hN2H0KL2GZ9BKE0uxagV3SF1pV4AQGU3jsFkt21c4EFw2amRKYqe4WP7t9QeKAhppwrFQH2ZF2Eiw1I5ymhW6saITJCA9ox9gQB1Q5SbZcCo8M6UNfSHNCDTP6eyLBgVLjwDOdAdZDNV+bwP9qnVj7F07CwijWNCTTh/yYQy3gJCnYZ5ISzcfGYCKZ+SskQywx0SbPggkBza+8aJonVWRX0e1ZqXY1iyMPDsAhKAMEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH9PWnDWb2Qd/ZH39AOwaoKY=</latexit><latexit sha1_base64="3Xg+d9jbK6cshHTAO3u5w1Q7dc4=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIFUqZqKAboejGZQV7gXY6ZNJMG5uZDElGKMM8iBtfxY0LRdy4EHwb02kX2vpD4M93ziE5vxdxprRtf1u5peWV1bX8emFjc2t7p7i711QiloQ2iOBCtj2sKGchbWimOW1HkuLA47Tlja4n9dYDlYqJ8E6PI+oEeBAynxGsDXKLp0nX8yFJe8hN2H0KL2GZ9BKE0uxagV3SF1pV4AQGU3jsFkt21c4EFw2amRKYqe4WP7t9QeKAhppwrFQH2ZF2Eiw1I5ymhW6saITJCA9ox9gQB1Q5SbZcCo8M6UNfSHNCDTP6eyLBgVLjwDOdAdZDNV+bwP9qnVj7F07CwijWNCTTh/yYQy3gJCnYZ5ISzcfGYCKZ+SskQywx0SbPggkBza+8aJonVWRX0e1ZqXY1iyMPDsAhKAMEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH9PWnDWb2Qd/ZH39AOwaoKY=</latexit><latexit sha1_base64="3Xg+d9jbK6cshHTAO3u5w1Q7dc4=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIFUqZqKAboejGZQV7gXY6ZNJMG5uZDElGKMM8iBtfxY0LRdy4EHwb02kX2vpD4M93ziE5vxdxprRtf1u5peWV1bX8emFjc2t7p7i711QiloQ2iOBCtj2sKGchbWimOW1HkuLA47Tlja4n9dYDlYqJ8E6PI+oEeBAynxGsDXKLp0nX8yFJe8hN2H0KL2GZ9BKE0uxagV3SF1pV4AQGU3jsFkt21c4EFw2amRKYqe4WP7t9QeKAhppwrFQH2ZF2Eiw1I5ymhW6saITJCA9ox9gQB1Q5SbZcCo8M6UNfSHNCDTP6eyLBgVLjwDOdAdZDNV+bwP9qnVj7F07CwijWNCTTh/yYQy3gJCnYZ5ISzcfGYCKZ+SskQywx0SbPggkBza+8aJonVWRX0e1ZqXY1iyMPDsAhKAMEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH9PWnDWb2Qd/ZH39AOwaoKY=</latexit><latexit sha1_base64="3Xg+d9jbK6cshHTAO3u5w1Q7dc4=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIFUqZqKAboejGZQV7gXY6ZNJMG5uZDElGKMM8iBtfxY0LRdy4EHwb02kX2vpD4M93ziE5vxdxprRtf1u5peWV1bX8emFjc2t7p7i711QiloQ2iOBCtj2sKGchbWimOW1HkuLA47Tlja4n9dYDlYqJ8E6PI+oEeBAynxGsDXKLp0nX8yFJe8hN2H0KL2GZ9BKE0uxagV3SF1pV4AQGU3jsFkt21c4EFw2amRKYqe4WP7t9QeKAhppwrFQH2ZF2Eiw1I5ymhW6saITJCA9ox9gQB1Q5SbZcCo8M6UNfSHNCDTP6eyLBgVLjwDOdAdZDNV+bwP9qnVj7F07CwijWNCTTh/yYQy3gJCnYZ5ISzcfGYCKZ+SskQywx0SbPggkBza+8aJonVWRX0e1ZqXY1iyMPDsAhKAMEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH9PWnDWb2Qd/ZH39AOwaoKY=</latexit>

c2ij = (c21ij , · · · , c2mij )
<latexit sha1_base64="PwrqSY1uEpnPGlHdSg6BBM0G3I8=">AAACHHicbZDLSsNAFIYnXmu9RV26GSxChVKSKuhGKLpxWcFeoEnDZDppx04uzEyEEvIgbnwVNy4UceNC8G2cpFlo6w8D/3znHGbO70aMCmkY39rS8srq2nppo7y5tb2zq+/td0QYc0zaOGQh77lIEEYD0pZUMtKLOEG+y0jXnVxn9e4D4YKGwZ2cRsT20SigHsVIKuTop4nlehCng4aT0PsUXsIqHiQNM82vNWjhYShFDWbQn8ETR68YdSMXXDRmYSqgUMvRP61hiGOfBBIzJETfNCJpJ4hLihlJy1YsSITwBI1IX9kA+UTYSb5cCo8VGUIv5OoEEub090SCfCGmvqs6fSTHYr6Wwf9q/Vh6F3ZCgyiWJMCzh7yYQRnCLCk4pJxgyabKIMyp+ivEY8QRlirPsgrBnF950XQaddOom7dnleZVEUcJHIIjUAUmOAdNcANaoA0weATP4BW8aU/ai/aufcxal7Ri5gD8kfb1A/D1oKk=</latexit><latexit sha1_base64="PwrqSY1uEpnPGlHdSg6BBM0G3I8=">AAACHHicbZDLSsNAFIYnXmu9RV26GSxChVKSKuhGKLpxWcFeoEnDZDppx04uzEyEEvIgbnwVNy4UceNC8G2cpFlo6w8D/3znHGbO70aMCmkY39rS8srq2nppo7y5tb2zq+/td0QYc0zaOGQh77lIEEYD0pZUMtKLOEG+y0jXnVxn9e4D4YKGwZ2cRsT20SigHsVIKuTop4nlehCng4aT0PsUXsIqHiQNM82vNWjhYShFDWbQn8ETR68YdSMXXDRmYSqgUMvRP61hiGOfBBIzJETfNCJpJ4hLihlJy1YsSITwBI1IX9kA+UTYSb5cCo8VGUIv5OoEEub090SCfCGmvqs6fSTHYr6Wwf9q/Vh6F3ZCgyiWJMCzh7yYQRnCLCk4pJxgyabKIMyp+ivEY8QRlirPsgrBnF950XQaddOom7dnleZVEUcJHIIjUAUmOAdNcANaoA0weATP4BW8aU/ai/aufcxal7Ri5gD8kfb1A/D1oKk=</latexit><latexit sha1_base64="PwrqSY1uEpnPGlHdSg6BBM0G3I8=">AAACHHicbZDLSsNAFIYnXmu9RV26GSxChVKSKuhGKLpxWcFeoEnDZDppx04uzEyEEvIgbnwVNy4UceNC8G2cpFlo6w8D/3znHGbO70aMCmkY39rS8srq2nppo7y5tb2zq+/td0QYc0zaOGQh77lIEEYD0pZUMtKLOEG+y0jXnVxn9e4D4YKGwZ2cRsT20SigHsVIKuTop4nlehCng4aT0PsUXsIqHiQNM82vNWjhYShFDWbQn8ETR68YdSMXXDRmYSqgUMvRP61hiGOfBBIzJETfNCJpJ4hLihlJy1YsSITwBI1IX9kA+UTYSb5cCo8VGUIv5OoEEub090SCfCGmvqs6fSTHYr6Wwf9q/Vh6F3ZCgyiWJMCzh7yYQRnCLCk4pJxgyabKIMyp+ivEY8QRlirPsgrBnF950XQaddOom7dnleZVEUcJHIIjUAUmOAdNcANaoA0weATP4BW8aU/ai/aufcxal7Ri5gD8kfb1A/D1oKk=</latexit><latexit sha1_base64="PwrqSY1uEpnPGlHdSg6BBM0G3I8=">AAACHHicbZDLSsNAFIYnXmu9RV26GSxChVKSKuhGKLpxWcFeoEnDZDppx04uzEyEEvIgbnwVNy4UceNC8G2cpFlo6w8D/3znHGbO70aMCmkY39rS8srq2nppo7y5tb2zq+/td0QYc0zaOGQh77lIEEYD0pZUMtKLOEG+y0jXnVxn9e4D4YKGwZ2cRsT20SigHsVIKuTop4nlehCng4aT0PsUXsIqHiQNM82vNWjhYShFDWbQn8ETR68YdSMXXDRmYSqgUMvRP61hiGOfBBIzJETfNCJpJ4hLihlJy1YsSITwBI1IX9kA+UTYSb5cCo8VGUIv5OoEEub090SCfCGmvqs6fSTHYr6Wwf9q/Vh6F3ZCgyiWJMCzh7yYQRnCLCk4pJxgyabKIMyp+ivEY8QRlirPsgrBnF950XQaddOom7dnleZVEUcJHIIjUAUmOAdNcANaoA0weATP4BW8aU/ai/aufcxal7Ri5gD8kfb1A/D1oKk=</latexit><latexit sha1_base64="PwrqSY1uEpnPGlHdSg6BBM0G3I8=">AAACHHicbZDLSsNAFIYnXmu9RV26GSxChVKSKuhGKLpxWcFeoEnDZDppx04uzEyEEvIgbnwVNy4UceNC8G2cpFlo6w8D/3znHGbO70aMCmkY39rS8srq2nppo7y5tb2zq+/td0QYc0zaOGQh77lIEEYD0pZUMtKLOEG+y0jXnVxn9e4D4YKGwZ2cRsT20SigHsVIKuTop4nlehCng4aT0PsUXsIqHiQNM82vNWjhYShFDWbQn8ETR68YdSMXXDRmYSqgUMvRP61hiGOfBBIzJETfNCJpJ4hLihlJy1YsSITwBI1IX9kA+UTYSb5cCo8VGUIv5OoEEub090SCfCGmvqs6fSTHYr6Wwf9q/Vh6F3ZCgyiWJMCzh7yYQRnCLCk4pJxgyabKIMyp+ivEY8QRlirPsgrBnF950XQaddOom7dnleZVEUcJHIIjUAUmOAdNcANaoA0weATP4BW8aU/ai/aufcxal7Ri5gD8kfb1A/D1oKk=</latexit>



MZ- and DZ-twin correlation difference

cDZ
ij

<latexit sha1_base64="gkrMr6RT1t4wi5SeRQUqbtYyu+8=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeizqwWMF+4FpLJvtpl272Q27G6GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTDjTxnW/naXlldW19dJGeXNre2e3srff0jJVhDaJ5FJ1QqwpZ4I2DTOcdhJFcRxy2g5HVxO//USVZlLcmXFCgxgPBIsYwcZKPnnIru/zXsYe816l6tbcKdAi8QpShQKNXuWr25ckjakwhGOtfc9NTJBhZRjhNC93U00TTEZ4QH1LBY6pDrLpyTk6tkofRVLZEgZN1d8TGY61Hseh7YyxGep5byL+5/mpiS6CjIkkNVSQ2aIo5chINPkf9ZmixPCxJZgoZm9FZIgVJsamVLYhePMvL5LWac1za97tWbV+WcRRgkM4ghPw4BzqcAMNaAIBCc/wCm+OcV6cd+dj1rrkFDMH8AfO5w+LLZFp</latexit><latexit sha1_base64="gkrMr6RT1t4wi5SeRQUqbtYyu+8=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeizqwWMF+4FpLJvtpl272Q27G6GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTDjTxnW/naXlldW19dJGeXNre2e3srff0jJVhDaJ5FJ1QqwpZ4I2DTOcdhJFcRxy2g5HVxO//USVZlLcmXFCgxgPBIsYwcZKPnnIru/zXsYe816l6tbcKdAi8QpShQKNXuWr25ckjakwhGOtfc9NTJBhZRjhNC93U00TTEZ4QH1LBY6pDrLpyTk6tkofRVLZEgZN1d8TGY61Hseh7YyxGep5byL+5/mpiS6CjIkkNVSQ2aIo5chINPkf9ZmixPCxJZgoZm9FZIgVJsamVLYhePMvL5LWac1za97tWbV+WcRRgkM4ghPw4BzqcAMNaAIBCc/wCm+OcV6cd+dj1rrkFDMH8AfO5w+LLZFp</latexit><latexit sha1_base64="gkrMr6RT1t4wi5SeRQUqbtYyu+8=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeizqwWMF+4FpLJvtpl272Q27G6GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTDjTxnW/naXlldW19dJGeXNre2e3srff0jJVhDaJ5FJ1QqwpZ4I2DTOcdhJFcRxy2g5HVxO//USVZlLcmXFCgxgPBIsYwcZKPnnIru/zXsYe816l6tbcKdAi8QpShQKNXuWr25ckjakwhGOtfc9NTJBhZRjhNC93U00TTEZ4QH1LBY6pDrLpyTk6tkofRVLZEgZN1d8TGY61Hseh7YyxGep5byL+5/mpiS6CjIkkNVSQ2aIo5chINPkf9ZmixPCxJZgoZm9FZIgVJsamVLYhePMvL5LWac1za97tWbV+WcRRgkM4ghPw4BzqcAMNaAIBCc/wCm+OcV6cd+dj1rrkFDMH8AfO5w+LLZFp</latexit><latexit sha1_base64="gkrMr6RT1t4wi5SeRQUqbtYyu+8=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeizqwWMF+4FpLJvtpl272Q27G6GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTDjTxnW/naXlldW19dJGeXNre2e3srff0jJVhDaJ5FJ1QqwpZ4I2DTOcdhJFcRxy2g5HVxO//USVZlLcmXFCgxgPBIsYwcZKPnnIru/zXsYe816l6tbcKdAi8QpShQKNXuWr25ckjakwhGOtfc9NTJBhZRjhNC93U00TTEZ4QH1LBY6pDrLpyTk6tkofRVLZEgZN1d8TGY61Hseh7YyxGep5byL+5/mpiS6CjIkkNVSQ2aIo5chINPkf9ZmixPCxJZgoZm9FZIgVJsamVLYhePMvL5LWac1za97tWbV+WcRRgkM4ghPw4BzqcAMNaAIBCc/wCm+OcV6cd+dj1rrkFDMH8AfO5w+LLZFp</latexit><latexit sha1_base64="gkrMr6RT1t4wi5SeRQUqbtYyu+8=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeizqwWMF+4FpLJvtpl272Q27G6GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTDjTxnW/naXlldW19dJGeXNre2e3srff0jJVhDaJ5FJ1QqwpZ4I2DTOcdhJFcRxy2g5HVxO//USVZlLcmXFCgxgPBIsYwcZKPnnIru/zXsYe816l6tbcKdAi8QpShQKNXuWr25ckjakwhGOtfc9NTJBhZRjhNC93U00TTEZ4QH1LBY6pDrLpyTk6tkofRVLZEgZN1d8TGY61Hseh7YyxGep5byL+5/mpiS6CjIkkNVSQ2aIo5chINPkf9ZmixPCxJZgoZm9FZIgVJsamVLYhePMvL5LWac1za97tWbV+WcRRgkM4ghPw4BzqcAMNaAIBCc/wCm+OcV6cd+dj1rrkFDMH8AfO5w+LLZFp</latexit>

cMZ
ij

<latexit sha1_base64="F7BWqHuZN8ioIZGzvFAluo8K6kI=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68SJUsB+YxrLZbtq1m92wuxFKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7LS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wdDXx209UaSbFnRknNIjxQLCIEWys5JOH7OY+72XsMe9Vqm7NnQItEq8gVSjQ6FW+un1J0pgKQzjW2vfcxAQZVoYRTvNyN9U0wWSEB9S3VOCY6iCbnpyjY6v0USSVLWHQVP09keFY63Ec2s4Ym6Ge9ybif56fmugiyJhIUkMFmS2KUo6MRJP/UZ8pSgwfW4KJYvZWRIZYYWJsSmUbgjf/8iJpndY8t+bdnlXrl0UcJTiEIzgBD86hDtfQgCYQkPAMr/DmGOfFeXc+Zq1LTjFzAH/gfP4AmRCRcg==</latexit><latexit sha1_base64="F7BWqHuZN8ioIZGzvFAluo8K6kI=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68SJUsB+YxrLZbtq1m92wuxFKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7LS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wdDXx209UaSbFnRknNIjxQLCIEWys5JOH7OY+72XsMe9Vqm7NnQItEq8gVSjQ6FW+un1J0pgKQzjW2vfcxAQZVoYRTvNyN9U0wWSEB9S3VOCY6iCbnpyjY6v0USSVLWHQVP09keFY63Ec2s4Ym6Ge9ybif56fmugiyJhIUkMFmS2KUo6MRJP/UZ8pSgwfW4KJYvZWRIZYYWJsSmUbgjf/8iJpndY8t+bdnlXrl0UcJTiEIzgBD86hDtfQgCYQkPAMr/DmGOfFeXc+Zq1LTjFzAH/gfP4AmRCRcg==</latexit><latexit sha1_base64="F7BWqHuZN8ioIZGzvFAluo8K6kI=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68SJUsB+YxrLZbtq1m92wuxFKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7LS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wdDXx209UaSbFnRknNIjxQLCIEWys5JOH7OY+72XsMe9Vqm7NnQItEq8gVSjQ6FW+un1J0pgKQzjW2vfcxAQZVoYRTvNyN9U0wWSEB9S3VOCY6iCbnpyjY6v0USSVLWHQVP09keFY63Ec2s4Ym6Ge9ybif56fmugiyJhIUkMFmS2KUo6MRJP/UZ8pSgwfW4KJYvZWRIZYYWJsSmUbgjf/8iJpndY8t+bdnlXrl0UcJTiEIzgBD86hDtfQgCYQkPAMr/DmGOfFeXc+Zq1LTjFzAH/gfP4AmRCRcg==</latexit><latexit sha1_base64="F7BWqHuZN8ioIZGzvFAluo8K6kI=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68SJUsB+YxrLZbtq1m92wuxFKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7LS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wdDXx209UaSbFnRknNIjxQLCIEWys5JOH7OY+72XsMe9Vqm7NnQItEq8gVSjQ6FW+un1J0pgKQzjW2vfcxAQZVoYRTvNyN9U0wWSEB9S3VOCY6iCbnpyjY6v0USSVLWHQVP09keFY63Ec2s4Ym6Ge9ybif56fmugiyJhIUkMFmS2KUo6MRJP/UZ8pSgwfW4KJYvZWRIZYYWJsSmUbgjf/8iJpndY8t+bdnlXrl0UcJTiEIzgBD86hDtfQgCYQkPAMr/DmGOfFeXc+Zq1LTjFzAH/gfP4AmRCRcg==</latexit><latexit sha1_base64="F7BWqHuZN8ioIZGzvFAluo8K6kI=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68SJUsB+YxrLZbtq1m92wuxFKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7LS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wdDXx209UaSbFnRknNIjxQLCIEWys5JOH7OY+72XsMe9Vqm7NnQItEq8gVSjQ6FW+un1J0pgKQzjW2vfcxAQZVoYRTvNyN9U0wWSEB9S3VOCY6iCbnpyjY6v0USSVLWHQVP09keFY63Ec2s4Ym6Ge9ybif56fmugiyJhIUkMFmS2KUo6MRJP/UZ8pSgwfW4KJYvZWRIZYYWJsSmUbgjf/8iJpndY8t+bdnlXrl0UcJTiEIzgBD86hDtfQgCYQkPAMr/DmGOfFeXc+Zq1LTjFzAH/gfP4AmRCRcg==</latexit>

hij = 2(cMZ
ij � cCZ

ij )
<latexit sha1_base64="p3o/gPG3yEd1SG4Rhd7ffCIsUKc=">AAACDHicbZDLSgMxFIbPeK31VnXpJliEurDMFEE3QrEbN0IFe8F2LJk008ZmLiQZoQzzAG58FTcuFHHrA7jzbUyns9DWHwJf/nMOyfmdkDOpTPPbWFhcWl5Zza3l1zc2t7YLO7tNGUSC0AYJeCDaDpaUM582FFOctkNBsedw2nJGtUm99UCFZIF/o8YhtT088JnLCFba6hWKw17M7hN0jiolchdf3Sbp/VhzLeMj3WWWzVRoHqwMipCp3it8dfsBiTzqK8KxlB3LDJUdY6EY4TTJdyNJQ0xGeEA7Gn3sUWnH6TIJOtROH7mB0MdXKHV/T8TYk3LsObrTw2ooZ2sT879aJ1LumR0zP4wU9cn0ITfiSAVokgzqM0GJ4mMNmAim/4rIEAtMlM4vr0OwZleeh2albJll6/qkWL3I4sjBPhxACSw4hSpcQh0aQOARnuEV3own48V4Nz6mrQtGNrMHf2R8/gDKzZrS</latexit><latexit sha1_base64="p3o/gPG3yEd1SG4Rhd7ffCIsUKc=">AAACDHicbZDLSgMxFIbPeK31VnXpJliEurDMFEE3QrEbN0IFe8F2LJk008ZmLiQZoQzzAG58FTcuFHHrA7jzbUyns9DWHwJf/nMOyfmdkDOpTPPbWFhcWl5Zza3l1zc2t7YLO7tNGUSC0AYJeCDaDpaUM582FFOctkNBsedw2nJGtUm99UCFZIF/o8YhtT088JnLCFba6hWKw17M7hN0jiolchdf3Sbp/VhzLeMj3WWWzVRoHqwMipCp3it8dfsBiTzqK8KxlB3LDJUdY6EY4TTJdyNJQ0xGeEA7Gn3sUWnH6TIJOtROH7mB0MdXKHV/T8TYk3LsObrTw2ooZ2sT879aJ1LumR0zP4wU9cn0ITfiSAVokgzqM0GJ4mMNmAim/4rIEAtMlM4vr0OwZleeh2albJll6/qkWL3I4sjBPhxACSw4hSpcQh0aQOARnuEV3own48V4Nz6mrQtGNrMHf2R8/gDKzZrS</latexit><latexit sha1_base64="p3o/gPG3yEd1SG4Rhd7ffCIsUKc=">AAACDHicbZDLSgMxFIbPeK31VnXpJliEurDMFEE3QrEbN0IFe8F2LJk008ZmLiQZoQzzAG58FTcuFHHrA7jzbUyns9DWHwJf/nMOyfmdkDOpTPPbWFhcWl5Zza3l1zc2t7YLO7tNGUSC0AYJeCDaDpaUM582FFOctkNBsedw2nJGtUm99UCFZIF/o8YhtT088JnLCFba6hWKw17M7hN0jiolchdf3Sbp/VhzLeMj3WWWzVRoHqwMipCp3it8dfsBiTzqK8KxlB3LDJUdY6EY4TTJdyNJQ0xGeEA7Gn3sUWnH6TIJOtROH7mB0MdXKHV/T8TYk3LsObrTw2ooZ2sT879aJ1LumR0zP4wU9cn0ITfiSAVokgzqM0GJ4mMNmAim/4rIEAtMlM4vr0OwZleeh2albJll6/qkWL3I4sjBPhxACSw4hSpcQh0aQOARnuEV3own48V4Nz6mrQtGNrMHf2R8/gDKzZrS</latexit><latexit sha1_base64="p3o/gPG3yEd1SG4Rhd7ffCIsUKc=">AAACDHicbZDLSgMxFIbPeK31VnXpJliEurDMFEE3QrEbN0IFe8F2LJk008ZmLiQZoQzzAG58FTcuFHHrA7jzbUyns9DWHwJf/nMOyfmdkDOpTPPbWFhcWl5Zza3l1zc2t7YLO7tNGUSC0AYJeCDaDpaUM582FFOctkNBsedw2nJGtUm99UCFZIF/o8YhtT088JnLCFba6hWKw17M7hN0jiolchdf3Sbp/VhzLeMj3WWWzVRoHqwMipCp3it8dfsBiTzqK8KxlB3LDJUdY6EY4TTJdyNJQ0xGeEA7Gn3sUWnH6TIJOtROH7mB0MdXKHV/T8TYk3LsObrTw2ooZ2sT879aJ1LumR0zP4wU9cn0ITfiSAVokgzqM0GJ4mMNmAim/4rIEAtMlM4vr0OwZleeh2albJll6/qkWL3I4sjBPhxACSw4hSpcQh0aQOARnuEV3own48V4Nz6mrQtGNrMHf2R8/gDKzZrS</latexit><latexit sha1_base64="p3o/gPG3yEd1SG4Rhd7ffCIsUKc=">AAACDHicbZDLSgMxFIbPeK31VnXpJliEurDMFEE3QrEbN0IFe8F2LJk008ZmLiQZoQzzAG58FTcuFHHrA7jzbUyns9DWHwJf/nMOyfmdkDOpTPPbWFhcWl5Zza3l1zc2t7YLO7tNGUSC0AYJeCDaDpaUM582FFOctkNBsedw2nJGtUm99UCFZIF/o8YhtT088JnLCFba6hWKw17M7hN0jiolchdf3Sbp/VhzLeMj3WWWzVRoHqwMipCp3it8dfsBiTzqK8KxlB3LDJUdY6EY4TTJdyNJQ0xGeEA7Gn3sUWnH6TIJOtROH7mB0MdXKHV/T8TYk3LsObrTw2ooZ2sT879aJ1LumR0zP4wU9cn0ITfiSAVokgzqM0GJ4mMNmAim/4rIEAtMlM4vr0OwZleeh2albJll6/qkWL3I4sjBPhxACSw4hSpcQh0aQOARnuEV3own48V4Nz6mrQtGNrMHf2R8/gDKzZrS</latexit>

Heritability index = amount 
of genetic contribution 
(MZ- and DZ-twins)



Heritable brain regions

hij � 1
<latexit sha1_base64="AYhUc8Ci/oab3cYEhJKs5m0PVus=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATymY7adduNnF3I5TQv+HFgyJe/TPe/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32EyrNE3lvxikGMR1IHnFGjZX8YS/nDxN/gI/E61Wqbs2dgSwTryBVKNDoVb78fsKyGKVhgmrd9dzUBDlVhjOBk7KfaUwpG9EBdi2VNEYd5LObJ+TUKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5uZ6CrIuUwzg5LNF0WZICYh0wBInytkRowtoUxxeythQ6ooMzamsg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExik8Ayv8OZkzovz7nzMW1ecYuYI/sD5/AGuMZFu</latexit><latexit sha1_base64="AYhUc8Ci/oab3cYEhJKs5m0PVus=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATymY7adduNnF3I5TQv+HFgyJe/TPe/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32EyrNE3lvxikGMR1IHnFGjZX8YS/nDxN/gI/E61Wqbs2dgSwTryBVKNDoVb78fsKyGKVhgmrd9dzUBDlVhjOBk7KfaUwpG9EBdi2VNEYd5LObJ+TUKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5uZ6CrIuUwzg5LNF0WZICYh0wBInytkRowtoUxxeythQ6ooMzamsg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExik8Ayv8OZkzovz7nzMW1ecYuYI/sD5/AGuMZFu</latexit><latexit sha1_base64="AYhUc8Ci/oab3cYEhJKs5m0PVus=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATymY7adduNnF3I5TQv+HFgyJe/TPe/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32EyrNE3lvxikGMR1IHnFGjZX8YS/nDxN/gI/E61Wqbs2dgSwTryBVKNDoVb78fsKyGKVhgmrd9dzUBDlVhjOBk7KfaUwpG9EBdi2VNEYd5LObJ+TUKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5uZ6CrIuUwzg5LNF0WZICYh0wBInytkRowtoUxxeythQ6ooMzamsg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExik8Ayv8OZkzovz7nzMW1ecYuYI/sD5/AGuMZFu</latexit><latexit sha1_base64="AYhUc8Ci/oab3cYEhJKs5m0PVus=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATymY7adduNnF3I5TQv+HFgyJe/TPe/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32EyrNE3lvxikGMR1IHnFGjZX8YS/nDxN/gI/E61Wqbs2dgSwTryBVKNDoVb78fsKyGKVhgmrd9dzUBDlVhjOBk7KfaUwpG9EBdi2VNEYd5LObJ+TUKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5uZ6CrIuUwzg5LNF0WZICYh0wBInytkRowtoUxxeythQ6ooMzamsg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExik8Ayv8OZkzovz7nzMW1ecYuYI/sD5/AGuMZFu</latexit><latexit sha1_base64="AYhUc8Ci/oab3cYEhJKs5m0PVus=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATymY7adduNnF3I5TQv+HFgyJe/TPe/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32EyrNE3lvxikGMR1IHnFGjZX8YS/nDxN/gI/E61Wqbs2dgSwTryBVKNDoVb78fsKyGKVhgmrd9dzUBDlVhjOBk7KfaUwpG9EBdi2VNEYd5LObJ+TUKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5uZ6CrIuUwzg5LNF0WZICYh0wBInytkRowtoUxxeythQ6ooMzamsg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExik8Ayv8OZkzovz7nzMW1ecYuYI/sD5/AGuMZFu</latexit>

Statistical significance?
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Monotonicity of β0:  Deletion of edge increases the the 
number of connected components by at most 1. β0 
increases by 0 or 1. 

Monotonicity of β1: Euler characteristic:

nodes   edges

0, +1    fixed     -1-1, 0

Theorem 1.β0 and β1 are monotone over 
graph filtration.



Betti-plots on graph filtration

Correlation Correlation



Exact topological inference

Dq = sup
1jq

|�i(G
1
�j
)� �i(G

2
�j
)|

<latexit sha1_base64="lP+ky5FnTU8H/i/pDfbRmwzvQYA="></latexit><latexit sha1_base64="lP+ky5FnTU8H/i/pDfbRmwzvQYA="></latexit><latexit sha1_base64="lP+ky5FnTU8H/i/pDfbRmwzvQYA="></latexit><latexit sha1_base64="lP+ky5FnTU8H/i/pDfbRmwzvQYA="></latexit><latexit sha1_base64="lP+ky5FnTU8H/i/pDfbRmwzvQYA="></latexit>
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⇣
Dq/

p
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⌘
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Theorem 2.



New approach
Rapid accelation
via slow random 
walks

Chung et al. 2019 arXiv:1812.06696

http://arxiv.org/abs/1812.06696


Random walk on the permutation group

⇡ij(x) = (x1, x2, · · · , xi�1, yj , xi+1, · · · , xm)
<latexit sha1_base64="V3CjlUxsHqqQ24XlBbChlt3T0JM="></latexit><latexit sha1_base64="V3CjlUxsHqqQ24XlBbChlt3T0JM="></latexit><latexit sha1_base64="V3CjlUxsHqqQ24XlBbChlt3T0JM="></latexit><latexit sha1_base64="V3CjlUxsHqqQ24XlBbChlt3T0JM="></latexit><latexit sha1_base64="V3CjlUxsHqqQ24XlBbChlt3T0JM="></latexit>

⇡ij(y) = (y1, y2, · · · , yj�1, xi, yj+1, · · · , yn)
<latexit sha1_base64="lDjPPuLj2EHby0I/lqu9gnllC9Q="></latexit><latexit sha1_base64="lDjPPuLj2EHby0I/lqu9gnllC9Q="></latexit><latexit sha1_base64="lDjPPuLj2EHby0I/lqu9gnllC9Q="></latexit><latexit sha1_base64="lDjPPuLj2EHby0I/lqu9gnllC9Q="></latexit><latexit sha1_base64="lDjPPuLj2EHby0I/lqu9gnllC9Q="></latexit>

x = (x1, x2, · · · , xi�1, xi, xi+1, · · · , xm)
<latexit sha1_base64="EUH5SZihQ9ApTCezVmO5NQ+9L6Q=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKtaSFEE3QtGNywr2Ak0Ik8mkHTq5MDORltDXceOruFFQ1K0v4qQNqK0HBr7z/3OYOb8bMyqkYXxohaXlldW14nppY3Nre0ff3WuLKOGYtHDEIt51kSCMhqQlqWSkG3OCApeRjju8zvzOPeGCRuGdHMfEDlA/pD7FSCrJ0Rup5fpwNIGXsDJyzCocOfUqtLAXSZE1KT01JxnQWXeSdT92cOzoZaNmTAsugplDGeTVdPQXy4twEpBQYoaE6JlGLO0UcUkxI5OSlQgSIzxEfdJTGKKACDudbjqBR0rxoB9xdUIJp+rviRQFQowDV90MkByIeS8T//N6ifQv7JSGcSJJiGcP+QmDMoJZbNCjnGDJxgoQ5lT9FeIB4ghLFW5JhWDOr7wI7XrNVHx7Vm5c5XEUwQE4BBVggnPQADegCVoAgwfwBF7Bm/aoPWvv2ufsakHLZ/bBn9K+vgEGv6Ny</latexit><latexit sha1_base64="EUH5SZihQ9ApTCezVmO5NQ+9L6Q=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKtaSFEE3QtGNywr2Ak0Ik8mkHTq5MDORltDXceOruFFQ1K0v4qQNqK0HBr7z/3OYOb8bMyqkYXxohaXlldW14nppY3Nre0ff3WuLKOGYtHDEIt51kSCMhqQlqWSkG3OCApeRjju8zvzOPeGCRuGdHMfEDlA/pD7FSCrJ0Rup5fpwNIGXsDJyzCocOfUqtLAXSZE1KT01JxnQWXeSdT92cOzoZaNmTAsugplDGeTVdPQXy4twEpBQYoaE6JlGLO0UcUkxI5OSlQgSIzxEfdJTGKKACDudbjqBR0rxoB9xdUIJp+rviRQFQowDV90MkByIeS8T//N6ifQv7JSGcSJJiGcP+QmDMoJZbNCjnGDJxgoQ5lT9FeIB4ghLFW5JhWDOr7wI7XrNVHx7Vm5c5XEUwQE4BBVggnPQADegCVoAgwfwBF7Bm/aoPWvv2ufsakHLZ/bBn9K+vgEGv6Ny</latexit><latexit sha1_base64="EUH5SZihQ9ApTCezVmO5NQ+9L6Q=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKtaSFEE3QtGNywr2Ak0Ik8mkHTq5MDORltDXceOruFFQ1K0v4qQNqK0HBr7z/3OYOb8bMyqkYXxohaXlldW14nppY3Nre0ff3WuLKOGYtHDEIt51kSCMhqQlqWSkG3OCApeRjju8zvzOPeGCRuGdHMfEDlA/pD7FSCrJ0Rup5fpwNIGXsDJyzCocOfUqtLAXSZE1KT01JxnQWXeSdT92cOzoZaNmTAsugplDGeTVdPQXy4twEpBQYoaE6JlGLO0UcUkxI5OSlQgSIzxEfdJTGKKACDudbjqBR0rxoB9xdUIJp+rviRQFQowDV90MkByIeS8T//N6ifQv7JSGcSJJiGcP+QmDMoJZbNCjnGDJxgoQ5lT9FeIB4ghLFW5JhWDOr7wI7XrNVHx7Vm5c5XEUwQE4BBVggnPQADegCVoAgwfwBF7Bm/aoPWvv2ufsakHLZ/bBn9K+vgEGv6Ny</latexit><latexit sha1_base64="EUH5SZihQ9ApTCezVmO5NQ+9L6Q=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKtaSFEE3QtGNywr2Ak0Ik8mkHTq5MDORltDXceOruFFQ1K0v4qQNqK0HBr7z/3OYOb8bMyqkYXxohaXlldW14nppY3Nre0ff3WuLKOGYtHDEIt51kSCMhqQlqWSkG3OCApeRjju8zvzOPeGCRuGdHMfEDlA/pD7FSCrJ0Rup5fpwNIGXsDJyzCocOfUqtLAXSZE1KT01JxnQWXeSdT92cOzoZaNmTAsugplDGeTVdPQXy4twEpBQYoaE6JlGLO0UcUkxI5OSlQgSIzxEfdJTGKKACDudbjqBR0rxoB9xdUIJp+rviRQFQowDV90MkByIeS8T//N6ifQv7JSGcSJJiGcP+QmDMoJZbNCjnGDJxgoQ5lT9FeIB4ghLFW5JhWDOr7wI7XrNVHx7Vm5c5XEUwQE4BBVggnPQADegCVoAgwfwBF7Bm/aoPWvv2ufsakHLZ/bBn9K+vgEGv6Ny</latexit><latexit sha1_base64="EUH5SZihQ9ApTCezVmO5NQ+9L6Q=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKtaSFEE3QtGNywr2Ak0Ik8mkHTq5MDORltDXceOruFFQ1K0v4qQNqK0HBr7z/3OYOb8bMyqkYXxohaXlldW14nppY3Nre0ff3WuLKOGYtHDEIt51kSCMhqQlqWSkG3OCApeRjju8zvzOPeGCRuGdHMfEDlA/pD7FSCrJ0Rup5fpwNIGXsDJyzCocOfUqtLAXSZE1KT01JxnQWXeSdT92cOzoZaNmTAsugplDGeTVdPQXy4twEpBQYoaE6JlGLO0UcUkxI5OSlQgSIzxEfdJTGKKACDudbjqBR0rxoB9xdUIJp+rviRQFQowDV90MkByIeS8T//N6ifQv7JSGcSJJiGcP+QmDMoJZbNCjnGDJxgoQ5lT9FeIB4ghLFW5JhWDOr7wI7XrNVHx7Vm5c5XEUwQE4BBVggnPQADegCVoAgwfwBF7Bm/aoPWvv2ufsakHLZ/bBn9K+vgEGv6Ny</latexit>

y = (y1, y2, · · · , yj�1, yj , yj+1, · · · , yn)
<latexit sha1_base64="p3V2c+RJzMj7svrS7DrNNlTJols=">AAACKXicbZBdS8MwFIbT+TXn19RLb4JDmDhHOwS9EYbeeDnBfcBaSpqlW7Y0LUkqlLK/441/xRsFRb31j5huA3XzQOA575tDcl4vYlQq0/wwckvLK6tr+fXCxubW9k5xd68lw1hg0sQhC0XHQ5IwyklTUcVIJxIEBR4jbW90nfnteyIkDfmdSiLiBKjPqU8xUlpyi/XU9nyYjOElLCeuVYGJW6tAG/dCJbMmHZ5a4wyG0+4k635sfuwWS2bVnBRcBGsGJTCrhlt8sXshjgPCFWZIyq5lRspJkVAUMzIu2LEkEcIj1CddjRwFRDrpZNMxPNJKD/qh0IcrOFF/T6QokDIJPH0zQGog571M/M/rxsq/cFLKo1gRjqcP+TGDKoRZbLBHBcGKJRoQFlT/FeIBEggrHW5Bh2DNr7wIrVrV0nx7VqpfzeLIgwNwCMrAAuegDm5AAzQBBg/gCbyCN+PReDbejc/p1Zwxm9kHf8r4+gYYoqN9</latexit><latexit sha1_base64="p3V2c+RJzMj7svrS7DrNNlTJols=">AAACKXicbZBdS8MwFIbT+TXn19RLb4JDmDhHOwS9EYbeeDnBfcBaSpqlW7Y0LUkqlLK/441/xRsFRb31j5huA3XzQOA575tDcl4vYlQq0/wwckvLK6tr+fXCxubW9k5xd68lw1hg0sQhC0XHQ5IwyklTUcVIJxIEBR4jbW90nfnteyIkDfmdSiLiBKjPqU8xUlpyi/XU9nyYjOElLCeuVYGJW6tAG/dCJbMmHZ5a4wyG0+4k635sfuwWS2bVnBRcBGsGJTCrhlt8sXshjgPCFWZIyq5lRspJkVAUMzIu2LEkEcIj1CddjRwFRDrpZNMxPNJKD/qh0IcrOFF/T6QokDIJPH0zQGog571M/M/rxsq/cFLKo1gRjqcP+TGDKoRZbLBHBcGKJRoQFlT/FeIBEggrHW5Bh2DNr7wIrVrV0nx7VqpfzeLIgwNwCMrAAuegDm5AAzQBBg/gCbyCN+PReDbejc/p1Zwxm9kHf8r4+gYYoqN9</latexit><latexit sha1_base64="p3V2c+RJzMj7svrS7DrNNlTJols=">AAACKXicbZBdS8MwFIbT+TXn19RLb4JDmDhHOwS9EYbeeDnBfcBaSpqlW7Y0LUkqlLK/441/xRsFRb31j5huA3XzQOA575tDcl4vYlQq0/wwckvLK6tr+fXCxubW9k5xd68lw1hg0sQhC0XHQ5IwyklTUcVIJxIEBR4jbW90nfnteyIkDfmdSiLiBKjPqU8xUlpyi/XU9nyYjOElLCeuVYGJW6tAG/dCJbMmHZ5a4wyG0+4k635sfuwWS2bVnBRcBGsGJTCrhlt8sXshjgPCFWZIyq5lRspJkVAUMzIu2LEkEcIj1CddjRwFRDrpZNMxPNJKD/qh0IcrOFF/T6QokDIJPH0zQGog571M/M/rxsq/cFLKo1gRjqcP+TGDKoRZbLBHBcGKJRoQFlT/FeIBEggrHW5Bh2DNr7wIrVrV0nx7VqpfzeLIgwNwCMrAAuegDm5AAzQBBg/gCbyCN+PReDbejc/p1Zwxm9kHf8r4+gYYoqN9</latexit><latexit sha1_base64="p3V2c+RJzMj7svrS7DrNNlTJols=">AAACKXicbZBdS8MwFIbT+TXn19RLb4JDmDhHOwS9EYbeeDnBfcBaSpqlW7Y0LUkqlLK/441/xRsFRb31j5huA3XzQOA575tDcl4vYlQq0/wwckvLK6tr+fXCxubW9k5xd68lw1hg0sQhC0XHQ5IwyklTUcVIJxIEBR4jbW90nfnteyIkDfmdSiLiBKjPqU8xUlpyi/XU9nyYjOElLCeuVYGJW6tAG/dCJbMmHZ5a4wyG0+4k635sfuwWS2bVnBRcBGsGJTCrhlt8sXshjgPCFWZIyq5lRspJkVAUMzIu2LEkEcIj1CddjRwFRDrpZNMxPNJKD/qh0IcrOFF/T6QokDIJPH0zQGog571M/M/rxsq/cFLKo1gRjqcP+TGDKoRZbLBHBcGKJRoQFlT/FeIBEggrHW5Bh2DNr7wIrVrV0nx7VqpfzeLIgwNwCMrAAuegDm5AAzQBBg/gCbyCN+PReDbejc/p1Zwxm9kHf8r4+gYYoqN9</latexit><latexit sha1_base64="p3V2c+RJzMj7svrS7DrNNlTJols=">AAACKXicbZBdS8MwFIbT+TXn19RLb4JDmDhHOwS9EYbeeDnBfcBaSpqlW7Y0LUkqlLK/441/xRsFRb31j5huA3XzQOA575tDcl4vYlQq0/wwckvLK6tr+fXCxubW9k5xd68lw1hg0sQhC0XHQ5IwyklTUcVIJxIEBR4jbW90nfnteyIkDfmdSiLiBKjPqU8xUlpyi/XU9nyYjOElLCeuVYGJW6tAG/dCJbMmHZ5a4wyG0+4k635sfuwWS2bVnBRcBGsGJTCrhlt8sXshjgPCFWZIyq5lRspJkVAUMzIu2LEkEcIj1CddjRwFRDrpZNMxPNJKD/qh0IcrOFF/T6QokDIJPH0zQGog571M/M/rxsq/cFLKo1gRjqcP+TGDKoRZbLBHBcGKJRoQFlT/FeIBEggrHW5Bh2DNr7wIrVrV0nx7VqpfzeLIgwNwCMrAAuegDm5AAzQBBg/gCbyCN+PReDbejc/p1Zwxm9kHf8r4+gYYoqN9</latexit>

transpose i-th and j-th data



f(x,y)
<latexit sha1_base64="jg3s4EY1vta1+a5I1HsfHpUloMQ=">AAAB/HicbZDLSsNAFIZPvNZ6q3bpZrAIFaQkIuiy6MZlBXuBNpTJdNIOnUzCzEQMIb6KGxeKuPVB3Pk2TtMstPWHgY//nMM583sRZ0rb9re1srq2vrFZ2ipv7+zu7VcODjsqjCWhbRLyUPY8rChngrY105z2Iklx4HHa9aY3s3r3gUrFQnGvk4i6AR4L5jOCtbGGlapfTweejx6zM5RDkp0OKzW7YedCy+AUUINCrWHlazAKSRxQoQnHSvUdO9JuiqVmhNOsPIgVjTCZ4jHtGxQ4oMpN8+MzdGKcEfJDaZ7QKHd/T6Q4UCoJPNMZYD1Ri7WZ+V+tH2v/yk2ZiGJNBZkv8mOOdIhmSaARk5RonhjARDJzKyITLDHRJq+yCcFZ/PIydM4bjuG7i1rzuoijBEdwDHVw4BKacAstaAOBBJ7hFd6sJ+vFerc+5q0rVjFThT+yPn8AOJeT1Q==</latexit><latexit sha1_base64="jg3s4EY1vta1+a5I1HsfHpUloMQ=">AAAB/HicbZDLSsNAFIZPvNZ6q3bpZrAIFaQkIuiy6MZlBXuBNpTJdNIOnUzCzEQMIb6KGxeKuPVB3Pk2TtMstPWHgY//nMM583sRZ0rb9re1srq2vrFZ2ipv7+zu7VcODjsqjCWhbRLyUPY8rChngrY105z2Iklx4HHa9aY3s3r3gUrFQnGvk4i6AR4L5jOCtbGGlapfTweejx6zM5RDkp0OKzW7YedCy+AUUINCrWHlazAKSRxQoQnHSvUdO9JuiqVmhNOsPIgVjTCZ4jHtGxQ4oMpN8+MzdGKcEfJDaZ7QKHd/T6Q4UCoJPNMZYD1Ri7WZ+V+tH2v/yk2ZiGJNBZkv8mOOdIhmSaARk5RonhjARDJzKyITLDHRJq+yCcFZ/PIydM4bjuG7i1rzuoijBEdwDHVw4BKacAstaAOBBJ7hFd6sJ+vFerc+5q0rVjFThT+yPn8AOJeT1Q==</latexit><latexit sha1_base64="jg3s4EY1vta1+a5I1HsfHpUloMQ=">AAAB/HicbZDLSsNAFIZPvNZ6q3bpZrAIFaQkIuiy6MZlBXuBNpTJdNIOnUzCzEQMIb6KGxeKuPVB3Pk2TtMstPWHgY//nMM583sRZ0rb9re1srq2vrFZ2ipv7+zu7VcODjsqjCWhbRLyUPY8rChngrY105z2Iklx4HHa9aY3s3r3gUrFQnGvk4i6AR4L5jOCtbGGlapfTweejx6zM5RDkp0OKzW7YedCy+AUUINCrWHlazAKSRxQoQnHSvUdO9JuiqVmhNOsPIgVjTCZ4jHtGxQ4oMpN8+MzdGKcEfJDaZ7QKHd/T6Q4UCoJPNMZYD1Ri7WZ+V+tH2v/yk2ZiGJNBZkv8mOOdIhmSaARk5RonhjARDJzKyITLDHRJq+yCcFZ/PIydM4bjuG7i1rzuoijBEdwDHVw4BKacAstaAOBBJ7hFd6sJ+vFerc+5q0rVjFThT+yPn8AOJeT1Q==</latexit><latexit sha1_base64="jg3s4EY1vta1+a5I1HsfHpUloMQ=">AAAB/HicbZDLSsNAFIZPvNZ6q3bpZrAIFaQkIuiy6MZlBXuBNpTJdNIOnUzCzEQMIb6KGxeKuPVB3Pk2TtMstPWHgY//nMM583sRZ0rb9re1srq2vrFZ2ipv7+zu7VcODjsqjCWhbRLyUPY8rChngrY105z2Iklx4HHa9aY3s3r3gUrFQnGvk4i6AR4L5jOCtbGGlapfTweejx6zM5RDkp0OKzW7YedCy+AUUINCrWHlazAKSRxQoQnHSvUdO9JuiqVmhNOsPIgVjTCZ4jHtGxQ4oMpN8+MzdGKcEfJDaZ7QKHd/T6Q4UCoJPNMZYD1Ri7WZ+V+tH2v/yk2ZiGJNBZkv8mOOdIhmSaARk5RonhjARDJzKyITLDHRJq+yCcFZ/PIydM4bjuG7i1rzuoijBEdwDHVw4BKacAstaAOBBJ7hFd6sJ+vFerc+5q0rVjFThT+yPn8AOJeT1Q==</latexit><latexit sha1_base64="jg3s4EY1vta1+a5I1HsfHpUloMQ=">AAAB/HicbZDLSsNAFIZPvNZ6q3bpZrAIFaQkIuiy6MZlBXuBNpTJdNIOnUzCzEQMIb6KGxeKuPVB3Pk2TtMstPWHgY//nMM583sRZ0rb9re1srq2vrFZ2ipv7+zu7VcODjsqjCWhbRLyUPY8rChngrY105z2Iklx4HHa9aY3s3r3gUrFQnGvk4i6AR4L5jOCtbGGlapfTweejx6zM5RDkp0OKzW7YedCy+AUUINCrWHlazAKSRxQoQnHSvUdO9JuiqVmhNOsPIgVjTCZ4jHtGxQ4oMpN8+MzdGKcEfJDaZ7QKHd/T6Q4UCoJPNMZYD1Ri7WZ+V+tH2v/yk2ZiGJNBZkv8mOOdIhmSaARk5RonhjARDJzKyITLDHRJq+yCcFZ/PIydM4bjuG7i1rzuoijBEdwDHVw4BKacAstaAOBBJ7hFd6sJ+vFerc+5q0rVjFThT+yPn8AOJeT1Q==</latexit>

f(⇡ij(x),⇡ij(y))
<latexit sha1_base64="qDmmHxJYWslY+aDJ/79VMPAA6OU=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARGpCSiKDLohuXFewF2hAm00k7djIJMxMxhDyDG1/FjQtF3Lpy59s4bYNo6w8DP985hzPn92NGpbLtL6O0tLyyulZer2xsbm3vmLt7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen448tJvXNHhKQRv1FpTNwQDTkNKEZKI8+0ghrsx9TL6G0Oa1nfD+B9bh3/sBlKc8vyzKpdt6eCi8YpTBUUanrmZ38Q4SQkXGGGpOw5dqzcDAlFMSN5pZ9IEiM8RkPS05ajkEg3m56UwyNNBjCIhH5cwSn9PZGhUMo09HVniNRIztcm8L9aL1HBuZtRHieKcDxbFCQMqghO8oEDKghWLNUGYUH1XyEeIYGw0ilWdAjO/MmLpn1Sd7S/Pq02Loo4yuAAHIIacMAZaIAr0AQtgMEDeAIv4NV4NJ6NN+N91loyipl98EfGxzfZzpxR</latexit><latexit sha1_base64="qDmmHxJYWslY+aDJ/79VMPAA6OU=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARGpCSiKDLohuXFewF2hAm00k7djIJMxMxhDyDG1/FjQtF3Lpy59s4bYNo6w8DP985hzPn92NGpbLtL6O0tLyyulZer2xsbm3vmLt7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen448tJvXNHhKQRv1FpTNwQDTkNKEZKI8+0ghrsx9TL6G0Oa1nfD+B9bh3/sBlKc8vyzKpdt6eCi8YpTBUUanrmZ38Q4SQkXGGGpOw5dqzcDAlFMSN5pZ9IEiM8RkPS05ajkEg3m56UwyNNBjCIhH5cwSn9PZGhUMo09HVniNRIztcm8L9aL1HBuZtRHieKcDxbFCQMqghO8oEDKghWLNUGYUH1XyEeIYGw0ilWdAjO/MmLpn1Sd7S/Pq02Loo4yuAAHIIacMAZaIAr0AQtgMEDeAIv4NV4NJ6NN+N91loyipl98EfGxzfZzpxR</latexit><latexit sha1_base64="qDmmHxJYWslY+aDJ/79VMPAA6OU=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARGpCSiKDLohuXFewF2hAm00k7djIJMxMxhDyDG1/FjQtF3Lpy59s4bYNo6w8DP985hzPn92NGpbLtL6O0tLyyulZer2xsbm3vmLt7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen448tJvXNHhKQRv1FpTNwQDTkNKEZKI8+0ghrsx9TL6G0Oa1nfD+B9bh3/sBlKc8vyzKpdt6eCi8YpTBUUanrmZ38Q4SQkXGGGpOw5dqzcDAlFMSN5pZ9IEiM8RkPS05ajkEg3m56UwyNNBjCIhH5cwSn9PZGhUMo09HVniNRIztcm8L9aL1HBuZtRHieKcDxbFCQMqghO8oEDKghWLNUGYUH1XyEeIYGw0ilWdAjO/MmLpn1Sd7S/Pq02Loo4yuAAHIIacMAZaIAr0AQtgMEDeAIv4NV4NJ6NN+N91loyipl98EfGxzfZzpxR</latexit><latexit sha1_base64="qDmmHxJYWslY+aDJ/79VMPAA6OU=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARGpCSiKDLohuXFewF2hAm00k7djIJMxMxhDyDG1/FjQtF3Lpy59s4bYNo6w8DP985hzPn92NGpbLtL6O0tLyyulZer2xsbm3vmLt7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen448tJvXNHhKQRv1FpTNwQDTkNKEZKI8+0ghrsx9TL6G0Oa1nfD+B9bh3/sBlKc8vyzKpdt6eCi8YpTBUUanrmZ38Q4SQkXGGGpOw5dqzcDAlFMSN5pZ9IEiM8RkPS05ajkEg3m56UwyNNBjCIhH5cwSn9PZGhUMo09HVniNRIztcm8L9aL1HBuZtRHieKcDxbFCQMqghO8oEDKghWLNUGYUH1XyEeIYGw0ilWdAjO/MmLpn1Sd7S/Pq02Loo4yuAAHIIacMAZaIAr0AQtgMEDeAIv4NV4NJ6NN+N91loyipl98EfGxzfZzpxR</latexit><latexit sha1_base64="qDmmHxJYWslY+aDJ/79VMPAA6OU=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARGpCSiKDLohuXFewF2hAm00k7djIJMxMxhDyDG1/FjQtF3Lpy59s4bYNo6w8DP985hzPn92NGpbLtL6O0tLyyulZer2xsbm3vmLt7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen448tJvXNHhKQRv1FpTNwQDTkNKEZKI8+0ghrsx9TL6G0Oa1nfD+B9bh3/sBlKc8vyzKpdt6eCi8YpTBUUanrmZ38Q4SQkXGGGpOw5dqzcDAlFMSN5pZ9IEiM8RkPS05ajkEg3m56UwyNNBjCIhH5cwSn9PZGhUMo09HVniNRIztcm8L9aL1HBuZtRHieKcDxbFCQMqghO8oEDKghWLNUGYUH1XyEeIYGw0ilWdAjO/MmLpn1Sd7S/Pq02Loo4yuAAHIIacMAZaIAr0AQtgMEDeAIv4NV4NJ6NN+N91loyipl98EfGxzfZzpxR</latexit>

Online computation of statistic over transposition

f(⇡ij(x),⇡ij(y)) = g(f(x,y), xi, yi)
<latexit sha1_base64="YKob5iL42BVymD4D5q4rq+NB9zc="></latexit><latexit sha1_base64="YKob5iL42BVymD4D5q4rq+NB9zc="></latexit><latexit sha1_base64="YKob5iL42BVymD4D5q4rq+NB9zc="></latexit><latexit sha1_base64="YKob5iL42BVymD4D5q4rq+NB9zc="></latexit><latexit sha1_base64="YKob5iL42BVymD4D5q4rq+NB9zc="></latexit>

Theorem 3. If the test statistic is algebraic, there exists 
a function g such that

where computational complexity of g is constant. 



Theorem 4. Any permutation in             can be 
reachable by a sequence of walks.

Sm+n
<latexit sha1_base64="wix3FPHeUHywDbx/yO/IfXY/UdU=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCURQZdFNy4r2ge0IUymk3boZBJmJoUS8iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVXW1jc2t6rbtZ3dvf0D+/Coo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gclf43SmVisXiSc8S6kV4JFjICNZG8m17EGE9DoLsMfez6ELkvl13Gs4caJW4JalDiZZvfw2GMUkjKjThWKm+6yTay7DUjHCa1wapogkmEzyifUMFjqjysnnyHJ0ZZYjCWJonNJqrvzcyHCk1iwIzWeRUy14h/uf1Ux3eeBkTSaqpIItDYcqRjlFRAxoySYnmM0MwkcxkRWSMJSbalFUzJbjLX14lncuGa/jDVb15W9ZRhRM4hXNw4RqacA8taAOBKTzDK7xZmfVivVsfi9GKVe4cwx9Ynz/IK5O9</latexit><latexit sha1_base64="wix3FPHeUHywDbx/yO/IfXY/UdU=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCURQZdFNy4r2ge0IUymk3boZBJmJoUS8iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVXW1jc2t6rbtZ3dvf0D+/Coo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gclf43SmVisXiSc8S6kV4JFjICNZG8m17EGE9DoLsMfez6ELkvl13Gs4caJW4JalDiZZvfw2GMUkjKjThWKm+6yTay7DUjHCa1wapogkmEzyifUMFjqjysnnyHJ0ZZYjCWJonNJqrvzcyHCk1iwIzWeRUy14h/uf1Ux3eeBkTSaqpIItDYcqRjlFRAxoySYnmM0MwkcxkRWSMJSbalFUzJbjLX14lncuGa/jDVb15W9ZRhRM4hXNw4RqacA8taAOBKTzDK7xZmfVivVsfi9GKVe4cwx9Ynz/IK5O9</latexit><latexit sha1_base64="wix3FPHeUHywDbx/yO/IfXY/UdU=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCURQZdFNy4r2ge0IUymk3boZBJmJoUS8iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVXW1jc2t6rbtZ3dvf0D+/Coo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gclf43SmVisXiSc8S6kV4JFjICNZG8m17EGE9DoLsMfez6ELkvl13Gs4caJW4JalDiZZvfw2GMUkjKjThWKm+6yTay7DUjHCa1wapogkmEzyifUMFjqjysnnyHJ0ZZYjCWJonNJqrvzcyHCk1iwIzWeRUy14h/uf1Ux3eeBkTSaqpIItDYcqRjlFRAxoySYnmM0MwkcxkRWSMJSbalFUzJbjLX14lncuGa/jDVb15W9ZRhRM4hXNw4RqacA8taAOBKTzDK7xZmfVivVsfi9GKVe4cwx9Ynz/IK5O9</latexit><latexit sha1_base64="wix3FPHeUHywDbx/yO/IfXY/UdU=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCURQZdFNy4r2ge0IUymk3boZBJmJoUS8iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVXW1jc2t6rbtZ3dvf0D+/Coo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gclf43SmVisXiSc8S6kV4JFjICNZG8m17EGE9DoLsMfez6ELkvl13Gs4caJW4JalDiZZvfw2GMUkjKjThWKm+6yTay7DUjHCa1wapogkmEzyifUMFjqjysnnyHJ0ZZYjCWJonNJqrvzcyHCk1iwIzWeRUy14h/uf1Ux3eeBkTSaqpIItDYcqRjlFRAxoySYnmM0MwkcxkRWSMJSbalFUzJbjLX14lncuGa/jDVb15W9ZRhRM4hXNw4RqacA8taAOBKTzDK7xZmfVivVsfi9GKVe4cwx9Ynz/IK5O9</latexit><latexit sha1_base64="wix3FPHeUHywDbx/yO/IfXY/UdU=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCURQZdFNy4r2ge0IUymk3boZBJmJoUS8iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVXW1jc2t6rbtZ3dvf0D+/Coo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gclf43SmVisXiSc8S6kV4JFjICNZG8m17EGE9DoLsMfez6ELkvl13Gs4caJW4JalDiZZvfw2GMUkjKjThWKm+6yTay7DUjHCa1wapogkmEzyifUMFjqjysnnyHJ0ZZYjCWJonNJqrvzcyHCk1iwIzWeRUy14h/uf1Ux3eeBkTSaqpIItDYcqRjlFRAxoySYnmM0MwkcxkRWSMJSbalFUzJbjLX14lncuGa/jDVb15W9ZRhRM4hXNw4RqacA8taAOBKTzDK7xZmfVivVsfi9GKVe4cwx9Ynz/IK5O9</latexit>



µ(x) =
1

m

mX

k=1

xk

<latexit sha1_base64="ugHiHh2P+Lot1vg8ZlEYp3lxF4g=">AAACFHicbZDLSsNAFIYnXmu9RV26GSxCRSiJCLopFN24rGAv0MQwmU7aITNJmJlIS8hDuPFV3LhQxK0Ld76N0zYLbf1h4OM/53Dm/H7CqFSW9W0sLa+srq2XNsqbW9s7u+beflvGqcCkhWMWi66PJGE0Ii1FFSPdRBDEfUY6fng9qXceiJA0ju7UOCEuR4OIBhQjpS3PPHV4CquZ4wdwlJ/AOnQCgXBm5xnPHZlyLwvrdn7P4cgLPbNi1ayp4CLYBVRAoaZnfjn9GKecRAozJGXPthLlZkgoihnJy04qSYJwiAakpzFCnEg3mx6Vw2Pt9GEQC/0iBafu74kMcSnH3NedHKmhnK9NzP9qvVQFl25GoyRVJMKzRUHKoIrhJCHYp4JgxcYaEBZU/xXiIdKpKJ1jWYdgz5+8CO2zmq359rzSuCriKIFDcASqwAYXoAFuQBO0AAaP4Bm8gjfjyXgx3o2PWeuSUcwcgD8yPn8AZiWdzQ==</latexit><latexit sha1_base64="ugHiHh2P+Lot1vg8ZlEYp3lxF4g=">AAACFHicbZDLSsNAFIYnXmu9RV26GSxCRSiJCLopFN24rGAv0MQwmU7aITNJmJlIS8hDuPFV3LhQxK0Ld76N0zYLbf1h4OM/53Dm/H7CqFSW9W0sLa+srq2XNsqbW9s7u+beflvGqcCkhWMWi66PJGE0Ii1FFSPdRBDEfUY6fng9qXceiJA0ju7UOCEuR4OIBhQjpS3PPHV4CquZ4wdwlJ/AOnQCgXBm5xnPHZlyLwvrdn7P4cgLPbNi1ayp4CLYBVRAoaZnfjn9GKecRAozJGXPthLlZkgoihnJy04qSYJwiAakpzFCnEg3mx6Vw2Pt9GEQC/0iBafu74kMcSnH3NedHKmhnK9NzP9qvVQFl25GoyRVJMKzRUHKoIrhJCHYp4JgxcYaEBZU/xXiIdKpKJ1jWYdgz5+8CO2zmq359rzSuCriKIFDcASqwAYXoAFuQBO0AAaP4Bm8gjfjyXgx3o2PWeuSUcwcgD8yPn8AZiWdzQ==</latexit><latexit sha1_base64="ugHiHh2P+Lot1vg8ZlEYp3lxF4g=">AAACFHicbZDLSsNAFIYnXmu9RV26GSxCRSiJCLopFN24rGAv0MQwmU7aITNJmJlIS8hDuPFV3LhQxK0Ld76N0zYLbf1h4OM/53Dm/H7CqFSW9W0sLa+srq2XNsqbW9s7u+beflvGqcCkhWMWi66PJGE0Ii1FFSPdRBDEfUY6fng9qXceiJA0ju7UOCEuR4OIBhQjpS3PPHV4CquZ4wdwlJ/AOnQCgXBm5xnPHZlyLwvrdn7P4cgLPbNi1ayp4CLYBVRAoaZnfjn9GKecRAozJGXPthLlZkgoihnJy04qSYJwiAakpzFCnEg3mx6Vw2Pt9GEQC/0iBafu74kMcSnH3NedHKmhnK9NzP9qvVQFl25GoyRVJMKzRUHKoIrhJCHYp4JgxcYaEBZU/xXiIdKpKJ1jWYdgz5+8CO2zmq359rzSuCriKIFDcASqwAYXoAFuQBO0AAaP4Bm8gjfjyXgx3o2PWeuSUcwcgD8yPn8AZiWdzQ==</latexit><latexit sha1_base64="ugHiHh2P+Lot1vg8ZlEYp3lxF4g=">AAACFHicbZDLSsNAFIYnXmu9RV26GSxCRSiJCLopFN24rGAv0MQwmU7aITNJmJlIS8hDuPFV3LhQxK0Ld76N0zYLbf1h4OM/53Dm/H7CqFSW9W0sLa+srq2XNsqbW9s7u+beflvGqcCkhWMWi66PJGE0Ii1FFSPdRBDEfUY6fng9qXceiJA0ju7UOCEuR4OIBhQjpS3PPHV4CquZ4wdwlJ/AOnQCgXBm5xnPHZlyLwvrdn7P4cgLPbNi1ayp4CLYBVRAoaZnfjn9GKecRAozJGXPthLlZkgoihnJy04qSYJwiAakpzFCnEg3mx6Vw2Pt9GEQC/0iBafu74kMcSnH3NedHKmhnK9NzP9qvVQFl25GoyRVJMKzRUHKoIrhJCHYp4JgxcYaEBZU/xXiIdKpKJ1jWYdgz5+8CO2zmq359rzSuCriKIFDcASqwAYXoAFuQBO0AAaP4Bm8gjfjyXgx3o2PWeuSUcwcgD8yPn8AZiWdzQ==</latexit><latexit sha1_base64="ugHiHh2P+Lot1vg8ZlEYp3lxF4g=">AAACFHicbZDLSsNAFIYnXmu9RV26GSxCRSiJCLopFN24rGAv0MQwmU7aITNJmJlIS8hDuPFV3LhQxK0Ld76N0zYLbf1h4OM/53Dm/H7CqFSW9W0sLa+srq2XNsqbW9s7u+beflvGqcCkhWMWi66PJGE0Ii1FFSPdRBDEfUY6fng9qXceiJA0ju7UOCEuR4OIBhQjpS3PPHV4CquZ4wdwlJ/AOnQCgXBm5xnPHZlyLwvrdn7P4cgLPbNi1ayp4CLYBVRAoaZnfjn9GKecRAozJGXPthLlZkgoihnJy04qSYJwiAakpzFCnEg3mx6Vw2Pt9GEQC/0iBafu74kMcSnH3NedHKmhnK9NzP9qvVQFl25GoyRVJMKzRUHKoIrhJCHYp4JgxcYaEBZU/xXiIdKpKJ1jWYdgz5+8CO2zmq359rzSuCriKIFDcASqwAYXoAFuQBO0AAaP4Bm8gjfjyXgx3o2PWeuSUcwcgD8yPn8AZiWdzQ==</latexit>

µ(y) =
1

m

nX

k=1

yk
<latexit sha1_base64="4kP+Cw6SBccenJ8H6kIPga13MPA=">AAACFHicbZDLSsNAFIYnXmu9VV26GSxCRSiJCLopFN24rGAv0MQwmU7aITOTMDMRQshDuPFV3LhQxK0Ld76N08tCW38Y+PjPOZw5f5AwqrRtf1tLyyura+uljfLm1vbObmVvv6PiVGLSxjGLZS9AijAqSFtTzUgvkQTxgJFuEF2P690HIhWNxZ3OEuJxNBQ0pBhpY/mVU5ensJa7QQiz4gQ2oBtKhHOnyHnhqpT7edRwinsBMz/yK1W7bk8EF8GZQRXM1PIrX+4gxiknQmOGlOo7dqK9HElNMSNF2U0VSRCO0JD0DQrEifLyyVEFPDbOAIaxNE9oOHF/T+SIK5XxwHRypEdqvjY2/6v1Ux1eejkVSaqJwNNFYcqgjuE4ITigkmDNMgMIS2r+CvEImVS0ybFsQnDmT16EzlndMXx7Xm1ezeIogUNwBGrAARegCW5AC7QBBo/gGbyCN+vJerHerY9p65I1mzkAf2R9/gBq153Q</latexit><latexit sha1_base64="4kP+Cw6SBccenJ8H6kIPga13MPA=">AAACFHicbZDLSsNAFIYnXmu9VV26GSxCRSiJCLopFN24rGAv0MQwmU7aITOTMDMRQshDuPFV3LhQxK0Ld76N08tCW38Y+PjPOZw5f5AwqrRtf1tLyyura+uljfLm1vbObmVvv6PiVGLSxjGLZS9AijAqSFtTzUgvkQTxgJFuEF2P690HIhWNxZ3OEuJxNBQ0pBhpY/mVU5ensJa7QQiz4gQ2oBtKhHOnyHnhqpT7edRwinsBMz/yK1W7bk8EF8GZQRXM1PIrX+4gxiknQmOGlOo7dqK9HElNMSNF2U0VSRCO0JD0DQrEifLyyVEFPDbOAIaxNE9oOHF/T+SIK5XxwHRypEdqvjY2/6v1Ux1eejkVSaqJwNNFYcqgjuE4ITigkmDNMgMIS2r+CvEImVS0ybFsQnDmT16EzlndMXx7Xm1ezeIogUNwBGrAARegCW5AC7QBBo/gGbyCN+vJerHerY9p65I1mzkAf2R9/gBq153Q</latexit><latexit sha1_base64="4kP+Cw6SBccenJ8H6kIPga13MPA=">AAACFHicbZDLSsNAFIYnXmu9VV26GSxCRSiJCLopFN24rGAv0MQwmU7aITOTMDMRQshDuPFV3LhQxK0Ld76N08tCW38Y+PjPOZw5f5AwqrRtf1tLyyura+uljfLm1vbObmVvv6PiVGLSxjGLZS9AijAqSFtTzUgvkQTxgJFuEF2P690HIhWNxZ3OEuJxNBQ0pBhpY/mVU5ensJa7QQiz4gQ2oBtKhHOnyHnhqpT7edRwinsBMz/yK1W7bk8EF8GZQRXM1PIrX+4gxiknQmOGlOo7dqK9HElNMSNF2U0VSRCO0JD0DQrEifLyyVEFPDbOAIaxNE9oOHF/T+SIK5XxwHRypEdqvjY2/6v1Ux1eejkVSaqJwNNFYcqgjuE4ITigkmDNMgMIS2r+CvEImVS0ybFsQnDmT16EzlndMXx7Xm1ezeIogUNwBGrAARegCW5AC7QBBo/gGbyCN+vJerHerY9p65I1mzkAf2R9/gBq153Q</latexit><latexit sha1_base64="4kP+Cw6SBccenJ8H6kIPga13MPA=">AAACFHicbZDLSsNAFIYnXmu9VV26GSxCRSiJCLopFN24rGAv0MQwmU7aITOTMDMRQshDuPFV3LhQxK0Ld76N08tCW38Y+PjPOZw5f5AwqrRtf1tLyyura+uljfLm1vbObmVvv6PiVGLSxjGLZS9AijAqSFtTzUgvkQTxgJFuEF2P690HIhWNxZ3OEuJxNBQ0pBhpY/mVU5ensJa7QQiz4gQ2oBtKhHOnyHnhqpT7edRwinsBMz/yK1W7bk8EF8GZQRXM1PIrX+4gxiknQmOGlOo7dqK9HElNMSNF2U0VSRCO0JD0DQrEifLyyVEFPDbOAIaxNE9oOHF/T+SIK5XxwHRypEdqvjY2/6v1Ux1eejkVSaqJwNNFYcqgjuE4ITigkmDNMgMIS2r+CvEImVS0ybFsQnDmT16EzlndMXx7Xm1ezeIogUNwBGrAARegCW5AC7QBBo/gGbyCN+vJerHerY9p65I1mzkAf2R9/gBq153Q</latexit><latexit sha1_base64="4kP+Cw6SBccenJ8H6kIPga13MPA=">AAACFHicbZDLSsNAFIYnXmu9VV26GSxCRSiJCLopFN24rGAv0MQwmU7aITOTMDMRQshDuPFV3LhQxK0Ld76N08tCW38Y+PjPOZw5f5AwqrRtf1tLyyura+uljfLm1vbObmVvv6PiVGLSxjGLZS9AijAqSFtTzUgvkQTxgJFuEF2P690HIhWNxZ3OEuJxNBQ0pBhpY/mVU5ensJa7QQiz4gQ2oBtKhHOnyHnhqpT7edRwinsBMz/yK1W7bk8EF8GZQRXM1PIrX+4gxiknQmOGlOo7dqK9HElNMSNF2U0VSRCO0JD0DQrEifLyyVEFPDbOAIaxNE9oOHF/T+SIK5XxwHRypEdqvjY2/6v1Ux1eejkVSaqJwNNFYcqgjuE4ITigkmDNMgMIS2r+CvEImVS0ybFsQnDmT16EzlndMXx7Xm1ezeIogUNwBGrAARegCW5AC7QBBo/gGbyCN+vJerHerY9p65I1mzkAf2R9/gBq153Q</latexit>

mµ(⇡ij(x)) = mµ(x) + yj � xi
<latexit sha1_base64="tiqOOZggrfU5BY5e8uDnhg9af80=">AAACGXicbZBNS8MwGMfT+Tbn29Sjl+AQNsTRiqAXYejF4wT3AmspaZZu2ZK2JKmslH0NL34VLx4U8agnv43ZVkQ3Hwj88v8/D8nz9yJGpTLNLyO3tLyyupZfL2xsbm3vFHf3mjKMBSYNHLJQtD0kCaMBaSiqGGlHgiDuMdLyhtcTv3VPhKRhcKeSiDgc9QLqU4yUltyiyW0ew7IdUTelg3E5tT0fjsaVyiWcOD/3Y5i4g5ORS91iyaya04KLYGVQAlnV3eKH3Q1xzEmgMENSdiwzUk6KhKKYkXHBjiWJEB6iHuloDBAn0kmnm43hkVa60A+FPoGCU/X3RIq4lAn3dCdHqi/nvYn4n9eJlX/hpDSIYkUCPHvIjxlUIZzEBLtUEKxYogFhQfVfIe4jgbDSYRZ0CNb8yovQPK1amm/PSrWrLI48OACHoAwscA5q4AbUQQNg8ACewAt4NR6NZ+PNeJ+15oxsZh/8KePzGxRtnxI=</latexit><latexit sha1_base64="tiqOOZggrfU5BY5e8uDnhg9af80=">AAACGXicbZBNS8MwGMfT+Tbn29Sjl+AQNsTRiqAXYejF4wT3AmspaZZu2ZK2JKmslH0NL34VLx4U8agnv43ZVkQ3Hwj88v8/D8nz9yJGpTLNLyO3tLyyupZfL2xsbm3vFHf3mjKMBSYNHLJQtD0kCaMBaSiqGGlHgiDuMdLyhtcTv3VPhKRhcKeSiDgc9QLqU4yUltyiyW0ew7IdUTelg3E5tT0fjsaVyiWcOD/3Y5i4g5ORS91iyaya04KLYGVQAlnV3eKH3Q1xzEmgMENSdiwzUk6KhKKYkXHBjiWJEB6iHuloDBAn0kmnm43hkVa60A+FPoGCU/X3RIq4lAn3dCdHqi/nvYn4n9eJlX/hpDSIYkUCPHvIjxlUIZzEBLtUEKxYogFhQfVfIe4jgbDSYRZ0CNb8yovQPK1amm/PSrWrLI48OACHoAwscA5q4AbUQQNg8ACewAt4NR6NZ+PNeJ+15oxsZh/8KePzGxRtnxI=</latexit><latexit sha1_base64="tiqOOZggrfU5BY5e8uDnhg9af80=">AAACGXicbZBNS8MwGMfT+Tbn29Sjl+AQNsTRiqAXYejF4wT3AmspaZZu2ZK2JKmslH0NL34VLx4U8agnv43ZVkQ3Hwj88v8/D8nz9yJGpTLNLyO3tLyyupZfL2xsbm3vFHf3mjKMBSYNHLJQtD0kCaMBaSiqGGlHgiDuMdLyhtcTv3VPhKRhcKeSiDgc9QLqU4yUltyiyW0ew7IdUTelg3E5tT0fjsaVyiWcOD/3Y5i4g5ORS91iyaya04KLYGVQAlnV3eKH3Q1xzEmgMENSdiwzUk6KhKKYkXHBjiWJEB6iHuloDBAn0kmnm43hkVa60A+FPoGCU/X3RIq4lAn3dCdHqi/nvYn4n9eJlX/hpDSIYkUCPHvIjxlUIZzEBLtUEKxYogFhQfVfIe4jgbDSYRZ0CNb8yovQPK1amm/PSrWrLI48OACHoAwscA5q4AbUQQNg8ACewAt4NR6NZ+PNeJ+15oxsZh/8KePzGxRtnxI=</latexit><latexit sha1_base64="tiqOOZggrfU5BY5e8uDnhg9af80=">AAACGXicbZBNS8MwGMfT+Tbn29Sjl+AQNsTRiqAXYejF4wT3AmspaZZu2ZK2JKmslH0NL34VLx4U8agnv43ZVkQ3Hwj88v8/D8nz9yJGpTLNLyO3tLyyupZfL2xsbm3vFHf3mjKMBSYNHLJQtD0kCaMBaSiqGGlHgiDuMdLyhtcTv3VPhKRhcKeSiDgc9QLqU4yUltyiyW0ew7IdUTelg3E5tT0fjsaVyiWcOD/3Y5i4g5ORS91iyaya04KLYGVQAlnV3eKH3Q1xzEmgMENSdiwzUk6KhKKYkXHBjiWJEB6iHuloDBAn0kmnm43hkVa60A+FPoGCU/X3RIq4lAn3dCdHqi/nvYn4n9eJlX/hpDSIYkUCPHvIjxlUIZzEBLtUEKxYogFhQfVfIe4jgbDSYRZ0CNb8yovQPK1amm/PSrWrLI48OACHoAwscA5q4AbUQQNg8ACewAt4NR6NZ+PNeJ+15oxsZh/8KePzGxRtnxI=</latexit><latexit sha1_base64="tiqOOZggrfU5BY5e8uDnhg9af80=">AAACGXicbZBNS8MwGMfT+Tbn29Sjl+AQNsTRiqAXYejF4wT3AmspaZZu2ZK2JKmslH0NL34VLx4U8agnv43ZVkQ3Hwj88v8/D8nz9yJGpTLNLyO3tLyyupZfL2xsbm3vFHf3mjKMBSYNHLJQtD0kCaMBaSiqGGlHgiDuMdLyhtcTv3VPhKRhcKeSiDgc9QLqU4yUltyiyW0ew7IdUTelg3E5tT0fjsaVyiWcOD/3Y5i4g5ORS91iyaya04KLYGVQAlnV3eKH3Q1xzEmgMENSdiwzUk6KhKKYkXHBjiWJEB6iHuloDBAn0kmnm43hkVa60A+FPoGCU/X3RIq4lAn3dCdHqi/nvYn4n9eJlX/hpDSIYkUCPHvIjxlUIZzEBLtUEKxYogFhQfVfIe4jgbDSYRZ0CNb8yovQPK1amm/PSrWrLI48OACHoAwscA5q4AbUQQNg8ACewAt4NR6NZ+PNeJ+15oxsZh/8KePzGxRtnxI=</latexit>

O(2)
O(n)

Transpose i-th and j-th

Online computation

�2(x) =
1

m� 1

mX

k=1

(xk � µ(x))2

<latexit sha1_base64="6UYw+OrnL85bcHeFaAgJglXFaos="></latexit><latexit sha1_base64="6UYw+OrnL85bcHeFaAgJglXFaos="></latexit><latexit sha1_base64="6UYw+OrnL85bcHeFaAgJglXFaos="></latexit><latexit sha1_base64="6UYw+OrnL85bcHeFaAgJglXFaos="></latexit><latexit sha1_base64="6UYw+OrnL85bcHeFaAgJglXFaos="></latexit>

�2(y) =
1

m� 1

nX

k=1

(yk � µ(y))2

<latexit sha1_base64="F8z63RaTUK255zh+FPwVgLRsZ4A="></latexit><latexit sha1_base64="F8z63RaTUK255zh+FPwVgLRsZ4A="></latexit><latexit sha1_base64="F8z63RaTUK255zh+FPwVgLRsZ4A="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="aN6OWg/VWuvAxqjqD61h3vsTjjQ=">AAACIXicbZBLSwMxFIXv+Kz1Vd26CYpQF8pMN7opCN24rGAf0GmHTJqpoUlmSDLCMMwPcuNfEcSFRfwvpg9EWw8EPs65IbknTDjTxnUnztr6xubWdmmnvLu3f3BYOdpr6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBOOG9O880SVZrF8MFlC+wKPJIsYwcZaQaXhazYSeFCr5n4Yoay4QHXkRwqT3CtycekVyNepCPJx3SsGElWzYHzpi/Rn/GJQCypn7pU7E1oFbwFnsFAzqLz5w5ikgkpDONa657mJ6edYGUY4Lcp+qmmCyRiPaM+ixILqfj5btkDn1hmiKFb2SINm7u8bORZaZyK0kwKbR72cTc3/sl5qopt+zmSSGirJ/KEo5cjEaNocGjJFieGZBUwUs39F5BHbpoztt2xL8JZXXoV27cqzfO9CCU7gFKrgwTXcwh00oQUEnuEVPmDivDjvzue8rjVn0dsx/JHz9Q3as6SY</latexit><latexit sha1_base64="aN6OWg/VWuvAxqjqD61h3vsTjjQ=">AAACIXicbZBLSwMxFIXv+Kz1Vd26CYpQF8pMN7opCN24rGAf0GmHTJqpoUlmSDLCMMwPcuNfEcSFRfwvpg9EWw8EPs65IbknTDjTxnUnztr6xubWdmmnvLu3f3BYOdpr6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBOOG9O880SVZrF8MFlC+wKPJIsYwcZaQaXhazYSeFCr5n4Yoay4QHXkRwqT3CtycekVyNepCPJx3SsGElWzYHzpi/Rn/GJQCypn7pU7E1oFbwFnsFAzqLz5w5ikgkpDONa657mJ6edYGUY4Lcp+qmmCyRiPaM+ixILqfj5btkDn1hmiKFb2SINm7u8bORZaZyK0kwKbR72cTc3/sl5qopt+zmSSGirJ/KEo5cjEaNocGjJFieGZBUwUs39F5BHbpoztt2xL8JZXXoV27cqzfO9CCU7gFKrgwTXcwh00oQUEnuEVPmDivDjvzue8rjVn0dsx/JHz9Q3as6SY</latexit><latexit sha1_base64="OA21ZsN10aa8k4BBtJ1MwDc2Y4A="></latexit><latexit sha1_base64="F8z63RaTUK255zh+FPwVgLRsZ4A="></latexit><latexit sha1_base64="F8z63RaTUK255zh+FPwVgLRsZ4A="></latexit><latexit sha1_base64="F8z63RaTUK255zh+FPwVgLRsZ4A="></latexit><latexit sha1_base64="F8z63RaTUK255zh+FPwVgLRsZ4A="></latexit><latexit sha1_base64="F8z63RaTUK255zh+FPwVgLRsZ4A="></latexit><latexit sha1_base64="F8z63RaTUK255zh+FPwVgLRsZ4A="></latexit><latexit sha1_base64="F8z63RaTUK255zh+FPwVgLRsZ4A="></latexit>

(m� 1)�2(x) +
⇣�

mµ(x)
�2 �

�
mµ(⇡ij(x))

�2⌘
/m+ y2j � x2

i
<latexit sha1_base64="Z9pGVAoehuU7tQBPMH/FiV3VsOE="></latexit><latexit sha1_base64="Z9pGVAoehuU7tQBPMH/FiV3VsOE="></latexit><latexit sha1_base64="Z9pGVAoehuU7tQBPMH/FiV3VsOE="></latexit><latexit sha1_base64="Z9pGVAoehuU7tQBPMH/FiV3VsOE="></latexit><latexit sha1_base64="Z9pGVAoehuU7tQBPMH/FiV3VsOE="></latexit>

(m� 1)�2(⇡ij(x)) =
<latexit sha1_base64="4hjtBjJWhll1RCj5gItjjzN8IKY=">AAACDHicbVDLSgMxFM3UV62vqks3wSJMF5aZIuhGKLpxWcE+oDOWTJppY5PMkGTEMswHuPFX3LhQxK0f4M6/MX0stPVA4HDOudzcE8SMKu0431ZuaXlldS2/XtjY3NreKe7uNVWUSEwaOGKRbAdIEUYFaWiqGWnHkiAeMNIKhpdjv3VPpKKRuNGjmPgc9QUNKUbaSN1iyebHbtlTtM/RbRXaXky7Kb3L7NQLQviQlcvw3KScijMBXCTujJTADPVu8cvrRTjhRGjMkFId14m1nyKpKWYkK3iJIjHCQ9QnHUMF4kT56eSYDB4ZpQfDSJonNJyovydSxJUa8cAkOdIDNe+Nxf+8TqLDMz+lIk40EXi6KEwY1BEcNwN7VBKs2cgQhCU1f4V4gCTC2vRXMCW48ycvkma14hp+fVKqXczqyIMDcAhs4IJTUANXoA4aAINH8AxewZv1ZL1Y79bHNJqzZjP74A+szx90DJlU</latexit><latexit sha1_base64="4hjtBjJWhll1RCj5gItjjzN8IKY=">AAACDHicbVDLSgMxFM3UV62vqks3wSJMF5aZIuhGKLpxWcE+oDOWTJppY5PMkGTEMswHuPFX3LhQxK0f4M6/MX0stPVA4HDOudzcE8SMKu0431ZuaXlldS2/XtjY3NreKe7uNVWUSEwaOGKRbAdIEUYFaWiqGWnHkiAeMNIKhpdjv3VPpKKRuNGjmPgc9QUNKUbaSN1iyebHbtlTtM/RbRXaXky7Kb3L7NQLQviQlcvw3KScijMBXCTujJTADPVu8cvrRTjhRGjMkFId14m1nyKpKWYkK3iJIjHCQ9QnHUMF4kT56eSYDB4ZpQfDSJonNJyovydSxJUa8cAkOdIDNe+Nxf+8TqLDMz+lIk40EXi6KEwY1BEcNwN7VBKs2cgQhCU1f4V4gCTC2vRXMCW48ycvkma14hp+fVKqXczqyIMDcAhs4IJTUANXoA4aAINH8AxewZv1ZL1Y79bHNJqzZjP74A+szx90DJlU</latexit><latexit sha1_base64="4hjtBjJWhll1RCj5gItjjzN8IKY=">AAACDHicbVDLSgMxFM3UV62vqks3wSJMF5aZIuhGKLpxWcE+oDOWTJppY5PMkGTEMswHuPFX3LhQxK0f4M6/MX0stPVA4HDOudzcE8SMKu0431ZuaXlldS2/XtjY3NreKe7uNVWUSEwaOGKRbAdIEUYFaWiqGWnHkiAeMNIKhpdjv3VPpKKRuNGjmPgc9QUNKUbaSN1iyebHbtlTtM/RbRXaXky7Kb3L7NQLQviQlcvw3KScijMBXCTujJTADPVu8cvrRTjhRGjMkFId14m1nyKpKWYkK3iJIjHCQ9QnHUMF4kT56eSYDB4ZpQfDSJonNJyovydSxJUa8cAkOdIDNe+Nxf+8TqLDMz+lIk40EXi6KEwY1BEcNwN7VBKs2cgQhCU1f4V4gCTC2vRXMCW48ycvkma14hp+fVKqXczqyIMDcAhs4IJTUANXoA4aAINH8AxewZv1ZL1Y79bHNJqzZjP74A+szx90DJlU</latexit><latexit sha1_base64="4hjtBjJWhll1RCj5gItjjzN8IKY=">AAACDHicbVDLSgMxFM3UV62vqks3wSJMF5aZIuhGKLpxWcE+oDOWTJppY5PMkGTEMswHuPFX3LhQxK0f4M6/MX0stPVA4HDOudzcE8SMKu0431ZuaXlldS2/XtjY3NreKe7uNVWUSEwaOGKRbAdIEUYFaWiqGWnHkiAeMNIKhpdjv3VPpKKRuNGjmPgc9QUNKUbaSN1iyebHbtlTtM/RbRXaXky7Kb3L7NQLQviQlcvw3KScijMBXCTujJTADPVu8cvrRTjhRGjMkFId14m1nyKpKWYkK3iJIjHCQ9QnHUMF4kT56eSYDB4ZpQfDSJonNJyovydSxJUa8cAkOdIDNe+Nxf+8TqLDMz+lIk40EXi6KEwY1BEcNwN7VBKs2cgQhCU1f4V4gCTC2vRXMCW48ycvkma14hp+fVKqXczqyIMDcAhs4IJTUANXoA4aAINH8AxewZv1ZL1Y79bHNJqzZjP74A+szx90DJlU</latexit><latexit sha1_base64="4hjtBjJWhll1RCj5gItjjzN8IKY=">AAACDHicbVDLSgMxFM3UV62vqks3wSJMF5aZIuhGKLpxWcE+oDOWTJppY5PMkGTEMswHuPFX3LhQxK0f4M6/MX0stPVA4HDOudzcE8SMKu0431ZuaXlldS2/XtjY3NreKe7uNVWUSEwaOGKRbAdIEUYFaWiqGWnHkiAeMNIKhpdjv3VPpKKRuNGjmPgc9QUNKUbaSN1iyebHbtlTtM/RbRXaXky7Kb3L7NQLQviQlcvw3KScijMBXCTujJTADPVu8cvrRTjhRGjMkFId14m1nyKpKWYkK3iJIjHCQ9QnHUMF4kT56eSYDB4ZpQfDSJonNJyovydSxJUa8cAkOdIDNe+Nxf+8TqLDMz+lIk40EXi6KEwY1BEcNwN7VBKs2cgQhCU1f4V4gCTC2vRXMCW48ycvkma14hp+fVKqXczqyIMDcAhs4IJTUANXoA4aAINH8AxewZv1ZL1Y79bHNJqzZjP74A+szx90DJlU</latexit>

O(3m+2)

Transpose
i-th and j-th

O(9)



T-stat computation per permutation
Standard method: O(4m+4n+20) 
Our approach: O(35)

Computational Complexity

T (⇡ij(x),⇡ij(y)) =

⇣
⌫(⇡ij(x))

m � ⌫(⇡ij(y))
n

⌘

r
!2(⇡ij(x))+!2(⇡ij(y))

m+n�2

⇣
1
m + 1

n

⌘

<latexit sha1_base64="dJKwvSrXyTKhXIJn9swKdkCurRk="></latexit>



Simulation x1, · · · , xm ⇠ N(0, 1)
<latexit sha1_base64="PiBNdye56hyZbpNd7VaRyT2YZls=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBEqlJJUQZdFN66kgn1AE8JkMmmHziRhZiItoSs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89fsKoVJb1bSwtr6yurRc2iptb2zu75t5+S8apwKSJYxaLjo8kYTQiTUUVI51EEMR9Rtr+4Hritx+IkDSO7tUoIS5HvYiGFCOlJc88Gnp2BTo4iJWswKHHIXQk5fC2bFXsU88sWVVrCrhI7JyUQI6GZ345QYxTTiKFGZKya1uJcjMkFMWMjItOKkmC8AD1SFfTCHEi3Wz6xhieaCWAYSx0RQpO1d8TGeJSjrivOzlSfTnvTcT/vG6qwks3o1GSKhLh2aIwZVDFcJIJDKggWLGRJggLqm+FuI8EwkonV9Qh2PMvL5JWrWqfVWt356X6VR5HARyCY1AGNrgAdXADGqAJMHgEz+AVvBlPxovxbnzMWpeMfOYA/IHx+QMwb5Zf</latexit>

y1, · · · , yn ⇠ 0.1 +N(0, 1)
<latexit sha1_base64="/Rz8mcvwxJU5h6JW7R168izarZ4=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQsZSkCrosunElFewDmhAmk2k7dDIJMxMhhO7d+CtuXCji1h9w5984bbPQ1gMXDufcy733+DGjUlnWt1FYWV1b3yhulra2d3b3zP2DjowSgUkbRywSPR9JwignbUUVI71YEBT6jHT98fXU7z4QIWnE71UaEzdEQ04HFCOlJc8sp55dgw4OIiVrMPU4dCQNoVW34Sm8rVo1+8QzK1bdmgEuEzsnFZCj5ZlfThDhJCRcYYak7NtWrNwMCUUxI5OSk0gSIzxGQ9LXlKOQSDeb/TKBx1oJ4CASuriCM/X3RIZCKdPQ150hUiO56E3F/7x+ogaXbkZ5nCjC8XzRIGFQRXAaDAyoIFixVBOEBdW3QjxCAmGl4yvpEOzFl5dJp1G3z+qNu/NK8yqPowiOQBlUgQ0uQBPcgBZoAwwewTN4BW/Gk/FivBsf89aCkc8cgj8wPn8AZzSXbg==</latexit>

m=n=100



Sulcal and gyral
graphs on brain 
cortical surface



Sulci = mountain regions of the brain (red)
Gyri = valley regions of the brain (blue)

Sulcal/gyral graphs
on manifold

White matter 
surface



gyri=+1

sulci = -1
dg(p, t)

dt
= �pg(p, t) g(p, t = 0) = f(p)

<latexit sha1_base64="O0kaOf5pT84VBqSD2HobEupEYqA=">AAACI3icbZDLSgMxFIYz9VbrrerSTbAILUiZEUERCkVduKxgL9ApJZNm2tDMTEzOCGXou7jxVdy4UIobF76LaTsLbf0h8PGfczg5vycF12DbX1ZmZXVtfSO7mdva3tndy+8fNHQUK8rqNBKRanlEM8FDVgcOgrWkYiTwBGt6w5tpvfnElOZR+AAjyToB6Yfc55SAsbr5K9dXhCY93C/KUyiNDcEYV7B7ywSQrkx97D7GJG2q2KWKX5Slbr5gl+2Z8DI4KRRQqlo3P3F7EY0DFgIVROu2Y0voJEQBp4KNc26smSR0SPqsbTAkAdOdZHbjGJ8Yp4f9SJkXAp65vycSEmg9CjzTGRAY6MXa1Pyv1o7Bv+wkPJQxsJDOF/mxwBDhaWC4xxWjIEYGCFXc/BXTATGhgYk1Z0JwFk9ehsZZ2TF8f16oXqdxZNEROkZF5KALVEV3qIbqiKJn9Ire0Yf1Yr1ZE+tz3pqx0plD9EfW9w8whaF1</latexit><latexit sha1_base64="O0kaOf5pT84VBqSD2HobEupEYqA=">AAACI3icbZDLSgMxFIYz9VbrrerSTbAILUiZEUERCkVduKxgL9ApJZNm2tDMTEzOCGXou7jxVdy4UIobF76LaTsLbf0h8PGfczg5vycF12DbX1ZmZXVtfSO7mdva3tndy+8fNHQUK8rqNBKRanlEM8FDVgcOgrWkYiTwBGt6w5tpvfnElOZR+AAjyToB6Yfc55SAsbr5K9dXhCY93C/KUyiNDcEYV7B7ywSQrkx97D7GJG2q2KWKX5Slbr5gl+2Z8DI4KRRQqlo3P3F7EY0DFgIVROu2Y0voJEQBp4KNc26smSR0SPqsbTAkAdOdZHbjGJ8Yp4f9SJkXAp65vycSEmg9CjzTGRAY6MXa1Pyv1o7Bv+wkPJQxsJDOF/mxwBDhaWC4xxWjIEYGCFXc/BXTATGhgYk1Z0JwFk9ehsZZ2TF8f16oXqdxZNEROkZF5KALVEV3qIbqiKJn9Ire0Yf1Yr1ZE+tz3pqx0plD9EfW9w8whaF1</latexit><latexit sha1_base64="O0kaOf5pT84VBqSD2HobEupEYqA=">AAACI3icbZDLSgMxFIYz9VbrrerSTbAILUiZEUERCkVduKxgL9ApJZNm2tDMTEzOCGXou7jxVdy4UIobF76LaTsLbf0h8PGfczg5vycF12DbX1ZmZXVtfSO7mdva3tndy+8fNHQUK8rqNBKRanlEM8FDVgcOgrWkYiTwBGt6w5tpvfnElOZR+AAjyToB6Yfc55SAsbr5K9dXhCY93C/KUyiNDcEYV7B7ywSQrkx97D7GJG2q2KWKX5Slbr5gl+2Z8DI4KRRQqlo3P3F7EY0DFgIVROu2Y0voJEQBp4KNc26smSR0SPqsbTAkAdOdZHbjGJ8Yp4f9SJkXAp65vycSEmg9CjzTGRAY6MXa1Pyv1o7Bv+wkPJQxsJDOF/mxwBDhaWC4xxWjIEYGCFXc/BXTATGhgYk1Z0JwFk9ehsZZ2TF8f16oXqdxZNEROkZF5KALVEV3qIbqiKJn9Ire0Yf1Yr1ZE+tz3pqx0plD9EfW9w8whaF1</latexit><latexit sha1_base64="O0kaOf5pT84VBqSD2HobEupEYqA=">AAACI3icbZDLSgMxFIYz9VbrrerSTbAILUiZEUERCkVduKxgL9ApJZNm2tDMTEzOCGXou7jxVdy4UIobF76LaTsLbf0h8PGfczg5vycF12DbX1ZmZXVtfSO7mdva3tndy+8fNHQUK8rqNBKRanlEM8FDVgcOgrWkYiTwBGt6w5tpvfnElOZR+AAjyToB6Yfc55SAsbr5K9dXhCY93C/KUyiNDcEYV7B7ywSQrkx97D7GJG2q2KWKX5Slbr5gl+2Z8DI4KRRQqlo3P3F7EY0DFgIVROu2Y0voJEQBp4KNc26smSR0SPqsbTAkAdOdZHbjGJ8Yp4f9SJkXAp65vycSEmg9CjzTGRAY6MXa1Pyv1o7Bv+wkPJQxsJDOF/mxwBDhaWC4xxWjIEYGCFXc/BXTATGhgYk1Z0JwFk9ehsZZ2TF8f16oXqdxZNEROkZF5KALVEV3qIbqiKJn9Ire0Yf1Yr1ZE+tz3pqx0plD9EfW9w8whaF1</latexit><latexit sha1_base64="O0kaOf5pT84VBqSD2HobEupEYqA=">AAACI3icbZDLSgMxFIYz9VbrrerSTbAILUiZEUERCkVduKxgL9ApJZNm2tDMTEzOCGXou7jxVdy4UIobF76LaTsLbf0h8PGfczg5vycF12DbX1ZmZXVtfSO7mdva3tndy+8fNHQUK8rqNBKRanlEM8FDVgcOgrWkYiTwBGt6w5tpvfnElOZR+AAjyToB6Yfc55SAsbr5K9dXhCY93C/KUyiNDcEYV7B7ywSQrkx97D7GJG2q2KWKX5Slbr5gl+2Z8DI4KRRQqlo3P3F7EY0DFgIVROu2Y0voJEQBp4KNc26smSR0SPqsbTAkAdOdZHbjGJ8Yp4f9SJkXAp65vycSEmg9CjzTGRAY6MXa1Pyv1o7Bv+wkPJQxsJDOF/mxwBDhaWC4xxWjIEYGCFXc/BXTATGhgYk1Z0JwFk9ehsZZ2TF8f16oXqdxZNEROkZF5KALVEV3qIbqiKJn9Ire0Yf1Yr1ZE+tz3pqx0plD9EfW9w8whaF1</latexit>

g(p, t) =
100X

l=0

lX

m=�l

flme�l(l+1)tYlm(p)
<latexit sha1_base64="PcK9geLo3N7wjLtI51UsvR+g+8k="></latexit><latexit sha1_base64="PcK9geLo3N7wjLtI51UsvR+g+8k="></latexit><latexit sha1_base64="PcK9geLo3N7wjLtI51UsvR+g+8k="></latexit><latexit sha1_base64="PcK9geLo3N7wjLtI51UsvR+g+8k="></latexit><latexit sha1_base64="PcK9geLo3N7wjLtI51UsvR+g+8k="></latexit>

10201 parameters estimated via least squares

Heat kernel smoothing (Chung et al. 2007 IEEE TMI)

http://pages.stat.wisc.edu/~mchung/papers/TMI.SPHARM.2007.pdf


Heat kernel smoothing

Surface flatteningHeat kernel smoothingSulcal/gyral graphs



Group mean differences

274 females 182 males

t-stat.
t-statistic (thresholds at 
corrected pvalue of 0.05)

Our method: 40min.
Standard methods: 18 days 

4.48

-4.27



Thank you!
Question? mkchung@wisc.edu


