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What is permutation test?

X = ($17$27'” 7ajm)
Yy — (y17y27'” 7yn)
(X7Y) — (mlvu' y Ly Y1y " 7yn)
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Permutation group of order m+n

1
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p-value =

D I(f(X,Y) > f(W(XaY))>
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History of permutation test
Fisher 1935, The Design of Experiment

-

Thompson et al. 2001, Nature Neuroscience

(40) — 134 .10 Supercomputer for
20/

I million permutations

Nichols et al. 2002, Human Brain Mapping
4279 citations
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Previous method:
Exact topological
inference


http://pages.stat.wisc.edu/~mchung/papers/chung.2017.IPMI.pdf
https://www.cs.wisc.edu/~mchung/papers/chung.2018.MICCAI.pdf
http://pages.stat.wisc.edu/~mchung/papers/chung.2019.NN.pdf

Resting-state functional-MRI at
| 200 time measured over |4min
33 seconds.

416 subjects

= |31 Monozygotic (MZ) twins
/7 Dizygotic (DZ) twins
=2GB x 416 = 832GB data



Cosine Series Representation

G(t) =) dihi(t), t€[0,1]

o(t) = 1,4 (t) = V2 cos(Imt)
120 features g dz — (d()iy dli) S 7dkz)




Subject level brain connectivity matrix

c;; = corr(d;,d;)

Subject | Correlation of

subject 2 100 [T KT SR LI R B ~ Fourier
e — ' coefficients




Correlation (group) of correlation (subject)
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MZ- and DZ-twin correlation difference
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Heritability index = amount

of genetic contribution
(MZ- and DZ-twins)




Heritable brain regions
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Statistical significance!?



Betti-plots

filtraiton value = correlation



Theorem |. 5,and 5, are monotone over
graph filtration.

Monotonicity of B Deletion of edge increases the the
number of connected components by at most |. /5
increases by 0 or |.

Monotonicity of f5;: Euler characteristic:

\ N
nodes edges

/ Ny

? ? ? ?
-1,0 0,+] fixed -I



Betti-plots on graph filtration

Correlation Correlation



Exact topological inference
Theorem 2. Dq — Sup ‘BZ(G)\ ) — ﬁz(G%\J)‘

1<9<q A
P(D,>d) =1 (2‘2’;1
q

lim P(D q/ﬁ>d)_zz jimtem 2

q—r 0o



New approach
Rapid accelation

via slow random
walks


http://arxiv.org/abs/1812.06696

Random walk on the permutation group

X = (x17x27 S 7xi—17@ L1y 733m)
A

transpose i-th and j-th ciiata

Yy — (y17y27”° 7yj—17@yj—|-17”' 7yn)



Online computation of statistic over transposition

f(x,y) -~ > f(ﬂij(X),Wz'j(Y))

Theorem 3. If the test statistic is algebraic, there exists
a function g such that

fmij(x),mi5(y)) = 9(f(x%,¥), 2i, yi)

where computational complexity of g is constant.




Theorem 4. Any permutation in S,,,1,, can be
reachable by a sequence of walks.




Online computation

1 m
p(x) = . Z T Transpose i-th and j-th pu(y Z Yk

k=1 €-==—m— e > O(n)
mup(mij (X)) = mu(x) +y; — i o)

2 _ 1 - 2
Transpose ? d (X) - m—1 kz::l(xk B ’LL(X))
i-th and j-th i 1 n
o(y) = — D (e — 1(y))* O(Bm+2)
k=1
(m —1)o™(mi(x)) = O(9)



Computational Complexity

(V(Wz‘j(X)) V(?Tij(Y))>

mn

T(mii(x),m;(y)) =

\/ LLHCISLLHGTEN

I-stat computation per permutation
Standard method: O(4m+4n+20)
Our approach: O(35)



L1, ,Tm ~ IN(0,1)
Y1, ,Yn ~ 0.1+ N(0,1)
m=n=100

Simulation




Sulcal and gyral
graphs on brain
cortical surface



Sulci = mountain regions of the brain (red)
Gyri = valley regions of the brain (blue)

White matter Sulcal/gyral graphs
surface on manifold



gyri=+| Heat kernel smoothing (Chung et al. 2007 IEEE TMI)

sulci = -1
dggz, t) = A,9(p,t) g(p,t =0) = f(p)
100
Y G )
[=0 m=—1

10201 parameters estimated via least squares


http://pages.stat.wisc.edu/~mchung/papers/TMI.SPHARM.2007.pdf

Heat kernel smoothing

Sulcal/gyral graphs  Heat kernel smoothing Surface flattening



Group mean differences

274 females

4.48

-4.27

|82 males

t-statistic (thresholds at
corrected pvalue of 0.05)

Our method: 40min.
Standard methods: |8 days



Thank you!



