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Abstract
A cycle in a brain network is a subset of a connected component with 
redundant additional connections. If there are many cycles in a connected 
component, the connected component is more densely connected. While 
the number of connected components represents the integration of the 
brain network, the number of cycles represents how strong the integration 
is. However, it is unclear how to perform statistical inference on the 
number of cycles in the brain network. In this lecture, we present a new 
Exact Topological Inference framework for determining the statistical 
significance of the number of cycles through the Kolmogorov-Smirnov (KS) 
distance, which was recently introduced to measure the similarity between 
networks across different filtration values using the zeroth Betti number. 
We show how to extend the method to the first Betti number. Using a 
twin imaging study, which provides biological ground truth, the methods are 
applied in determining if cycles are heritable network features in the 
resting-state functional brain networks of 217 twins. This talk is based on a 
paper of the same title: doi.org/10.1162/netn_a_00091. The MATLAB 
codes as well as the connectivity matrices used in the paper are freely 
available at www.stat.wisc.edu/~mchung/TDA. 

http://doi.org/10.1162/netn_a_00091
http://www.stat.wisc.edu/~mchung/TDA


Codes, data & lecture slides given in

www.stat.wisc.edu/~mchung/TDA

More codes & published brain imaging 
data given in

https://www.stat.wisc.edu/~mchung/software.html

http://www.stat.wisc.edu/~mchung/TDA
https://www.stat.wisc.edu/~mchung/software.html
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Motivation of this talk

There is a still huge gap
between TDA theory
to applications.

? Neuroimaging
application

Theory
Must integrate multiple 
images: statistical problem



Previous works 
& Preliminary



3T MRI research scanner in Madison
Structural MRI

Functional MRI
Error using double
Requested 
1083154800x1 
(8.1GB) array exceeds 
maximum array size. 



Chung et al., 2009 Information Processing in Medical Imaging (IPMI)

http://www.stat.wisc.edu/~mchung/papers/IPMI.2009.pdf


Kernel density
Estimation 
(uniform kernel)

Average Average Difference in averages



x = (x1, x2, · · · , xm)
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y = (y1, y2, · · · , yn)
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(x,y) = (x1, · · · , xm, y1, · · · , yn)
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Permutation group of order m+n

Permutation test

p-value =
1

(m+ n)!

X

⌧2Sm+n

I
�
f(⌧(x), ⌧(y)) > f(x,y)

�

<latexit sha1_base64="gQoVbXhPnt/IVcQKAyGIJCZVYII="></latexit>





Permutation test
Observation:  x=(x1,x2)=(1, 3),  y=(y1,y2)=(2, 4) 
Hypothesis:      H0:  x = y   vs.   H1: x > y

p-value= 4/6 

Test stat:       f(x,y) = x1+ x2 - y1 + y2
f large à H1 is more likely

Permutations
(1,3)(2,4) (2,4)(1,3) (1,2)(3,4)  (3,4)(1,2) (1,4)(3,2)  (3,2)(1,4)

f    -2           2             -4             4             0              0  

We do not reject H0 



95 percentile = 3.6432
5 percentile =  -4.0237

More pairings for the control subjects
= More cortical folding

Permutation test on persistent diagrams

Max t = 3.9507
Min t = -3.0961



History of permutation test
Fisher 1935, The Design of Experiment 
✓
8

4

◆
= 70

Nichols et al. 2002, Human Brain Mapping
4279 citations✓
6

3

◆
= 20

Thompson et al. 2001, Nature Neuroscience
✓
40

20

◆
= 1.34 · 1011

Alpha06!

Supercomputer for 
1million permutations



Graph filtration based network analysis

0.1                   0.2                  0.3              0.4               0.5

1-correlation

Attention deficit hyperactivity disorder (ADHD)

Autism spectrum disorder (ASD)

Pediatric controls (PedCon)

Lee. et al. 2012, IEEE Transactions on Medical Imaging

http://www.stat.wisc.edu/~mchung/papers/lee.2012.TMI.pdf
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Threshold at 0.7

Graph theory based network analysis 
in year 2010



�0

24 attention deficit hyperactivity 
disorder (ADHD) children
26 autism spectrum disorder 
(ASD) children 
11 pediatric control subjects

1-correlation

The normal brain networks 
merges to a single component 
faster than other clinical 
populations.

Lee et al. 2010 ISBI

Betti-0 plot

https://www.stat.wisc.edu/~mchung/papers/lee.2011.ISBI.pdf


Resting-state functional 
magnetic resonance 

imaging (fMRI)



Time series with 1200 time points 
at 300000 voxels per subject 
measured over 14min 33 seconds 
inside MRI scanner

416 subjects 
= 131 Monozygotic (MZ) twins
77 Dizygotic (DZ) twins

4GB x 416 = 1.6TB data



Permutation test impractical if sample size > 200

>> nchoosek(200,100)

Warning: Result may not be exact.
Coefficient is greater than
9.007199e+15 and is only accurate
to 15 digits

> In nchoosek (line 92) 
ans =

9.0549e+58



Dense brain network

Brain network where
each voxel is a node.

AMD vega64 GPU



Time series averaged into 116 brain regions



116 time series at 1200 time points

116

1



Cosine Series Representation (Wang 2018, Annals of Applied Stat.)

⇣i(t) =
kX

l=0

dli l(t), t 2 [0, 1]
<latexit sha1_base64="YzrXXWtfSYpzDYWFIwHETJgI9ak="></latexit><latexit sha1_base64="YzrXXWtfSYpzDYWFIwHETJgI9ak="></latexit><latexit sha1_base64="YzrXXWtfSYpzDYWFIwHETJgI9ak="></latexit><latexit sha1_base64="YzrXXWtfSYpzDYWFIwHETJgI9ak="></latexit><latexit sha1_base64="YzrXXWtfSYpzDYWFIwHETJgI9ak="></latexit>

 0(t) = 1, l(t) =
p
2 cos(l⇡t)
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di = (d0i, d1i, · · · , dki)
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120 features



Subject level brain connectivity matrix

Subject 1

Subject 2

Subject 3

Correlation of 
Fourier 
coefficients

i

j

cij = corr(di,dj)
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ρMZ = A    +    C

ACE model for twins

ρDZ = A 2  +   C

Additive 
genetics

Common
environment

HI= A = 2(ρMZ − ρDZ )
Falconer's formula for heritability index (HI)

MZ-twins share 100% of genes
DZ-twins share 50% of genes

Twin
correlation



Correlation (group) of correlation (subject)

cMZ
ij = corr(c1ij , c

2
ij)

<latexit sha1_base64="NpKUFxiyl700kM+wmOo0uSwvSSo=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0WoICUpgm6Eohs3QgX7wDYNk+mkHTvJhJmJUEK+w42/4saFIu7EjX/jNK2grQcGzj3nXu7c40WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd3GpLHApM65oyLlockYTQkdUUVI61IEBR4jDS94cXYb94TISkPb9QoIk6A+iH1KUZKS65p425ydZu6Cb1L4RnEXIhS0vF8iNOunalHP2UlKw9ds2iVrQxwnthTUgRT1Fzzo9PjOA5IqDBDUrZtK1JOgoSimJG00IkliRAeoj5paxqigEgnyU5L4YFWetDnQr9QwUz9PZGgQMpR4OnOAKmBnPXG4n9eO1b+qZPQMIoVCfFkkR8zqDgc5wR7VBCs2EgThAXVf4V4gATCSqdZ0CHYsyfPk0albFtl+/q4WD2fxpEHe2AflIANTkAVXIIaqAMMHsATeAGvxqPxbLwZ75PWnDGd2QV/YHx+A3r6oIA=</latexit><latexit sha1_base64="NpKUFxiyl700kM+wmOo0uSwvSSo=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0WoICUpgm6Eohs3QgX7wDYNk+mkHTvJhJmJUEK+w42/4saFIu7EjX/jNK2grQcGzj3nXu7c40WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd3GpLHApM65oyLlockYTQkdUUVI61IEBR4jDS94cXYb94TISkPb9QoIk6A+iH1KUZKS65p425ydZu6Cb1L4RnEXIhS0vF8iNOunalHP2UlKw9ds2iVrQxwnthTUgRT1Fzzo9PjOA5IqDBDUrZtK1JOgoSimJG00IkliRAeoj5paxqigEgnyU5L4YFWetDnQr9QwUz9PZGgQMpR4OnOAKmBnPXG4n9eO1b+qZPQMIoVCfFkkR8zqDgc5wR7VBCs2EgThAXVf4V4gATCSqdZ0CHYsyfPk0albFtl+/q4WD2fxpEHe2AflIANTkAVXIIaqAMMHsATeAGvxqPxbLwZ75PWnDGd2QV/YHx+A3r6oIA=</latexit><latexit sha1_base64="NpKUFxiyl700kM+wmOo0uSwvSSo=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0WoICUpgm6Eohs3QgX7wDYNk+mkHTvJhJmJUEK+w42/4saFIu7EjX/jNK2grQcGzj3nXu7c40WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd3GpLHApM65oyLlockYTQkdUUVI61IEBR4jDS94cXYb94TISkPb9QoIk6A+iH1KUZKS65p425ydZu6Cb1L4RnEXIhS0vF8iNOunalHP2UlKw9ds2iVrQxwnthTUgRT1Fzzo9PjOA5IqDBDUrZtK1JOgoSimJG00IkliRAeoj5paxqigEgnyU5L4YFWetDnQr9QwUz9PZGgQMpR4OnOAKmBnPXG4n9eO1b+qZPQMIoVCfFkkR8zqDgc5wR7VBCs2EgThAXVf4V4gATCSqdZ0CHYsyfPk0albFtl+/q4WD2fxpEHe2AflIANTkAVXIIaqAMMHsATeAGvxqPxbLwZ75PWnDGd2QV/YHx+A3r6oIA=</latexit><latexit sha1_base64="NpKUFxiyl700kM+wmOo0uSwvSSo=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0WoICUpgm6Eohs3QgX7wDYNk+mkHTvJhJmJUEK+w42/4saFIu7EjX/jNK2grQcGzj3nXu7c40WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd3GpLHApM65oyLlockYTQkdUUVI61IEBR4jDS94cXYb94TISkPb9QoIk6A+iH1KUZKS65p425ydZu6Cb1L4RnEXIhS0vF8iNOunalHP2UlKw9ds2iVrQxwnthTUgRT1Fzzo9PjOA5IqDBDUrZtK1JOgoSimJG00IkliRAeoj5paxqigEgnyU5L4YFWetDnQr9QwUz9PZGgQMpR4OnOAKmBnPXG4n9eO1b+qZPQMIoVCfFkkR8zqDgc5wR7VBCs2EgThAXVf4V4gATCSqdZ0CHYsyfPk0albFtl+/q4WD2fxpEHe2AflIANTkAVXIIaqAMMHsATeAGvxqPxbLwZ75PWnDGd2QV/YHx+A3r6oIA=</latexit><latexit sha1_base64="NpKUFxiyl700kM+wmOo0uSwvSSo=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0WoICUpgm6Eohs3QgX7wDYNk+mkHTvJhJmJUEK+w42/4saFIu7EjX/jNK2grQcGzj3nXu7c40WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd3GpLHApM65oyLlockYTQkdUUVI61IEBR4jDS94cXYb94TISkPb9QoIk6A+iH1KUZKS65p425ydZu6Cb1L4RnEXIhS0vF8iNOunalHP2UlKw9ds2iVrQxwnthTUgRT1Fzzo9PjOA5IqDBDUrZtK1JOgoSimJG00IkliRAeoj5paxqigEgnyU5L4YFWetDnQr9QwUz9PZGgQMpR4OnOAKmBnPXG4n9eO1b+qZPQMIoVCfFkkR8zqDgc5wR7VBCs2EgThAXVf4V4gATCSqdZ0CHYsyfPk0albFtl+/q4WD2fxpEHe2AflIANTkAVXIIaqAMMHsATeAGvxqPxbLwZ75PWnDGd2QV/YHx+A3r6oIA=</latexit>

c1ij = (c11ij , · · · , c1mij )
<latexit sha1_base64="3Xg+d9jbK6cshHTAO3u5w1Q7dc4=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIFUqZqKAboejGZQV7gXY6ZNJMG5uZDElGKMM8iBtfxY0LRdy4EHwb02kX2vpD4M93ziE5vxdxprRtf1u5peWV1bX8emFjc2t7p7i711QiloQ2iOBCtj2sKGchbWimOW1HkuLA47Tlja4n9dYDlYqJ8E6PI+oEeBAynxGsDXKLp0nX8yFJe8hN2H0KL2GZ9BKE0uxagV3SF1pV4AQGU3jsFkt21c4EFw2amRKYqe4WP7t9QeKAhppwrFQH2ZF2Eiw1I5ymhW6saITJCA9ox9gQB1Q5SbZcCo8M6UNfSHNCDTP6eyLBgVLjwDOdAdZDNV+bwP9qnVj7F07CwijWNCTTh/yYQy3gJCnYZ5ISzcfGYCKZ+SskQywx0SbPggkBza+8aJonVWRX0e1ZqXY1iyMPDsAhKAMEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH9PWnDWb2Qd/ZH39AOwaoKY=</latexit><latexit sha1_base64="3Xg+d9jbK6cshHTAO3u5w1Q7dc4=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIFUqZqKAboejGZQV7gXY6ZNJMG5uZDElGKMM8iBtfxY0LRdy4EHwb02kX2vpD4M93ziE5vxdxprRtf1u5peWV1bX8emFjc2t7p7i711QiloQ2iOBCtj2sKGchbWimOW1HkuLA47Tlja4n9dYDlYqJ8E6PI+oEeBAynxGsDXKLp0nX8yFJe8hN2H0KL2GZ9BKE0uxagV3SF1pV4AQGU3jsFkt21c4EFw2amRKYqe4WP7t9QeKAhppwrFQH2ZF2Eiw1I5ymhW6saITJCA9ox9gQB1Q5SbZcCo8M6UNfSHNCDTP6eyLBgVLjwDOdAdZDNV+bwP9qnVj7F07CwijWNCTTh/yYQy3gJCnYZ5ISzcfGYCKZ+SskQywx0SbPggkBza+8aJonVWRX0e1ZqXY1iyMPDsAhKAMEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH9PWnDWb2Qd/ZH39AOwaoKY=</latexit><latexit sha1_base64="3Xg+d9jbK6cshHTAO3u5w1Q7dc4=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIFUqZqKAboejGZQV7gXY6ZNJMG5uZDElGKMM8iBtfxY0LRdy4EHwb02kX2vpD4M93ziE5vxdxprRtf1u5peWV1bX8emFjc2t7p7i711QiloQ2iOBCtj2sKGchbWimOW1HkuLA47Tlja4n9dYDlYqJ8E6PI+oEeBAynxGsDXKLp0nX8yFJe8hN2H0KL2GZ9BKE0uxagV3SF1pV4AQGU3jsFkt21c4EFw2amRKYqe4WP7t9QeKAhppwrFQH2ZF2Eiw1I5ymhW6saITJCA9ox9gQB1Q5SbZcCo8M6UNfSHNCDTP6eyLBgVLjwDOdAdZDNV+bwP9qnVj7F07CwijWNCTTh/yYQy3gJCnYZ5ISzcfGYCKZ+SskQywx0SbPggkBza+8aJonVWRX0e1ZqXY1iyMPDsAhKAMEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH9PWnDWb2Qd/ZH39AOwaoKY=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="RKO7u3RNJjYZ/sIg7KqeLGABLOs=">AAACEXicbZDLSgMxGIX/qbdaq1a3boJFqFDKRBe6EQQ3LivYC7TTIZNm2tjMhSQjlGEexI2v4saFIm7c+Tam0y609UDg5DsJyX+8WHClbfvbKqytb2xuFbdLO+Xdvf3KQbmtokRS1qKRiGTXI4oJHrKW5lqwbiwZCTzBOt7kZpZ3HplUPArv9TRmTkBGIfc5Jdogt3Ke9j0f0WyA3ZQ/ZOgK1eggxTjLt3XUp8NIqzqawWAOT91K1W7YudCqwQtThYWabuWrP4xoErBQU0GU6mE71k5KpOZUsKzUTxSLCZ2QEesZG5KAKSfNh8vQiSFD5EfSrFCjnP6+kZJAqWngmZMB0WO1nM3gf1kv0f6lk/IwTjQL6fwhPxFIR2jWFBpyyagWU2MIldz8FdExkYRq02fJlICXR1417bMGthv4zoYiHMEx1ADDBVzDLTShBRSe4AXe4N16tl6tj3ldBWvR2yH8kfX5Awh+nx8=</latexit><latexit sha1_base64="RKO7u3RNJjYZ/sIg7KqeLGABLOs=">AAACEXicbZDLSgMxGIX/qbdaq1a3boJFqFDKRBe6EQQ3LivYC7TTIZNm2tjMhSQjlGEexI2v4saFIm7c+Tam0y609UDg5DsJyX+8WHClbfvbKqytb2xuFbdLO+Xdvf3KQbmtokRS1qKRiGTXI4oJHrKW5lqwbiwZCTzBOt7kZpZ3HplUPArv9TRmTkBGIfc5Jdogt3Ke9j0f0WyA3ZQ/ZOgK1eggxTjLt3XUp8NIqzqawWAOT91K1W7YudCqwQtThYWabuWrP4xoErBQU0GU6mE71k5KpOZUsKzUTxSLCZ2QEesZG5KAKSfNh8vQiSFD5EfSrFCjnP6+kZJAqWngmZMB0WO1nM3gf1kv0f6lk/IwTjQL6fwhPxFIR2jWFBpyyagWU2MIldz8FdExkYRq02fJlICXR1417bMGthv4zoYiHMEx1ADDBVzDLTShBRSe4AXe4N16tl6tj3ldBWvR2yH8kfX5Awh+nx8=</latexit><latexit sha1_base64="6LwXwVWXkI4fPHMlut9/1yspI2U=">AAACHHicbZDLSgMxFIYzXmu9VV26CRahQikTXehGKLpxWcFeoJ0OmTTTxiYzQ5IRyjAP4sZXceNCETcuBN/GdDoLbf0h8Oc755Cc34s4U9q2v62l5ZXVtfXCRnFza3tnt7S331JhLAltkpCHsuNhRTkLaFMzzWknkhQLj9O2N76e1tsPVCoWBnd6ElFH4GHAfEawNsgtnSU9z4ck7SM3YfcpvIQV0k8QSrNrFfbIINSqCqdQzOCJWyrbNTsTXDQoN2WQq+GWPnuDkMSCBppwrFQX2ZF2Eiw1I5ymxV6saITJGA9p19gAC6qcJFsuhceGDKAfSnMCDTP6eyLBQqmJ8EynwHqk5mtT+F+tG2v/wklYEMWaBmT2kB9zqEM4TQoOmKRE84kxmEhm/grJCEtMtMmzaEJA8ysvmtZpDdk1dGuX61d5HAVwCI5ABSBwDurgBjRAExDwCJ7BK3iznqwX6936mLUuWfnMAfgj6+sH6tqgog==</latexit><latexit sha1_base64="3Xg+d9jbK6cshHTAO3u5w1Q7dc4=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIFUqZqKAboejGZQV7gXY6ZNJMG5uZDElGKMM8iBtfxY0LRdy4EHwb02kX2vpD4M93ziE5vxdxprRtf1u5peWV1bX8emFjc2t7p7i711QiloQ2iOBCtj2sKGchbWimOW1HkuLA47Tlja4n9dYDlYqJ8E6PI+oEeBAynxGsDXKLp0nX8yFJe8hN2H0KL2GZ9BKE0uxagV3SF1pV4AQGU3jsFkt21c4EFw2amRKYqe4WP7t9QeKAhppwrFQH2ZF2Eiw1I5ymhW6saITJCA9ox9gQB1Q5SbZcCo8M6UNfSHNCDTP6eyLBgVLjwDOdAdZDNV+bwP9qnVj7F07CwijWNCTTh/yYQy3gJCnYZ5ISzcfGYCKZ+SskQywx0SbPggkBza+8aJonVWRX0e1ZqXY1iyMPDsAhKAMEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH9PWnDWb2Qd/ZH39AOwaoKY=</latexit><latexit sha1_base64="3Xg+d9jbK6cshHTAO3u5w1Q7dc4=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIFUqZqKAboejGZQV7gXY6ZNJMG5uZDElGKMM8iBtfxY0LRdy4EHwb02kX2vpD4M93ziE5vxdxprRtf1u5peWV1bX8emFjc2t7p7i711QiloQ2iOBCtj2sKGchbWimOW1HkuLA47Tlja4n9dYDlYqJ8E6PI+oEeBAynxGsDXKLp0nX8yFJe8hN2H0KL2GZ9BKE0uxagV3SF1pV4AQGU3jsFkt21c4EFw2amRKYqe4WP7t9QeKAhppwrFQH2ZF2Eiw1I5ymhW6saITJCA9ox9gQB1Q5SbZcCo8M6UNfSHNCDTP6eyLBgVLjwDOdAdZDNV+bwP9qnVj7F07CwijWNCTTh/yYQy3gJCnYZ5ISzcfGYCKZ+SskQywx0SbPggkBza+8aJonVWRX0e1ZqXY1iyMPDsAhKAMEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH9PWnDWb2Qd/ZH39AOwaoKY=</latexit><latexit sha1_base64="3Xg+d9jbK6cshHTAO3u5w1Q7dc4=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIFUqZqKAboejGZQV7gXY6ZNJMG5uZDElGKMM8iBtfxY0LRdy4EHwb02kX2vpD4M93ziE5vxdxprRtf1u5peWV1bX8emFjc2t7p7i711QiloQ2iOBCtj2sKGchbWimOW1HkuLA47Tlja4n9dYDlYqJ8E6PI+oEeBAynxGsDXKLp0nX8yFJe8hN2H0KL2GZ9BKE0uxagV3SF1pV4AQGU3jsFkt21c4EFw2amRKYqe4WP7t9QeKAhppwrFQH2ZF2Eiw1I5ymhW6saITJCA9ox9gQB1Q5SbZcCo8M6UNfSHNCDTP6eyLBgVLjwDOdAdZDNV+bwP9qnVj7F07CwijWNCTTh/yYQy3gJCnYZ5ISzcfGYCKZ+SskQywx0SbPggkBza+8aJonVWRX0e1ZqXY1iyMPDsAhKAMEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH9PWnDWb2Qd/ZH39AOwaoKY=</latexit><latexit sha1_base64="3Xg+d9jbK6cshHTAO3u5w1Q7dc4=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIFUqZqKAboejGZQV7gXY6ZNJMG5uZDElGKMM8iBtfxY0LRdy4EHwb02kX2vpD4M93ziE5vxdxprRtf1u5peWV1bX8emFjc2t7p7i711QiloQ2iOBCtj2sKGchbWimOW1HkuLA47Tlja4n9dYDlYqJ8E6PI+oEeBAynxGsDXKLp0nX8yFJe8hN2H0KL2GZ9BKE0uxagV3SF1pV4AQGU3jsFkt21c4EFw2amRKYqe4WP7t9QeKAhppwrFQH2ZF2Eiw1I5ymhW6saITJCA9ox9gQB1Q5SbZcCo8M6UNfSHNCDTP6eyLBgVLjwDOdAdZDNV+bwP9qnVj7F07CwijWNCTTh/yYQy3gJCnYZ5ISzcfGYCKZ+SskQywx0SbPggkBza+8aJonVWRX0e1ZqXY1iyMPDsAhKAMEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH9PWnDWb2Qd/ZH39AOwaoKY=</latexit><latexit sha1_base64="3Xg+d9jbK6cshHTAO3u5w1Q7dc4=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIFUqZqKAboejGZQV7gXY6ZNJMG5uZDElGKMM8iBtfxY0LRdy4EHwb02kX2vpD4M93ziE5vxdxprRtf1u5peWV1bX8emFjc2t7p7i711QiloQ2iOBCtj2sKGchbWimOW1HkuLA47Tlja4n9dYDlYqJ8E6PI+oEeBAynxGsDXKLp0nX8yFJe8hN2H0KL2GZ9BKE0uxagV3SF1pV4AQGU3jsFkt21c4EFw2amRKYqe4WP7t9QeKAhppwrFQH2ZF2Eiw1I5ymhW6saITJCA9ox9gQB1Q5SbZcCo8M6UNfSHNCDTP6eyLBgVLjwDOdAdZDNV+bwP9qnVj7F07CwijWNCTTh/yYQy3gJCnYZ5ISzcfGYCKZ+SskQywx0SbPggkBza+8aJonVWRX0e1ZqXY1iyMPDsAhKAMEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH9PWnDWb2Qd/ZH39AOwaoKY=</latexit><latexit sha1_base64="3Xg+d9jbK6cshHTAO3u5w1Q7dc4=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIFUqZqKAboejGZQV7gXY6ZNJMG5uZDElGKMM8iBtfxY0LRdy4EHwb02kX2vpD4M93ziE5vxdxprRtf1u5peWV1bX8emFjc2t7p7i711QiloQ2iOBCtj2sKGchbWimOW1HkuLA47Tlja4n9dYDlYqJ8E6PI+oEeBAynxGsDXKLp0nX8yFJe8hN2H0KL2GZ9BKE0uxagV3SF1pV4AQGU3jsFkt21c4EFw2amRKYqe4WP7t9QeKAhppwrFQH2ZF2Eiw1I5ymhW6saITJCA9ox9gQB1Q5SbZcCo8M6UNfSHNCDTP6eyLBgVLjwDOdAdZDNV+bwP9qnVj7F07CwijWNCTTh/yYQy3gJCnYZ5ISzcfGYCKZ+SskQywx0SbPggkBza+8aJonVWRX0e1ZqXY1iyMPDsAhKAMEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH9PWnDWb2Qd/ZH39AOwaoKY=</latexit><latexit sha1_base64="3Xg+d9jbK6cshHTAO3u5w1Q7dc4=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIFUqZqKAboejGZQV7gXY6ZNJMG5uZDElGKMM8iBtfxY0LRdy4EHwb02kX2vpD4M93ziE5vxdxprRtf1u5peWV1bX8emFjc2t7p7i711QiloQ2iOBCtj2sKGchbWimOW1HkuLA47Tlja4n9dYDlYqJ8E6PI+oEeBAynxGsDXKLp0nX8yFJe8hN2H0KL2GZ9BKE0uxagV3SF1pV4AQGU3jsFkt21c4EFw2amRKYqe4WP7t9QeKAhppwrFQH2ZF2Eiw1I5ymhW6saITJCA9ox9gQB1Q5SbZcCo8M6UNfSHNCDTP6eyLBgVLjwDOdAdZDNV+bwP9qnVj7F07CwijWNCTTh/yYQy3gJCnYZ5ISzcfGYCKZ+SskQywx0SbPggkBza+8aJonVWRX0e1ZqXY1iyMPDsAhKAMEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH9PWnDWb2Qd/ZH39AOwaoKY=</latexit>

c2ij = (c21ij , · · · , c2mij )
<latexit sha1_base64="PwrqSY1uEpnPGlHdSg6BBM0G3I8=">AAACHHicbZDLSsNAFIYnXmu9RV26GSxChVKSKuhGKLpxWcFeoEnDZDppx04uzEyEEvIgbnwVNy4UceNC8G2cpFlo6w8D/3znHGbO70aMCmkY39rS8srq2nppo7y5tb2zq+/td0QYc0zaOGQh77lIEEYD0pZUMtKLOEG+y0jXnVxn9e4D4YKGwZ2cRsT20SigHsVIKuTop4nlehCng4aT0PsUXsIqHiQNM82vNWjhYShFDWbQn8ETR68YdSMXXDRmYSqgUMvRP61hiGOfBBIzJETfNCJpJ4hLihlJy1YsSITwBI1IX9kA+UTYSb5cCo8VGUIv5OoEEub090SCfCGmvqs6fSTHYr6Wwf9q/Vh6F3ZCgyiWJMCzh7yYQRnCLCk4pJxgyabKIMyp+ivEY8QRlirPsgrBnF950XQaddOom7dnleZVEUcJHIIjUAUmOAdNcANaoA0weATP4BW8aU/ai/aufcxal7Ri5gD8kfb1A/D1oKk=</latexit><latexit sha1_base64="PwrqSY1uEpnPGlHdSg6BBM0G3I8=">AAACHHicbZDLSsNAFIYnXmu9RV26GSxChVKSKuhGKLpxWcFeoEnDZDppx04uzEyEEvIgbnwVNy4UceNC8G2cpFlo6w8D/3znHGbO70aMCmkY39rS8srq2nppo7y5tb2zq+/td0QYc0zaOGQh77lIEEYD0pZUMtKLOEG+y0jXnVxn9e4D4YKGwZ2cRsT20SigHsVIKuTop4nlehCng4aT0PsUXsIqHiQNM82vNWjhYShFDWbQn8ETR68YdSMXXDRmYSqgUMvRP61hiGOfBBIzJETfNCJpJ4hLihlJy1YsSITwBI1IX9kA+UTYSb5cCo8VGUIv5OoEEub090SCfCGmvqs6fSTHYr6Wwf9q/Vh6F3ZCgyiWJMCzh7yYQRnCLCk4pJxgyabKIMyp+ivEY8QRlirPsgrBnF950XQaddOom7dnleZVEUcJHIIjUAUmOAdNcANaoA0weATP4BW8aU/ai/aufcxal7Ri5gD8kfb1A/D1oKk=</latexit><latexit sha1_base64="PwrqSY1uEpnPGlHdSg6BBM0G3I8=">AAACHHicbZDLSsNAFIYnXmu9RV26GSxChVKSKuhGKLpxWcFeoEnDZDppx04uzEyEEvIgbnwVNy4UceNC8G2cpFlo6w8D/3znHGbO70aMCmkY39rS8srq2nppo7y5tb2zq+/td0QYc0zaOGQh77lIEEYD0pZUMtKLOEG+y0jXnVxn9e4D4YKGwZ2cRsT20SigHsVIKuTop4nlehCng4aT0PsUXsIqHiQNM82vNWjhYShFDWbQn8ETR68YdSMXXDRmYSqgUMvRP61hiGOfBBIzJETfNCJpJ4hLihlJy1YsSITwBI1IX9kA+UTYSb5cCo8VGUIv5OoEEub090SCfCGmvqs6fSTHYr6Wwf9q/Vh6F3ZCgyiWJMCzh7yYQRnCLCk4pJxgyabKIMyp+ivEY8QRlirPsgrBnF950XQaddOom7dnleZVEUcJHIIjUAUmOAdNcANaoA0weATP4BW8aU/ai/aufcxal7Ri5gD8kfb1A/D1oKk=</latexit><latexit sha1_base64="PwrqSY1uEpnPGlHdSg6BBM0G3I8=">AAACHHicbZDLSsNAFIYnXmu9RV26GSxChVKSKuhGKLpxWcFeoEnDZDppx04uzEyEEvIgbnwVNy4UceNC8G2cpFlo6w8D/3znHGbO70aMCmkY39rS8srq2nppo7y5tb2zq+/td0QYc0zaOGQh77lIEEYD0pZUMtKLOEG+y0jXnVxn9e4D4YKGwZ2cRsT20SigHsVIKuTop4nlehCng4aT0PsUXsIqHiQNM82vNWjhYShFDWbQn8ETR68YdSMXXDRmYSqgUMvRP61hiGOfBBIzJETfNCJpJ4hLihlJy1YsSITwBI1IX9kA+UTYSb5cCo8VGUIv5OoEEub090SCfCGmvqs6fSTHYr6Wwf9q/Vh6F3ZCgyiWJMCzh7yYQRnCLCk4pJxgyabKIMyp+ivEY8QRlirPsgrBnF950XQaddOom7dnleZVEUcJHIIjUAUmOAdNcANaoA0weATP4BW8aU/ai/aufcxal7Ri5gD8kfb1A/D1oKk=</latexit><latexit sha1_base64="PwrqSY1uEpnPGlHdSg6BBM0G3I8=">AAACHHicbZDLSsNAFIYnXmu9RV26GSxChVKSKuhGKLpxWcFeoEnDZDppx04uzEyEEvIgbnwVNy4UceNC8G2cpFlo6w8D/3znHGbO70aMCmkY39rS8srq2nppo7y5tb2zq+/td0QYc0zaOGQh77lIEEYD0pZUMtKLOEG+y0jXnVxn9e4D4YKGwZ2cRsT20SigHsVIKuTop4nlehCng4aT0PsUXsIqHiQNM82vNWjhYShFDWbQn8ETR68YdSMXXDRmYSqgUMvRP61hiGOfBBIzJETfNCJpJ4hLihlJy1YsSITwBI1IX9kA+UTYSb5cCo8VGUIv5OoEEub090SCfCGmvqs6fSTHYr6Wwf9q/Vh6F3ZCgyiWJMCzh7yYQRnCLCk4pJxgyabKIMyp+ivEY8QRlirPsgrBnF950XQaddOom7dnleZVEUcJHIIjUAUmOAdNcANaoA0weATP4BW8aU/ai/aufcxal7Ri5gD8kfb1A/D1oKk=</latexit>



MZ- and DZ-twin correlation difference

cDZ
ij

<latexit sha1_base64="gkrMr6RT1t4wi5SeRQUqbtYyu+8=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeizqwWMF+4FpLJvtpl272Q27G6GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTDjTxnW/naXlldW19dJGeXNre2e3srff0jJVhDaJ5FJ1QqwpZ4I2DTOcdhJFcRxy2g5HVxO//USVZlLcmXFCgxgPBIsYwcZKPnnIru/zXsYe816l6tbcKdAi8QpShQKNXuWr25ckjakwhGOtfc9NTJBhZRjhNC93U00TTEZ4QH1LBY6pDrLpyTk6tkofRVLZEgZN1d8TGY61Hseh7YyxGep5byL+5/mpiS6CjIkkNVSQ2aIo5chINPkf9ZmixPCxJZgoZm9FZIgVJsamVLYhePMvL5LWac1za97tWbV+WcRRgkM4ghPw4BzqcAMNaAIBCc/wCm+OcV6cd+dj1rrkFDMH8AfO5w+LLZFp</latexit><latexit sha1_base64="gkrMr6RT1t4wi5SeRQUqbtYyu+8=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeizqwWMF+4FpLJvtpl272Q27G6GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTDjTxnW/naXlldW19dJGeXNre2e3srff0jJVhDaJ5FJ1QqwpZ4I2DTOcdhJFcRxy2g5HVxO//USVZlLcmXFCgxgPBIsYwcZKPnnIru/zXsYe816l6tbcKdAi8QpShQKNXuWr25ckjakwhGOtfc9NTJBhZRjhNC93U00TTEZ4QH1LBY6pDrLpyTk6tkofRVLZEgZN1d8TGY61Hseh7YyxGep5byL+5/mpiS6CjIkkNVSQ2aIo5chINPkf9ZmixPCxJZgoZm9FZIgVJsamVLYhePMvL5LWac1za97tWbV+WcRRgkM4ghPw4BzqcAMNaAIBCc/wCm+OcV6cd+dj1rrkFDMH8AfO5w+LLZFp</latexit><latexit sha1_base64="gkrMr6RT1t4wi5SeRQUqbtYyu+8=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeizqwWMF+4FpLJvtpl272Q27G6GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTDjTxnW/naXlldW19dJGeXNre2e3srff0jJVhDaJ5FJ1QqwpZ4I2DTOcdhJFcRxy2g5HVxO//USVZlLcmXFCgxgPBIsYwcZKPnnIru/zXsYe816l6tbcKdAi8QpShQKNXuWr25ckjakwhGOtfc9NTJBhZRjhNC93U00TTEZ4QH1LBY6pDrLpyTk6tkofRVLZEgZN1d8TGY61Hseh7YyxGep5byL+5/mpiS6CjIkkNVSQ2aIo5chINPkf9ZmixPCxJZgoZm9FZIgVJsamVLYhePMvL5LWac1za97tWbV+WcRRgkM4ghPw4BzqcAMNaAIBCc/wCm+OcV6cd+dj1rrkFDMH8AfO5w+LLZFp</latexit><latexit sha1_base64="gkrMr6RT1t4wi5SeRQUqbtYyu+8=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeizqwWMF+4FpLJvtpl272Q27G6GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTDjTxnW/naXlldW19dJGeXNre2e3srff0jJVhDaJ5FJ1QqwpZ4I2DTOcdhJFcRxy2g5HVxO//USVZlLcmXFCgxgPBIsYwcZKPnnIru/zXsYe816l6tbcKdAi8QpShQKNXuWr25ckjakwhGOtfc9NTJBhZRjhNC93U00TTEZ4QH1LBY6pDrLpyTk6tkofRVLZEgZN1d8TGY61Hseh7YyxGep5byL+5/mpiS6CjIkkNVSQ2aIo5chINPkf9ZmixPCxJZgoZm9FZIgVJsamVLYhePMvL5LWac1za97tWbV+WcRRgkM4ghPw4BzqcAMNaAIBCc/wCm+OcV6cd+dj1rrkFDMH8AfO5w+LLZFp</latexit><latexit sha1_base64="gkrMr6RT1t4wi5SeRQUqbtYyu+8=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeizqwWMF+4FpLJvtpl272Q27G6GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTDjTxnW/naXlldW19dJGeXNre2e3srff0jJVhDaJ5FJ1QqwpZ4I2DTOcdhJFcRxy2g5HVxO//USVZlLcmXFCgxgPBIsYwcZKPnnIru/zXsYe816l6tbcKdAi8QpShQKNXuWr25ckjakwhGOtfc9NTJBhZRjhNC93U00TTEZ4QH1LBY6pDrLpyTk6tkofRVLZEgZN1d8TGY61Hseh7YyxGep5byL+5/mpiS6CjIkkNVSQ2aIo5chINPkf9ZmixPCxJZgoZm9FZIgVJsamVLYhePMvL5LWac1za97tWbV+WcRRgkM4ghPw4BzqcAMNaAIBCc/wCm+OcV6cd+dj1rrkFDMH8AfO5w+LLZFp</latexit>

cMZ
ij

<latexit sha1_base64="F7BWqHuZN8ioIZGzvFAluo8K6kI=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68SJUsB+YxrLZbtq1m92wuxFKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7LS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wdDXx209UaSbFnRknNIjxQLCIEWys5JOH7OY+72XsMe9Vqm7NnQItEq8gVSjQ6FW+un1J0pgKQzjW2vfcxAQZVoYRTvNyN9U0wWSEB9S3VOCY6iCbnpyjY6v0USSVLWHQVP09keFY63Ec2s4Ym6Ge9ybif56fmugiyJhIUkMFmS2KUo6MRJP/UZ8pSgwfW4KJYvZWRIZYYWJsSmUbgjf/8iJpndY8t+bdnlXrl0UcJTiEIzgBD86hDtfQgCYQkPAMr/DmGOfFeXc+Zq1LTjFzAH/gfP4AmRCRcg==</latexit><latexit sha1_base64="F7BWqHuZN8ioIZGzvFAluo8K6kI=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68SJUsB+YxrLZbtq1m92wuxFKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7LS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wdDXx209UaSbFnRknNIjxQLCIEWys5JOH7OY+72XsMe9Vqm7NnQItEq8gVSjQ6FW+un1J0pgKQzjW2vfcxAQZVoYRTvNyN9U0wWSEB9S3VOCY6iCbnpyjY6v0USSVLWHQVP09keFY63Ec2s4Ym6Ge9ybif56fmugiyJhIUkMFmS2KUo6MRJP/UZ8pSgwfW4KJYvZWRIZYYWJsSmUbgjf/8iJpndY8t+bdnlXrl0UcJTiEIzgBD86hDtfQgCYQkPAMr/DmGOfFeXc+Zq1LTjFzAH/gfP4AmRCRcg==</latexit><latexit sha1_base64="F7BWqHuZN8ioIZGzvFAluo8K6kI=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68SJUsB+YxrLZbtq1m92wuxFKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7LS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wdDXx209UaSbFnRknNIjxQLCIEWys5JOH7OY+72XsMe9Vqm7NnQItEq8gVSjQ6FW+un1J0pgKQzjW2vfcxAQZVoYRTvNyN9U0wWSEB9S3VOCY6iCbnpyjY6v0USSVLWHQVP09keFY63Ec2s4Ym6Ge9ybif56fmugiyJhIUkMFmS2KUo6MRJP/UZ8pSgwfW4KJYvZWRIZYYWJsSmUbgjf/8iJpndY8t+bdnlXrl0UcJTiEIzgBD86hDtfQgCYQkPAMr/DmGOfFeXc+Zq1LTjFzAH/gfP4AmRCRcg==</latexit><latexit sha1_base64="F7BWqHuZN8ioIZGzvFAluo8K6kI=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68SJUsB+YxrLZbtq1m92wuxFKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7LS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wdDXx209UaSbFnRknNIjxQLCIEWys5JOH7OY+72XsMe9Vqm7NnQItEq8gVSjQ6FW+un1J0pgKQzjW2vfcxAQZVoYRTvNyN9U0wWSEB9S3VOCY6iCbnpyjY6v0USSVLWHQVP09keFY63Ec2s4Ym6Ge9ybif56fmugiyJhIUkMFmS2KUo6MRJP/UZ8pSgwfW4KJYvZWRIZYYWJsSmUbgjf/8iJpndY8t+bdnlXrl0UcJTiEIzgBD86hDtfQgCYQkPAMr/DmGOfFeXc+Zq1LTjFzAH/gfP4AmRCRcg==</latexit><latexit sha1_base64="F7BWqHuZN8ioIZGzvFAluo8K6kI=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68SJUsB+YxrLZbtq1m92wuxFKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7LS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wdDXx209UaSbFnRknNIjxQLCIEWys5JOH7OY+72XsMe9Vqm7NnQItEq8gVSjQ6FW+un1J0pgKQzjW2vfcxAQZVoYRTvNyN9U0wWSEB9S3VOCY6iCbnpyjY6v0USSVLWHQVP09keFY63Ec2s4Ym6Ge9ybif56fmugiyJhIUkMFmS2KUo6MRJP/UZ8pSgwfW4KJYvZWRIZYYWJsSmUbgjf/8iJpndY8t+bdnlXrl0UcJTiEIzgBD86hDtfQgCYQkPAMr/DmGOfFeXc+Zq1LTjFzAH/gfP4AmRCRcg==</latexit>

hij = 2(cMZ
ij � cCZ

ij )
<latexit sha1_base64="p3o/gPG3yEd1SG4Rhd7ffCIsUKc=">AAACDHicbZDLSgMxFIbPeK31VnXpJliEurDMFEE3QrEbN0IFe8F2LJk008ZmLiQZoQzzAG58FTcuFHHrA7jzbUyns9DWHwJf/nMOyfmdkDOpTPPbWFhcWl5Zza3l1zc2t7YLO7tNGUSC0AYJeCDaDpaUM582FFOctkNBsedw2nJGtUm99UCFZIF/o8YhtT088JnLCFba6hWKw17M7hN0jiolchdf3Sbp/VhzLeMj3WWWzVRoHqwMipCp3it8dfsBiTzqK8KxlB3LDJUdY6EY4TTJdyNJQ0xGeEA7Gn3sUWnH6TIJOtROH7mB0MdXKHV/T8TYk3LsObrTw2ooZ2sT879aJ1LumR0zP4wU9cn0ITfiSAVokgzqM0GJ4mMNmAim/4rIEAtMlM4vr0OwZleeh2albJll6/qkWL3I4sjBPhxACSw4hSpcQh0aQOARnuEV3own48V4Nz6mrQtGNrMHf2R8/gDKzZrS</latexit><latexit sha1_base64="p3o/gPG3yEd1SG4Rhd7ffCIsUKc=">AAACDHicbZDLSgMxFIbPeK31VnXpJliEurDMFEE3QrEbN0IFe8F2LJk008ZmLiQZoQzzAG58FTcuFHHrA7jzbUyns9DWHwJf/nMOyfmdkDOpTPPbWFhcWl5Zza3l1zc2t7YLO7tNGUSC0AYJeCDaDpaUM582FFOctkNBsedw2nJGtUm99UCFZIF/o8YhtT088JnLCFba6hWKw17M7hN0jiolchdf3Sbp/VhzLeMj3WWWzVRoHqwMipCp3it8dfsBiTzqK8KxlB3LDJUdY6EY4TTJdyNJQ0xGeEA7Gn3sUWnH6TIJOtROH7mB0MdXKHV/T8TYk3LsObrTw2ooZ2sT879aJ1LumR0zP4wU9cn0ITfiSAVokgzqM0GJ4mMNmAim/4rIEAtMlM4vr0OwZleeh2albJll6/qkWL3I4sjBPhxACSw4hSpcQh0aQOARnuEV3own48V4Nz6mrQtGNrMHf2R8/gDKzZrS</latexit><latexit sha1_base64="p3o/gPG3yEd1SG4Rhd7ffCIsUKc=">AAACDHicbZDLSgMxFIbPeK31VnXpJliEurDMFEE3QrEbN0IFe8F2LJk008ZmLiQZoQzzAG58FTcuFHHrA7jzbUyns9DWHwJf/nMOyfmdkDOpTPPbWFhcWl5Zza3l1zc2t7YLO7tNGUSC0AYJeCDaDpaUM582FFOctkNBsedw2nJGtUm99UCFZIF/o8YhtT088JnLCFba6hWKw17M7hN0jiolchdf3Sbp/VhzLeMj3WWWzVRoHqwMipCp3it8dfsBiTzqK8KxlB3LDJUdY6EY4TTJdyNJQ0xGeEA7Gn3sUWnH6TIJOtROH7mB0MdXKHV/T8TYk3LsObrTw2ooZ2sT879aJ1LumR0zP4wU9cn0ITfiSAVokgzqM0GJ4mMNmAim/4rIEAtMlM4vr0OwZleeh2albJll6/qkWL3I4sjBPhxACSw4hSpcQh0aQOARnuEV3own48V4Nz6mrQtGNrMHf2R8/gDKzZrS</latexit><latexit sha1_base64="p3o/gPG3yEd1SG4Rhd7ffCIsUKc=">AAACDHicbZDLSgMxFIbPeK31VnXpJliEurDMFEE3QrEbN0IFe8F2LJk008ZmLiQZoQzzAG58FTcuFHHrA7jzbUyns9DWHwJf/nMOyfmdkDOpTPPbWFhcWl5Zza3l1zc2t7YLO7tNGUSC0AYJeCDaDpaUM582FFOctkNBsedw2nJGtUm99UCFZIF/o8YhtT088JnLCFba6hWKw17M7hN0jiolchdf3Sbp/VhzLeMj3WWWzVRoHqwMipCp3it8dfsBiTzqK8KxlB3LDJUdY6EY4TTJdyNJQ0xGeEA7Gn3sUWnH6TIJOtROH7mB0MdXKHV/T8TYk3LsObrTw2ooZ2sT879aJ1LumR0zP4wU9cn0ITfiSAVokgzqM0GJ4mMNmAim/4rIEAtMlM4vr0OwZleeh2albJll6/qkWL3I4sjBPhxACSw4hSpcQh0aQOARnuEV3own48V4Nz6mrQtGNrMHf2R8/gDKzZrS</latexit><latexit sha1_base64="p3o/gPG3yEd1SG4Rhd7ffCIsUKc=">AAACDHicbZDLSgMxFIbPeK31VnXpJliEurDMFEE3QrEbN0IFe8F2LJk008ZmLiQZoQzzAG58FTcuFHHrA7jzbUyns9DWHwJf/nMOyfmdkDOpTPPbWFhcWl5Zza3l1zc2t7YLO7tNGUSC0AYJeCDaDpaUM582FFOctkNBsedw2nJGtUm99UCFZIF/o8YhtT088JnLCFba6hWKw17M7hN0jiolchdf3Sbp/VhzLeMj3WWWzVRoHqwMipCp3it8dfsBiTzqK8KxlB3LDJUdY6EY4TTJdyNJQ0xGeEA7Gn3sUWnH6TIJOtROH7mB0MdXKHV/T8TYk3LsObrTw2ooZ2sT879aJ1LumR0zP4wU9cn0ITfiSAVokgzqM0GJ4mMNmAim/4rIEAtMlM4vr0OwZleeh2albJll6/qkWL3I4sjBPhxACSw4hSpcQh0aQOARnuEV3own48V4Nz6mrQtGNrMHf2R8/gDKzZrS</latexit>

Heritability index = amount 
of genetic contribution



Heritable brain regions

hij � 1
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Statistical significance?
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Betti-plots 

Chung et al. 2019 Network Neuroscience
Monotonicity:

http://pages.stat.wisc.edu/~mchung/papers/chung.2019.NN.pdf


Monotonicity of β0:  Deletion of edge increases 
the the number of connected components by at 
most 1. β0 increases by 0 or 1. 

β0 and β1 are monotone over graph filtration.

A B

CD



Monotonicity of β1:

Euler characteristic:

nodes   edges

0, +1

β0 and β1 are monotone over graph filtration.

fixed -1



Betti-plots on graph filtration

Correlation Correlation
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DZ
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Kolmogorov Smirnov (KS) distance

G1 = {G1
� : 0  �  1}

G2 = {G2
� : 0  �  1}

D satisfies all the axioms of metric except identity:

D(G1,G2) = 0 G1 = G2

P (D(G1,G2) = 0) = 0

D(G1,G2) = sup
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Inference on Betti-plots using KS-distance
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Null hypothesis:

Need to determine the probability of observed event
under the null hypothesis.

Under the null, generate every possible events 
(sample space) by permutations.

observed event

for all �
<latexit sha1_base64="KR7Mt/phY1Kx38Up6egdPk98AOk=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIpylo0EYnqBqiZ4JK1DDeCdVPFMA4E6wTju5nfeWJK80Q+mknK/BiHkkecorFSpy9sNMRBperW3DnIKvEKUoUCzUHlqx8mNIuZNFSg1j3PTY2fozKcCjYt9zPNUqRjHLKepRJjpv18vu6UnFslJFGi7JOGzNXfEznGWk/iwCZjNCO97M3E/7xeZqIbP+cyzQyTdPFRlAliEjK7nYRcMWrExBKkittdCR2hQmpsQ2Vbgrd88ipp12veZa3+cFVt3BZ1lOAUzuACPLiGBtxDE1pAYQzP8ApvTuq8OO/OxyK65hQzJ/AHzucPPhOPgQ==</latexit>



Permutation test on monotone features

1) Combine features
1, 3, 2, 4 

2)     Permutation 
3, 2, 4, 1

Observed data:         (1,3)                 (2,4) 

(0,0)

(2,2)



P (Dq � d) = 1� Aq,q�2q
q

�

Dq = sup
1jq

|�i(G
1
�j
)� �i(G

2
�j
)|

<latexit sha1_base64="lP+ky5FnTU8H/i/pDfbRmwzvQYA="></latexit><latexit sha1_base64="lP+ky5FnTU8H/i/pDfbRmwzvQYA="></latexit><latexit sha1_base64="lP+ky5FnTU8H/i/pDfbRmwzvQYA="></latexit><latexit sha1_base64="lP+ky5FnTU8H/i/pDfbRmwzvQYA="></latexit><latexit sha1_base64="lP+ky5FnTU8H/i/pDfbRmwzvQYA="></latexit>

Chung et al. 
2017 IPMI

Exact Topological Inference
Theorem

Permutations can 
be mapped one-
to-one to walks 
on the square grid. 

http://pages.stat.wisc.edu/~mchung/papers/chung.2017.IPMI.pdf
http://pages.stat.wisc.edu/~mchung/papers/chung.2017.IPMI.pdf


q = Number of edges

Run time



Permutation test impractical if sample size > 200

>> nchoosek(200,100)

Warning: Result may not be exact.
Coefficient is greater than
9.007199e+15 and is only accurate
to 15 digits

> In nchoosek (line 92) 
ans =

9.0549e+58



Asymptotic 
lim
q!1

P
⇣
Dq/

p
2q � d

⌘
= 2

1X

i=1

(�1)i�1e�2i2d2



Validation
via simulaiton



The purpose of (statistical) 
simulation is to generate 
synthetic data with the 
ground truth, where the 
performance of a method can 
be compared against existing 
methods. 



Network simulation 

xi ⇠ N(0, In) ! C = (cij) = (corr(xi,xj))
<latexit sha1_base64="x8/XG5DFje7tNV8Ddgw4NGfzly8="></latexit>

EC = In
<latexit sha1_base64="Eh007w3o6YL47r/C9385MmlQN+I=">AAAB+3icbVDLSsNAFL3xWeur1qWbwSK4KkkVdCMUi6C7CvYBbSiT6aQdOpmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzx4s4U9q2v62V1bX1jc3CVnF7Z3dvv3RQbqswloS2SMhD2fWwopwJ2tJMc9qNJMWBx2nHmzQyv/NIpWKheNDTiLoBHgnmM4K1kQalcj/Aeux5yU2KGugK3Q2MWLGr9gxomTg5qUCO5qD01R+GJA6o0IRjpXqOHWk3wVIzwmla7MeKRphM8Ij2DBU4oMpNZtlTdGKUIfJDaZ7QaKb+3khwoNQ08MxkllQtepn4n9eLtX/pJkxEsaaCzA/5MUc6RFkRaMgkJZpPDcFEMpMVkTGWmGhTV9GU4Cx+eZm0a1XnrFq7P6/Ur/M6CnAEx3AKDlxAHW6hCS0g8ATP8ApvVmq9WO/Wx3x0xcp3DuEPrM8faZiTYA==</latexit>

n x 1 data vector xi at node i. 

Network with k modules 





Matrix norm based distance

X 1 = (V,w1) X 2 = (V,w2)

D1(X 1,X 2) = max
8i,j

��w1
ij � w2

ij

��

Dl(X 1,X 2) =
⇣X

i,j

��w1
ij � w2

ij

��l
⌘1/l



Performance based on 100 simulations

Modularity

Permutation test ETI

False positives

False negatives



Performance based on 100 simulations



500

Performance based on 100 simulations

We need to come up with better
topology-aware network distances!



What next?



Coidentification of cycles over 
multiple networks

Lee et al. 2019 MICCAI

http://www.stat.wisc.edu/~mchung/papers/lee.2019.MICCAI.pdf


Thank you!
Question? mkchung@wisc.edu


