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Abstract

Topological data analysis, including persistent homology, has undergone 
significant development in recent years. However, one outstanding 
challenge is to build a coherent statistical inference procedure on 
persistent diagrams. The paired dependent data structure as birth and 
death in persistent diagrams adds additional complexity to developing a 
coherent statistical inference procedure. In this paper, we present a 
novel data representation that transforms persistent diagrams as lattice 
paths. A new exact statistical inference procedure is developed over 
the collection of lattice paths via combinatorial enumerations. The 
lattice path method is applied to the topological features of the protein 
structures of corona viruses. The proposed method demonstrates that 
there are topological changes during the conformation change of spike 
proteins that are need to infect host cells. The talk is based on 
arXiv:2105.00351.

https://www.google.com/url?q=https%3A%2F%2Farxiv.org%2Fpdf%2F2105.00351.pdf&sa=D&sntz=1&usg=AFQjCNHNB8qiQHQ00LlnQ9mB_l9XPACeLQ
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How COVID-19 virus attach to host cell?
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Covid-19 virus
Closed state

COVID-19 virus
Open state

Conformational changes of spike protein

Is there topological changes?



Chung and Ombao, 2021 arXiv:2105:00351
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Topological distance is not enough.
We need the probability of how close they are

Shape change of spike protein of COVID-19 virus

Topologically different:
p-value (probability of closeness) = 8 x 10-38

Matlab demo

https://arxiv.org/pdf/2105.00351.pdf


Fallacy of comparing averages

3 4  5Measurements: 2 3  4

Means: 3 4
Incorrect conclusion: 6VYB is larger

50% of time, your conclusion will be wrong!



Comparing averages is not good enough 

a=rand(100,1)   
b=rand(100,1)

count=0;
for i=1:10000

sa = randsample(a,5);
sb = randsample(b,5);
count = count + (mean(sa)<mean(sb));

end

count/10000

ans =
0.6116, 0.5340, 0.7103, 0.4858, 0.4261, 0.4295 …



Inference on average difference

Determine the probability 
distribution of the average difference



Topological inference

Topological inference is the 
process of using topological data 
analysis to infer properties of an 
underlying probability distribution 
of topological objects or features.



1) First persistent 
homology paper
in medical imaging

Chung et al., 2009
Information Processing 
in Medical Imaging 
(IPMI) 5636:386-397.

2) Smoothed PD
using the uniform 
kernel (counting 
measure)

http://www.stat.wisc.edu/~mchung/papers/IPMI.2009.pdf


Smoothing PD 
is biological 
nonsense!

Fusing signal
in different 
brain regions!



How we perform statistical analysis without
smoothing persistent diagrams?

PD on Rips filtrations



Birth-death process

<latexit sha1_base64="XWuqQg+hdSiLkwgkIOR/bqSbwCg=">AAACDXicbZDLSsNAFIYnXmu9RV26GaxCC6UkKuqy6MZlBXuBJoTJZNoOnUzSmYlQQl/Aja/ixoUibt27822ctFlo6w8DP985hzPn92NGpbKsb2NpeWV1bb2wUdzc2t7ZNff2WzJKBCZNHLFIdHwkCaOcNBVVjHRiQVDoM9L2hzdZvf1AhKQRv1fjmLgh6nPaoxgpjTzz2Elh2ffsKgw8u1KFDg4iJasZG2VsVIHOxDNLVs2aCi4aOzclkKvhmV9OEOEkJFxhhqTs2las3BQJRTEjk6KTSBIjPER90tWWo5BIN51eM4EnmgSwFwn9uIJT+nsiRaGU49DXnSFSAzlfy+B/tW6ielduSnmcKMLxbFEvYVBFMIsGBlQQrNhYG4QF1X+FeIAEwkoHWNQh2PMnL5rWac2+qJ3dnZfq13kcBXAIjkAZ2OAS1MEtaIAmwOARPINX8GY8GS/Gu/Exa10y8pkD8EfG5w9l2pii</latexit>

{(b1, d1), · · · , (bq, dq)}Persistent diagram

<latexit sha1_base64="DdXguCKA3BkvwIXkId6CJ5RvLGA=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAptJuSVFEXLopuXFawrdCGMJlM2qGTizMToYQ8gRtfxY0LRdy6dufbOEkjaOsPAx//OYcz53ciRoU0jC+ttLS8srpWXq9sbG5t7+i7ez0RxhyTLg5ZyG8dJAijAelKKhm5jThBvsNI35lcZvX+PeGChsGNnEbE8tEooB7FSCrL1mvYTupmI4XnMKNWTkPshlL8WHeN1NarRtPIBRfBLKAKCnVs/XPohjj2SSAxQ0IMTCOSVoK4pJiRtDKMBYkQnqARGSgMkE+EleTnpLCmHBd6IVcvkDB3f08kyBdi6juq00dyLOZrmflfbRBL78xKaBDFkgR4tsiLGZQhzLKBLuUESzZVgDCn6q8QjxFHWKoEKyoEc/7kRei1muZJ8+j6uNq+KOIogwNwCOrABKegDa5AB3QBBg/gCbyAV+1Re9betPdZa0krZvbBH2kf33FDmTk=</latexit>

c(1) < c(2) < · · · < c(2q)
<latexit sha1_base64="XH8ndGVGTEOlQmAZd/+YCc7RIBo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lU1GPRi8cK9gPaUDbbSbt0swm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHstHM07Qj+hA8pAzaqzUYr2sws8mvVLZrbozkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9m5E3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeONnXCapQcnmi8JUEBOT6e+kzxUyI8aWUKa4vZWwIVWUGZtQ0YbgLb68TJrnVe+qevFwWa7d5nEU4BhOoAIeXEMN7qEODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w/QA488</latexit>c(i) : one of birth or death value

<latexit sha1_base64="33NV6bBmuL00z8X7hu/o7CcDYtk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfkAbymY7aZduNnF3o5TQP+HFgyJe/Tve/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmIyrNY3lvRgn6Ee1LHnJGjZVaHYlUqfipWyq7FXcKski8nJQhR61b+ur0YpZGKA0TVOu25ybGz6gynAkcFzupxoSyIe1j21JJI9R+Nr13TI6t0iNhrGxJQ6bq74mMRlqPosB2RtQM9Lw3Ef/z2qkJr/yMyyQ1KNlsUZgKYmIyeZ70uEJmxMgSyhS3txI2oIoyYyMq2hC8+ZcXSeO04l1Uzu7Oy9XrPI4CHMIRnIAHl1CFW6hBHRgIeIZXeHMenBfn3fmYtS45+cwB/IHz+QNVW5As</latexit>

%
<latexit sha1_base64="ZxcghB4LD5p0YvTZdSD9ICAxIas=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfkAbymY7aZduNnF3o5TQP+HFgyJe/Tve/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmIyrNY3lvRgn6Ee1LHnJGjZVaHY1UqfipWyq7FXcKski8nJQhR61b+ur0YpZGKA0TVOu25ybGz6gynAkcFzupxoSyIe1j21JJI9R+Nr13TI6t0iNhrGxJQ6bq74mMRlqPosB2RtQM9Lw3Ef/z2qkJr/yMyyQ1KNlsUZgKYmIyeZ70uEJmxMgSyhS3txI2oIoyYyMq2hC8+ZcXSeO04l1Uzu7Oy9XrPI4CHMIRnIAHl1CFW6hBHRgIeIZXeHMenBfn3fmYtS45+cwB/IHz+QNdDZAx</latexit>

&

births

deaths



Dyck paths

bir
th
death

The path  starts at         and ends at             .
The path stays above the horizontal line.

<latexit sha1_base64="jONu+yAjLfBbUqzMgyTBrE8zumo=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBAiSNiNoh6DXjxGMA9I1jA7mSRDZh+Z6VXCkv/w4kERr/6LN//GSbIHTSxoKKq66e7yIik02va3tbS8srq2ntnIbm5t7+zm9vZrOowV41UWylA1PKq5FAGvokDJG5Hi1Pckr3uDm4lff+RKizC4x1HEXZ/2AtEVjKKRHgotPVSYlMZkeGqftHN5u2hPQRaJk5I8pKi0c1+tTshinwfIJNW66dgRuglVKJjk42wr1jyibEB7vGloQH2u3WR69ZgcG6VDuqEyFSCZqr8nEuprPfI90+lT7Ot5byL+5zVj7F65iQiiGHnAZou6sSQYkkkEpCMUZyhHhlCmhLmVsD5VlKEJKmtCcOZfXiS1UtG5KJ7dnefL12kcGTiEIyiAA5dQhluoQBUYKHiGV3iznqwX6936mLUuWenMAfyB9fkDG46RnA==</latexit>

(
p
2q, 0)

<latexit sha1_base64="vWqw03371lwkgbnYs5l94R5zjLc=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahgpRdFfVY9OKxgtsW2qVk02wbmk2WJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmlqmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4upv6rSeqNJPi0YwTGsR4IFjECDZW8qvumXvaK1fcmjsDWiZeTiqQo9Erf3X7kqQxFYZwrHXHcxMTZFgZRjidlLqppgkmIzygHUsFjqkOstmxE3RilT6KpLIlDJqpvycyHGs9jkPbGWMz1IveVPzP66QmugkyJpLUUEHmi6KUIyPR9HPUZ4oSw8eWYKKYvRWRIVaYGJtPyYbgLb68TJrnNe+qdvFwWanf5nEU4QiOoQoeXEMd7qEBPhBg8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwAXW42R</latexit>

(0, 0)

<latexit sha1_base64="SxNNcvmOUpVpahylB+u15Mq6ZyI=">AAACEHicbVDJSgNBEK2JW4zbqEcvjUGMIGEminoMevEYwSyQGUJPpydp0rOku0cIw3yCF3/FiwdFvHr05t/YWQ6a+KDg8V4VVfW8mDOpLOvbyC0tr6yu5dcLG5tb2zvm7l5DRokgtE4iHomWhyXlLKR1xRSnrVhQHHicNr3BzdhvPlAhWRTeq1FM3QD3QuYzgpWWOuZxyfEFJukwSx05FCqtZNnponTSMYtW2ZoALRJ7RoowQ61jfjndiCQBDRXhWMq2bcXKTbFQjHCaFZxE0hiTAe7RtqYhDqh008lDGTrSShf5kdAVKjRRf0+kOJByFHi6M8CqL+e9sfif106Uf+WmLIwTRUMyXeQnHKkIjdNBXSYoUXykCSaC6VsR6WOdhtIZFnQI9vzLi6RRKdsX5bO782L1ehZHHg7gEEpgwyVU4RZqUAcCj/AMr/BmPBkvxrvxMW3NGbOZffgD4/MHTzqeCA==</latexit>

(
qp
2
,
qp
2
)

<latexit sha1_base64="jONu+yAjLfBbUqzMgyTBrE8zumo=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBAiSNiNoh6DXjxGMA9I1jA7mSRDZh+Z6VXCkv/w4kERr/6LN//GSbIHTSxoKKq66e7yIik02va3tbS8srq2ntnIbm5t7+zm9vZrOowV41UWylA1PKq5FAGvokDJG5Hi1Pckr3uDm4lff+RKizC4x1HEXZ/2AtEVjKKRHgotPVSYlMZkeGqftHN5u2hPQRaJk5I8pKi0c1+tTshinwfIJNW66dgRuglVKJjk42wr1jyibEB7vGloQH2u3WR69ZgcG6VDuqEyFSCZqr8nEuprPfI90+lT7Ot5byL+5zVj7F65iQiiGHnAZou6sSQYkkkEpCMUZyhHhlCmhLmVsD5VlKEJKmtCcOZfXiS1UtG5KJ7dnefL12kcGTiEIyiAA5dQhluoQBUYKHiGV3iznqwX6936mLUuWenMAfyB9fkDG46RnA==</latexit>

(
p
2q, 0)

<latexit sha1_base64="vWqw03371lwkgbnYs5l94R5zjLc=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahgpRdFfVY9OKxgtsW2qVk02wbmk2WJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmlqmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4upv6rSeqNJPi0YwTGsR4IFjECDZW8qvumXvaK1fcmjsDWiZeTiqQo9Erf3X7kqQxFYZwrHXHcxMTZFgZRjidlLqppgkmIzygHUsFjqkOstmxE3RilT6KpLIlDJqpvycyHGs9jkPbGWMz1IveVPzP66QmugkyJpLUUEHmi6KUIyPR9HPUZ4oSw8eWYKKYvRWRIVaYGJtPyYbgLb68TJrnNe+qdvFwWanf5nEU4QiOoQoeXEMd7qEBPhBg8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwAXW42R</latexit>

(0, 0)



14 possible Dyck paths for q=4

bir
th

death

Total number of Dyck paths? 

Catalan number

<latexit sha1_base64="xr8j4kzWvjzJD57HJIHogcZFjks=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiCUJIq6kYounFZwT6gCWEynbRDJ5npzEQoIZ/gxl9x40IRty7d+TdOHwttPXDhcM693HtPKBhV2nG+rYXFpeWV1cJacX1jc2vb3tltKJ5KTOqYMy5bIVKE0YTUNdWMtIQkKA4ZaYb9m5HffCBSUZ7c66Egfoy6CY0oRtpIgX3k9ZEQKBDwCnqRRDhz82xw4uYwqwygh3ucKwIHeWCXnLIzBpwn7pSUwBS1wP7yOhynMUk0ZkiptusI7WdIaooZyYteqohAuI+6pG1ogmKi/Gz8UA4PjdKBEZemEg3H6u+JDMVKDePQdMZI99SsNxL/89qpji79jCYi1STBk0VRyqDmcJQO7FBJsGZDQxCW1NwKcQ+ZWLTJsGhCcGdfnieNStk9L5/enZWq19M4CmAfHIBj4IILUAW3oAbqAINH8AxewZv1ZL1Y79bHpHXBms7sgT+wPn8AQxOcHQ==</latexit>

p =
1

q + 1

✓
2q

q

◆



Area under Dyck path

bir
th

death

larger area = longer persistence
smaller area = shorter persistence



Area under Dyck path via box counting under lattice path

bir
th

death
<latexit sha1_base64="0il1d5SLHn5/QoVTCpjDQFMVioU="></latexit>

Area below Dyck path =
q2

2
� total area of boxes below lattice path



Every possible monotone lattice path for q=4

birth

death
Number of boxes form a monotone sequence



The height of boxes form a monotone sequence

0 0 0 0 0 0 0 3 0 1 2 2 0 1 2 3

Persistent diagrams

Topological learning, Topological inference



Limitation of Dyck and lattice paths

Encode the order of how births and deaths are paired.

Do not encode the actual filtration values. 



<latexit sha1_base64="QMikDiYT9HrXFCTt23AW6q0xv+k=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJUkJIUUY8FLx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dtbWNza3tgs7xd29/YPD0tFx0ySZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWO7mZ+64lrIxL1iOOUBzEdKBEJRtFKfsW9dC96pbJbdecgq8TLSRlyNHqlr24/YVnMFTJJjel4borBhGoUTPJpsZsZnlI2ogPesVTRmJtgMj92Ss6t0idRom0pJHP198SExsaM49B2xhSHZtmbif95nQyj22AiVJohV2yxKMokwYTMPid9oTlDObaEMi3srYQNqaYMbT5FG4K3/PIqadaq3nW19nBVrtfyOApwCmdQAQ9uoA730AAfGAh4hld4c5Tz4rw7H4vWNSefOYE/cD5/ABI5jYA=</latexit>

(0, 0) <latexit sha1_base64="sQD1/juTuZ92MOxJoqLLv/mGbA8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSRD0WvHisYD+gDWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mmmCfkRHkoecUWOlTjDIqt7lbFCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4d0YurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/9jMskNSjZclGYCmJiMv+dDLlCZsTUEsoUt7cSNqaKMmMTKtkQvNWX10m7XvOua/WHq0qjnsdRhDM4hyp4cAMNuIcmtIDBBJ7hFd6cxHlx3p2PZWvByWdO4Q+czx90B47y</latexit>

b(1)
<latexit sha1_base64="5I50NrRDN4svgw0aBJRFWJow4EU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSRD0WvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZv7nSeujYjVI04T7kd0pEQoGEUrdYJBVq1fzgbliltzFyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tzp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYnjrZ0IlKXLFlovCVBKMyfx3MhSaM5RTSyjTwt5K2JhqytAmVLIheKsvr5N2veZd1+oPV5VGPY+jCGdwDlXw4AYacA9NaAGDCTzDK7w5ifPivDsfy9aCk8+cwh84nz91jY7z</latexit>

b(2)
<latexit sha1_base64="453h8OKn2z3XR2imieDAwUPaSUA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mqqMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M72Z++4lrI2L1iJOE+xEdKhEKRtFK7aCfVS4vpv1S2a26c5BV4uWkDDka/dJXbxCzNOIKmaTGdD03QT+jGgWTfFrspYYnlI3pkHctVTTixs/m507JuVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz1M6GSFLlii0VhKgnGZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtoQvOWXV0mrVvWuq7WHq3K9lsdRgFM4gwp4cAN1uIcGNIHBGJ7hFd6cxHlx3p2PReuak8+cwB84nz93E470</latexit>

b(3)
<latexit sha1_base64="AR0m2vSqkGJPqoKnf0tvhCJdwNM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahHiy7RdRjwYvHCvZD2qVk02wbmmS3SVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4eNXWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRrczv/VElWaRfDCTmPoCDyQLGcHGSo9BLy2PL7zzaa9YcivuHGiVeBkpQYZ6r/jV7UckEVQawrHWHc+NjZ9iZRjhdFroJprGmIzwgHYslVhQ7afzg6fozCp9FEbKljRorv6eSLHQeiIC2ymwGeplbyb+53USE974KZNxYqgki0VhwpGJ0Ox71GeKEsMnlmCimL0VkSFWmBibUcGG4C2/vEqa1Yp3VaneX5Zq1SyOPJzAKZTBg2uowR3UoQEEBDzDK7w5ynlx3p2PRWvOyWaO4Q+czx+yg4+k</latexit>

b(q�1)

<latexit sha1_base64="Pp5d9lUO+UdOqdYQ5vfypMB+XMw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSRD0WvHisYFuhDWWz3bRLN5u4OxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrh4AaLoXiLRQo+UOiOY0CyTvB+Gbmd564NiJW9zhJuB/RoRKhYBSt1An6WfXxfNovV9yaOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfu6UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGa/k4HQnKGcWEKZFvZWwkZUU4Y2oZINwVt+eZW06zXvsla/u6g06nkcRTiBU6iCB1fQgFtoQgsYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwB1YePMg==</latexit>

b(q)

<latexit sha1_base64="DPLP5pqSHsJl0K+15qkdY+g/G4w=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSRD0WvHisYFuhDWWzmbZLN5u4uxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrh4BqFFxiy3Aj8CFRSKNAYCcY38z8zhMqzWN5byYJ+hEdSj7gjBordcJ+Vn08n/bLFbfmzkFWiZeTCuRo9stfvTBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7Wfzc6fkzCohGcTKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmsG1n3GZpAYlWywapIKYmMx+JyFXyIyYWEKZ4vZWwkZUUWZsQiUbgrf88ipp12veZa1+d1Fp1PM4inACp1AFD66gAbfQhBYwGMMzvMKbkzgvzrvzsWgtOPnMMfyB8/kD2JuPNA==</latexit>

d(q)

<latexit sha1_base64="HwntCITGeYGTeGTvTNRuWzHlHkU=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUg2W3iHosePFYwX5Iu5RsNtuGJtk1yQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgoQzbVz321lZXVvf2CxsFbd3dvf2SweHLR2nitAmiXmsOgHWlDNJm4YZTjuJolgEnLaD0c3Ubz9RpVks7804ob7AA8kiRrCx0kPYzyqP597ZpF8qu1V3BrRMvJyUIUejX/rqhTFJBZWGcKx113MT42dYGUY4nRR7qaYJJiM8oF1LJRZU+9ns4Ak6tUqIoljZkgbN1N8TGRZaj0VgOwU2Q73oTcX/vG5qoms/YzJJDZVkvihKOTIxmn6PQqYoMXxsCSaK2VsRGWKFibEZFW0I3uLLy6RVq3qX1drdRbley+MowDGcQAU8uII63EIDmkBAwDO8wpujnBfn3fmYt644+cwR/IHz+QO1m4+m</latexit>

d(q�1)

<latexit sha1_base64="uH2r9rsnxuRpzh1yki46A+i+r/8=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mqqMeCF48V7Ae0oWw223bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M72Z++4lrI2L1iJOE+xEdKjEQjKKV2mE/q1xeTPulslt15yCrxMtJGXI0+qWvXhizNOIKmaTGdD03QT+jGgWTfFrspYYnlI3pkHctVTTixs/m507JuVVCMoi1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNcXDrZ0IlKXLFFosGqSQYk9nvJBSaM5QTSyjTwt5K2IhqytAmVLQheMsvr5JWrepdV2sPV+V6LY+jAKdwBhXw4AbqcA8NaAKDMTzDK7w5ifPivDsfi9Y1J585gT9wPn8AeieO9g==</latexit>

d(3)

<latexit sha1_base64="De0s/koqTXIGWrmvaI6z2eC182Y=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkoSRD0WvHisYD+gDWWz2bRLdzdhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhSln2rjut1Pa2Nza3invVvb2Dw6PqscnHZ1kitA2SXiieiHWlDNJ24YZTnupoliEnHbDyd3c7z5RpVkiH800pYHAI8liRrCxUjca5nX/cjas1tyGuwBaJ15BalCgNax+DaKEZIJKQzjWuu+5qQlyrAwjnM4qg0zTFJMJHtG+pRILqoN8ce4MXVglQnGibEmDFurviRwLracitJ0Cm7Fe9ebif14/M/FtkDOZZoZKslwUZxyZBM1/RxFTlBg+tQQTxeytiIyxwsTYhCo2BG/15XXS8RvedcN/uKo1/SKOMpzBOdTBgxtowj20oA0EJvAMr/DmpM6L8+58LFtLTjFzCn/gfP4AeKGO9Q==</latexit>

d(2)
<latexit sha1_base64="Di5/12VnXvGR3XWCE8cq/uC4LrA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSRD0WvHisYD+gDWWzmbZLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mmmCfkRHkg85o8ZKnXCQVb3L2aBccWvuAmSdeDmpQI7moPzVD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4d0YurBKSYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpGd76GZdJalCy5aJhKoiJyfx3EnKFzIipJZQpbm8lbEwVZcYmVLIheKsvr5N2veZd1+oPV5VGPY+jCGdwDlXw4AYacA9NaAGDCTzDK7w5ifPivDsfy9aCk8+cwh84nz93G470</latexit>

d(1)

<latexit sha1_base64="4IPRmfh/lpDzJZ94xUEimjMO/UI=">AAAB+3icbZDLSsNAFIZP6q3WW6xLN4NFaEFKUkRdFt24rGAv0IYwmUzboZOLMxOxhLyKGxeKuPVF3Pk2TtsstPWHgY//nMM583sxZ1JZ1rdRWFvf2Nwqbpd2dvf2D8zDckdGiSC0TSIeiZ6HJeUspG3FFKe9WFAceJx2vcnNrN59pEKyKLxX05g6AR6FbMgIVtpyzXLVc9PqQy07Q/4Caq5ZserWXGgV7BwqkKvlml8DPyJJQENFOJayb1uxclIsFCOcZqVBImmMyQSPaF9jiAMqnXR+e4ZOteOjYST0CxWau78nUhxIOQ083RlgNZbLtZn5X62fqOGVk7IwThQNyWLRMOFIRWgWBPKZoETxqQZMBNO3IjLGAhOl4yrpEOzlL69Cp1G3L+qNu/NK8zqPowjHcAJVsOESmnALLWgDgSd4hld4MzLjxXg3PhatBSOfOYI/Mj5/AMUZkvs=</latexit>

(b(q), d(q))

Weighted lattice path

<latexit sha1_base64="b4R4zHGvxzrG24WIq1jofkjUGZ4=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0V7UUoePFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jVZW19Y3Ngtbxe2d3b390sFh06hUU9agSijdDolhgkvWsNwK1k40I3EoWCsc3U791hPThiv5YMcJC2IykDzilFgnNfGw5994vVLZq3gz4GXi56QMOeq90le3r2gaM2mpIMZ0fC+xQUa05VSwSbGbGpYQOiID1nFUkpiZIJtdO8GnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo2qQcZmklkk6XxSlAluFp6/jPteMWjF2hFDN3a2YDokm1LqAii4Ef/HlZdI8r/hXlYv7y3KtmsdRgGM4gTPw4RpqcAd1aACFR3iGV3hDCr2gd/Qxb11B+cwR/AH6/AE6OI45</latexit>

h1 = 0
<latexit sha1_base64="t57GW+gE3gP+c+UDXyfZBKzJwtQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqaI8FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5hKJRY1StuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwqafMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOuk26t5N/erhutZqFnGU4QzO4RI8uIUW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QNKNo25</latexit>

h2
<latexit sha1_base64="Zn3wo2OU2JlVoBN5+EantSc2KlI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0msaI8FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5hKJRY1StuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwqafMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b2beuPhutZqFnGU4QzO4RI8uIUW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QNLuo26</latexit>

h3

<latexit sha1_base64="15neD2Um3JhvD8nP86qg2DSmrlE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeCF48V7Ae0oWy2m2bp7ibuboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wuc397hNVmsXywUwT6gs8lixkBJtcQtHwcVituXV3DrRKvILUoEBrWP0ajGKSCioN4Vjrvucmxs+wMoxwOqsMUk0TTCZ4TPuWSiyo9rP5rTN0ZpURCmNlSxo0V39PZFhoPRWB7RTYRHrZy8X/vH5qwoafMZmkhkqyWBSmHJkY5Y+jEVOUGD61BBPF7K2IRFhhYmw8FRuCt/zyKulc1L3r+uX9Va3ZKOIowwmcwjl4cANNuIMWtIFABM/wCm+OcF6cd+dj0Vpyiplj+APn8wepso34</latexit>

hq



<latexit sha1_base64="IlCCwcleUUE6ldR28GjGOMre4YM=">AAACEHicbZDLSsNAFIYnXmu9RV26GSyiq5JUUXFVdOOygr1AE8JkMmmGTjLpzEQooY/gxldx40IRty7d+TZO2wja+sPAx3/O4cz5/ZRRqSzry1hYXFpeWS2tldc3Nre2zZ3dluSZwKSJOeOi4yNJGE1IU1HFSCcVBMU+I22/fz2ut++JkJQnd2qYEjdGvYSGFCOlLc88ii5h5NnQYWSgoTYF6OCAK/nj5oORZ1asqjURnAe7gAoo1PDMTyfgOItJojBDUnZtK1VujoSimJFR2ckkSRHuox7pakxQTKSbTw4awUPtBDDkQr9EwYn7eyJHsZTD2NedMVKRnK2Nzf9q3UyFF25OkzRTJMHTRWHGoOJwnA4MqCBYsaEGhAXVf4U4QgJhpTMs6xDs2ZPnoVWr2mfVk9vTSv2qiKME9sEBOAY2OAd1cAMaoAkweABP4AW8Go/Gs/FmvE9bF4xiZg/8kfHxDewcm08=</latexit>

h : h1  h2  · · ·  hq

Areas below weighted lattice path

<latexit sha1_base64="WYKS2MhThUHao+qGCYGePn2tiR0=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tDoNgFe5U1MIiYGMZwXxAcoS9vUmyZm/32N0TwpH/YGOhiK3/x85/4ya5QhMfDDzem2FmXphwpo3nfTuFldW19Y3iZmlre2d3r7x/0NQyVRQbVHKp2iHRyJnAhmGGYztRSOKQYysc3U791hMqzaR4MOMEg5gMBOszSoyVmt0IuSG9csWrejO4y8TPSQVy1Hvlr24kaRqjMJQTrTu+l5ggI8owynFS6qYaE0JHZIAdSwWJUQfZ7NqJe2KVyO1LZUsYd6b+nshIrPU4Dm1nTMxQL3pT8T+vk5r+dZAxkaQGBZ0v6qfcNdKdvu5GTCE1fGwJoYrZW106JIpQYwMq2RD8xZeXSfOs6l9Wz+8vKrWbPI4iHMExnIIPV1CDO6hDAyg8wjO8wpsjnRfn3fmYtxacfOYQ/sD5/AGSWo8e</latexit>

�

<latexit sha1_base64="VoDxwB52ejPogGK+KRnieczne5o=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6iqIVFwMYygvmA5Ah7e3vJkr29Y3dOCCE/wsZCEVt/j53/xk1yhSY+GHi8N8PMvCCVwqDrfjuFtfWNza3idmlnd2//oHx41DJJphlvskQmuhNQw6VQvIkCJe+kmtM4kLwdjO5mfvuJayMS9YjjlPsxHSgRCUbRSu1aL+QSab9ccavuHGSVeDmpQI5Gv/zVCxOWxVwhk9SYruem6E+oRsEkn5Z6meEpZSM64F1LFY258Sfzc6fkzCohiRJtSyGZq78nJjQ2ZhwHtjOmODTL3kz8z+tmGN34E6HSDLlii0VRJgkmZPY7CYXmDOXYEsq0sLcSNqSaMrQJlWwI3vLLq6RVq3pX1YuHy0r9No+jCCdwCufgwTXU4R4a0AQGI3iGV3hzUufFeXc+Fq0FJ585hj9wPn8ABEuPWg==</latexit>

2�
<latexit sha1_base64="WYKS2MhThUHao+qGCYGePn2tiR0=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tDoNgFe5U1MIiYGMZwXxAcoS9vUmyZm/32N0TwpH/YGOhiK3/x85/4ya5QhMfDDzem2FmXphwpo3nfTuFldW19Y3iZmlre2d3r7x/0NQyVRQbVHKp2iHRyJnAhmGGYztRSOKQYysc3U791hMqzaR4MOMEg5gMBOszSoyVmt0IuSG9csWrejO4y8TPSQVy1Hvlr24kaRqjMJQTrTu+l5ggI8owynFS6qYaE0JHZIAdSwWJUQfZ7NqJe2KVyO1LZUsYd6b+nshIrPU4Dm1nTMxQL3pT8T+vk5r+dZAxkaQGBZ0v6qfcNdKdvu5GTCE1fGwJoYrZW106JIpQYwMq2RD8xZeXSfOs6l9Wz+8vKrWbPI4iHMExnIIPV1CDO6hDAyg8wjO8wpsjnRfn3fmYtxacfOYQ/sD5/AGSWo8e</latexit>

�

<latexit sha1_base64="EWw+WWwW9MMaVitx3gKcD57OGaE=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXKVCUFAUIMFSyMRaIPqY0ix3Eaq84D20Gqou4s/AoLAwix8gNs/A1OmgFajmTdo3Pu1fU9TsyokIbxrZWWlldW18rrlY3Nre0dfXevK6KEY9LBEYt430GCMBqSjqSSkX7MCQocRnrO+Drzew+ECxqFd3ISEytAo5B6FCOpJFuv+vUL6NtmHV6q0swKHGI3kiIX0vtp3dZrRsPIAReJWZAaKNC29a+hG+EkIKHEDAkxMI1YWinikmJGppVhIkiM8BiNyEDREAVEWGl+yxQeKsWFXsTVCyXM1d8TKQqEmASO6gyQ9MW8l4n/eYNEeudWSsM4kSTEs0VewqCMYBYMdCknWLKJIghzqv4KsY84wlLFV1EhmPMnL5Jus2GeNo5vT2qtqyKOMjgAVXAETHAGWuAGtEEHYPAInsEreNOetBftXfuYtZa0YmYf/IH2+QN7RZeT</latexit>

h0 : h0
1 < h0

2 < · · · < h0
q



<latexit sha1_base64="sRv4+guEv6wEjuDdr0oeoORZ8a8=">AAAB9XicbVDLTsMwEFzzLOVV4MjFokJwqhJAwLGCC8ci0YfUhspxndaq4wTbAVVR/oMLBxDiyr9w429w2xygZaSVRjO72t3xY8G1cZxvtLC4tLyyWlgrrm9sbm2XdnYbOkoUZXUaiUi1fKKZ4JLVDTeCtWLFSOgL1vSH12O/+ciU5pG8M6OYeSHpSx5wSoyV7juBIjQddN2jLH3IuqWyU3EmwPPEzUkZctS6pa9OL6JJyKShgmjddp3YeClRhlPBsmIn0SwmdEj6rG2pJCHTXjq5OsOHVunhIFK2pMET9fdESkKtR6FvO0NiBnrWG4v/ee3EBJdeymWcGCbpdFGQCGwiPI4A97hi1IiRJYQqbm/FdEBsEMYGVbQhuLMvz5PGScU9r5zenpWrV3kcBdiHAzgGFy6gCjdQgzpQUPAMr/CGntALekcf09YFlM/swR+gzx+Ak5KG</latexit>

h0
1

q

<latexit sha1_base64="YzzXFz6FtvYbCVLt5Lnx4vaqVzs=">AAAB9XicbVBNS8NAEJ3Ur1q/oh69LBbRU0mqaI8FLx4r2A9oY9lsN+3SzSbubpQS8j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8P+ZMacf5tgorq2vrG8XN0tb2zu6evX/QUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vp767UcqFYvEnZ7E1AvxULCAEayNdN8LJCbpqF89zdKHrG+XnYozA1ombk7KkKPRt796g4gkIRWacKxU13Vi7aVYakY4zUq9RNEYkzEe0q6hAodUeens6gydGGWAgkiaEhrN1N8TKQ6VmoS+6QyxHqlFbyr+53UTHdS8lIk40VSQ+aIg4UhHaBoBGjBJieYTQzCRzNyKyAibILQJqmRCcBdfXiatasW9rJzfXpTrtTyOIhzBMZyBC1dQhxtoQBMISHiGV3iznqwX6936mLcWrHzmEP7A+vwBfxqSfQ==</latexit>

h0
2

q

<latexit sha1_base64="sj3ywkn0c2qgvcYzS/ikPEidBXo=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLRmL0RFoxypHEi0dMLJBAJdtlCxu227q71ZCm/8OLB43x6n/x5r9xgR4UfMkkL+/NZGaeH3OmtG1/W4WV1bX1jeJmaWt7Z3evvH/QUlEiCXVJxCPZ8bGinAnqaqY57cSS4tDntO2Pr6d++5FKxSJxpycx9UI8FCxgBGsj3fcCiUk66tdOs/Qh65crdtWeAS0TJycVyNHsl796g4gkIRWacKxU17Fj7aVYakY4zUq9RNEYkzEe0q6hAodUeens6gydGGWAgkiaEhrN1N8TKQ6VmoS+6QyxHqlFbyr+53UTHdS9lIk40VSQ+aIg4UhHaBoBGjBJieYTQzCRzNyKyAibILQJqmRCcBZfXiat86pzWa3dXlQa9TyOIhzBMZyBA1fQgBtoggsEJDzDK7xZT9aL9W59zFsLVj5zCH9gff4AgKOSfg==</latexit>

h0
3

q

<latexit sha1_base64="E9tA0oPY+Hwq0NaG6vbLRdxq55o=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLRmL0RFo1ypHEi0dMLJBAJdtlCxu227K71ZCm/8OLB43x6n/x5r9xgR4UfMkkL+/NZGaeH3OmtG1/W4WV1bX1jeJmaWt7Z3evvH/QVFEiCXVJxCPZ9rGinAnqaqY5bceS4tDntOWPbqZ+65FKxSJxrycx9UI8ECxgBGsjPXQDiUk67I1Ps3Sc9coVu2rPgJaJk5MK5Gj0yl/dfkSSkApNOFaq49ix9lIsNSOcZqVuomiMyQgPaMdQgUOqvHR2dYZOjNJHQSRNCY1m6u+JFIdKTULfdIZYD9WiNxX/8zqJDmpeykScaCrIfFGQcKQjNI0A9ZmkRPOJIZhIZm5FZIhNENoEVTIhOIsvL5PmedW5ql7cXVbqtTyOIhzBMZyBA9dQh1togAsEJDzDK7xZT9aL9W59zFsLVj5zCH9gff4A39GSvA==</latexit>

h0
q

q

<latexit sha1_base64="1YJi+Uj8mSUYDTOumtA527c9EVQ=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0X0YklUtMeCF48V7Ae0oWy2m3bpZpPubsQS8le8eFDEq3/Em//GbZuDtj4YeLw3w8w8P+ZMacf5tlZW19Y3Ngtbxe2d3b19+6DUVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/up36rUcqFYvEg57E1AvxQLCAEayN1LNL3UBikg576fjczU6zdJz17LJTcWZAy8TNSRly1Hv2V7cfkSSkQhOOleq4Tqy9FEvNCKdZsZsoGmMywgPaMVTgkCovnd2eoROj9FEQSVNCo5n6eyLFoVKT0DedIdZDtehNxf+8TqKDqpcyESeaCjJfFCQc6QhNg0B9JinRfGIIJpKZWxEZYhOGNnEVTQju4svLpHlRca8rl/dX5Vo1j6MAR3AMZ+DCDdTgDurQAAJP8Ayv8GZl1ov1bn3MW1esfOYQ/sD6/AEJ25Rr</latexit>

h0
q�1

q

<latexit sha1_base64="Qera+x/rDcVKVw0ARTX1aMZK0lM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomK9ljw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVj1My6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4p3U7lqXJdr1TyOApzCGVyAB7dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBejeMsw==</latexit>

1<latexit sha1_base64="wUUOIodLKJT+rJZX4kE1FfflhWc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomK9ljw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVj1My6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4p3U7lqXJdr1TyOApzCGVyAB7dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBeLOMsg==</latexit>

0

<latexit sha1_base64="Qera+x/rDcVKVw0ARTX1aMZK0lM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomK9ljw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVj1My6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4p3U7lqXJdr1TyOApzCGVyAB7dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBejeMsw==</latexit>

1
<latexit sha1_base64="wUUOIodLKJT+rJZX4kE1FfflhWc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomK9ljw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVj1My6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4p3U7lqXJdr1TyOApzCGVyAB7dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBeLOMsg==</latexit>

0

<latexit sha1_base64="dXgDPu2a5wxGShIBcdcULU1kFI0=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRKEcSLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpias+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrUrZuylfNa5LtWoWRx7O4BwuwYNbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AHu7jLQ=</latexit>

2

<latexit sha1_base64="WWlLBUdQDJRKzAKGk2L2MAa2Tro=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVKEcSLx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCas+BMuk9SgZItFYSqIicnsa9LnCpkRY0soU9zeStiQKsqMzaZgQ/CWX14lzYuyd12+rF+VqpUsjjycwCmcgwc3UIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+ANs3jPM=</latexit>q
<latexit sha1_base64="PxUTd9Fg5TTKpvGl4OQhDtS18Ts=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbCrojkGvHiMaB6QhDA76U2GzM6uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqjm6nffEKleSQfzDjGbkgHkgecUWOl+8czr1csuWV3BrJMvIyUIEOtV/zq9COWhCgNE1TrtufGpptSZTgTOCl0Eo0xZSM6wLalkoaou+ns1Ak5sUqfBJGyJQ2Zqb8nUhpqPQ592xlSM9SL3lT8z2snJqh0Uy7jxKBk80VBIoiJyPRv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaN87J3Vb64uyxVK1kceTiCYzgFD66hCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBtJeNZQ==</latexit>

q � 1

Empirical distribution like step function
<latexit sha1_base64="w+Xxq4WcMK0hep7cV9MGsbwy/2Q="></latexit>
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Lattice path and normalized step function



Test statistic
<latexit sha1_base64="N1jIbEtBBP1rCIPyURC8uH8FuWU="></latexit>
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Test statistic
<latexit sha1_base64="N1jIbEtBBP1rCIPyURC8uH8FuWU="></latexit>
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<latexit sha1_base64="U1Oq7UVGfg4rW4Nbr2ZK6bu1Dx0="></latexit>Z 1
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Upper bound of area difference



<latexit sha1_base64="Ao71gWRflQB6VLnC3NeTqC2mCgw="></latexit>

C1 : c11 < c12 < · · · < c1q1 , C2 : c21 < c22 < · · · < c2q2

Birth-death processes

<latexit sha1_base64="dLeZYRRrs8CFE8PHiv73/hqsqeI=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqszUoiIIxW66rGAf0E5LJs20oZnMkGSUMvQ/3LhQxK3/4s6/MW1noa0H7uVwzr3k5ngRZ0rb9reVWVvf2NzKbud2dvf2D/KHR00VxpLQBgl5KNseVpQzQRuaaU7bkaQ48DhteePqzG89UqlYKB70JKJugIeC+YxgbaRerW/foGrPQbeml/r5gl2050CrxElJAVLU+/mv7iAkcUCFJhwr1XHsSLsJlpoRTqe5bqxohMkYD2nHUIEDqtxkfvUUnRllgPxQmhIazdXfGwkOlJoEnpkMsB6pZW8m/ud1Yu1fuwkTUaypIIuH/JgjHaJZBGjAJCWaTwzBRDJzKyIjLDHRJqicCcFZ/vIqaZaKzmXx4r5cqNylcWThBE7hHBy4ggrUoA4NICDhGV7hzXqyXqx362MxmrHSnWP4A+vzBzOSkGE=</latexit>

H0 : C1 = C
2Null hypothesis:

Under null, we can interchange C1 and C2.

Combine C1 and C2:
<latexit sha1_base64="K3VmiERFHc8e/59CB4Rj67fGcOM=">AAACKHicbVDLSsNAFJ3UV62vqEs3g0VwVZIo6kKw6MZlBfuANg2TybQdOnk4MxFKyOe48VfciCjSrV/iJA2irQeGezjnXu7c40aMCmkYU620tLyyulZer2xsbm3v6Lt7LRHGHJMmDlnIOy4ShNGANCWVjHQiTpDvMtJ2xzeZ334kXNAwuJeTiNg+GgZ0QDGSSnL0K+yYfRNewqxaebV+aqb3sBdKAXMleXDMtOhW3Er7lqNXjZqRAy4SsyBVUKDh6G89L8SxTwKJGRKiaxqRtBPEJcWMpJVeLEiE8BgNSVfRAPlE2El+aAqPlOLBQcjVCyTM1d8TCfKFmPiu6vSRHIl5LxP/87qxHFzYCQ2iWJIAzxYNYgZlCLPUoEc5wZJNFEGYU/VXiEeIIyxVthUVgjl/8iJpWTXzrHZyd1qtXxdxlMEBOATHwATnoA5uQQM0AQZP4AW8gw/tWXvVPrXprLWkFTP74A+0r29AzaFM</latexit>

c11 < c21 < c22 < c12 < · · · < c1q1 < c2q2

<latexit sha1_base64="k4KZWNS2SKybPhxk2ggOMclUJ7c=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1DJgY2ERwXxAcoS9zV6yZO/22J1TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aBqVasYbTEml2wE1XIqYN1Cg5O1EcxoFkreC0c3Ubz1ybYSKH3CccD+ig1iEglG0UqerxWCIVGv11CtX3Ko7A1kmXk4qkKPeK391+4qlEY+RSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMfSmEbc+Nns5Ak5sUqfhErbipHM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JuIkRR6z+aIwlQQVmf5P+kJzhnJsCWVa2FsJG1JNGdqUSjYEb/HlZdI8q3qX1fP7i0rtLo+jCEdwDKfgwRXU4Bbq0AAGCp7hFd4cdF6cd+dj3lpw8plD+APn8wfIWZGf</latexit>!
<latexit sha1_base64="wZdnlP7EGfS/JXhfwn8cvkJZdh0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rjw4sFDBPOAZAmzk9lkyOzMOg8lLPkJLx4U8ervePNvnCR70MSChqKqm+6uKOVMG9//9paWV1bX1gsbxc2t7Z3d0t5+Q0urCK0TyaVqRVhTzgStG2Y4baWK4iTitBkNryd+85EqzaS4N6OUhgnuCxYzgo2TWh2bYqXkU7dU9iv+FGiRBDkpQ45at/TV6UliEyoM4VjrduCnJsywMoxwOi52rKYpJkPcp21HBU6oDrPpvWN07JQeiqVyJQyaqr8nMpxoPUoi15lgM9Dz3kT8z2tbE1+FGROpNVSQ2aLYcmQkmjyPekxRYvjIEUwUc7ciMsAKE+MiKroQgvmXF0njtBJcVM7uzsvV2zyOAhzCEZxAAJdQhRuoQR0IcHiGV3jzHrwX7937mLUuefnMAfyB9/kDdAaQSA==</latexit>

" <latexit sha1_base64="k4KZWNS2SKybPhxk2ggOMclUJ7c=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1DJgY2ERwXxAcoS9zV6yZO/22J1TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aBqVasYbTEml2wE1XIqYN1Cg5O1EcxoFkreC0c3Ubz1ybYSKH3CccD+ig1iEglG0UqerxWCIVGv11CtX3Ko7A1kmXk4qkKPeK391+4qlEY+RSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMfSmEbc+Nns5Ak5sUqfhErbipHM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JuIkRR6z+aIwlQQVmf5P+kJzhnJsCWVa2FsJG1JNGdqUSjYEb/HlZdI8q3qX1fP7i0rtLo+jCEdwDKfgwRXU4Bbq0AAGCp7hFd4cdF6cd+dj3lpw8plD+APn8wfIWZGf</latexit>!<latexit sha1_base64="wZdnlP7EGfS/JXhfwn8cvkJZdh0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rjw4sFDBPOAZAmzk9lkyOzMOg8lLPkJLx4U8ervePNvnCR70MSChqKqm+6uKOVMG9//9paWV1bX1gsbxc2t7Z3d0t5+Q0urCK0TyaVqRVhTzgStG2Y4baWK4iTitBkNryd+85EqzaS4N6OUhgnuCxYzgo2TWh2bYqXkU7dU9iv+FGiRBDkpQ45at/TV6UliEyoM4VjrduCnJsywMoxwOi52rKYpJkPcp21HBU6oDrPpvWN07JQeiqVyJQyaqr8nMpxoPUoi15lgM9Dz3kT8z2tbE1+FGROpNVSQ2aLYcmQkmjyPekxRYvjIEUwUc7ciMsAKE+MiKroQgvmXF0njtBJcVM7uzsvV2zyOAhzCEZxAAJdQhRuoQR0IcHiGV3jzHrwX7937mLUuefnMAfyB9/kDdAaQSA==</latexit>

"
<latexit sha1_base64="k4KZWNS2SKybPhxk2ggOMclUJ7c=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1DJgY2ERwXxAcoS9zV6yZO/22J1TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aBqVasYbTEml2wE1XIqYN1Cg5O1EcxoFkreC0c3Ubz1ybYSKH3CccD+ig1iEglG0UqerxWCIVGv11CtX3Ko7A1kmXk4qkKPeK391+4qlEY+RSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMfSmEbc+Nns5Ak5sUqfhErbipHM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JuIkRR6z+aIwlQQVmf5P+kJzhnJsCWVa2FsJG1JNGdqUSjYEb/HlZdI8q3qX1fP7i0rtLo+jCEdwDKfgwRXU4Bbq0AAGCp7hFd4cdF6cd+dj3lpw8plD+APn8wfIWZGf</latexit>!

<latexit sha1_base64="wZdnlP7EGfS/JXhfwn8cvkJZdh0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rjw4sFDBPOAZAmzk9lkyOzMOg8lLPkJLx4U8ervePNvnCR70MSChqKqm+6uKOVMG9//9paWV1bX1gsbxc2t7Z3d0t5+Q0urCK0TyaVqRVhTzgStG2Y4baWK4iTitBkNryd+85EqzaS4N6OUhgnuCxYzgo2TWh2bYqXkU7dU9iv+FGiRBDkpQ45at/TV6UliEyoM4VjrduCnJsywMoxwOi52rKYpJkPcp21HBU6oDrPpvWN07JQeiqVyJQyaqr8nMpxoPUoi15lgM9Dz3kT8z2tbE1+FGROpNVSQ2aLYcmQkmjyPekxRYvjIEUwUc7ciMsAKE+MiKroQgvmXF0njtBJcVM7uzsvV2zyOAhzCEZxAAJdQhRuoQR0IcHiGV3jzHrwX7937mLUuefnMAfyB9/kDdAaQSA==</latexit>

"



<latexit sha1_base64="Ao71gWRflQB6VLnC3NeTqC2mCgw="></latexit>

C1 : c11 < c12 < · · · < c1q1 , C2 : c21 < c22 < · · · < c2q2

Birth-death processes

<latexit sha1_base64="dLeZYRRrs8CFE8PHiv73/hqsqeI=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqszUoiIIxW66rGAf0E5LJs20oZnMkGSUMvQ/3LhQxK3/4s6/MW1noa0H7uVwzr3k5ngRZ0rb9reVWVvf2NzKbud2dvf2D/KHR00VxpLQBgl5KNseVpQzQRuaaU7bkaQ48DhteePqzG89UqlYKB70JKJugIeC+YxgbaRerW/foGrPQbeml/r5gl2050CrxElJAVLU+/mv7iAkcUCFJhwr1XHsSLsJlpoRTqe5bqxohMkYD2nHUIEDqtxkfvUUnRllgPxQmhIazdXfGwkOlJoEnpkMsB6pZW8m/ud1Yu1fuwkTUaypIIuH/JgjHaJZBGjAJCWaTwzBRDJzKyIjLDHRJqicCcFZ/vIqaZaKzmXx4r5cqNylcWThBE7hHBy4ggrUoA4NICDhGV7hzXqyXqx362MxmrHSnWP4A+vzBzOSkGE=</latexit>

H0 : C1 = C
2Null hypothesis:

Under null, we can interchange C1 and C2.

Combine C1 and C2:
<latexit sha1_base64="K3VmiERFHc8e/59CB4Rj67fGcOM=">AAACKHicbVDLSsNAFJ3UV62vqEs3g0VwVZIo6kKw6MZlBfuANg2TybQdOnk4MxFKyOe48VfciCjSrV/iJA2irQeGezjnXu7c40aMCmkYU620tLyyulZer2xsbm3v6Lt7LRHGHJMmDlnIOy4ShNGANCWVjHQiTpDvMtJ2xzeZ334kXNAwuJeTiNg+GgZ0QDGSSnL0K+yYfRNewqxaebV+aqb3sBdKAXMleXDMtOhW3Er7lqNXjZqRAy4SsyBVUKDh6G89L8SxTwKJGRKiaxqRtBPEJcWMpJVeLEiE8BgNSVfRAPlE2El+aAqPlOLBQcjVCyTM1d8TCfKFmPiu6vSRHIl5LxP/87qxHFzYCQ2iWJIAzxYNYgZlCLPUoEc5wZJNFEGYU/VXiEeIIyxVthUVgjl/8iJpWTXzrHZyd1qtXxdxlMEBOATHwATnoA5uQQM0AQZP4AW8gw/tWXvVPrXprLWkFTP74A+0r29AzaFM</latexit>

c11 < c21 < c22 < c12 < · · · < c1q1 < c2q2

<latexit sha1_base64="k4KZWNS2SKybPhxk2ggOMclUJ7c=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1DJgY2ERwXxAcoS9zV6yZO/22J1TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aBqVasYbTEml2wE1XIqYN1Cg5O1EcxoFkreC0c3Ubz1ybYSKH3CccD+ig1iEglG0UqerxWCIVGv11CtX3Ko7A1kmXk4qkKPeK391+4qlEY+RSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMfSmEbc+Nns5Ak5sUqfhErbipHM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JuIkRR6z+aIwlQQVmf5P+kJzhnJsCWVa2FsJG1JNGdqUSjYEb/HlZdI8q3qX1fP7i0rtLo+jCEdwDKfgwRXU4Bbq0AAGCp7hFd4cdF6cd+dj3lpw8plD+APn8wfIWZGf</latexit>!
<latexit sha1_base64="wZdnlP7EGfS/JXhfwn8cvkJZdh0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rjw4sFDBPOAZAmzk9lkyOzMOg8lLPkJLx4U8ervePNvnCR70MSChqKqm+6uKOVMG9//9paWV1bX1gsbxc2t7Z3d0t5+Q0urCK0TyaVqRVhTzgStG2Y4baWK4iTitBkNryd+85EqzaS4N6OUhgnuCxYzgo2TWh2bYqXkU7dU9iv+FGiRBDkpQ45at/TV6UliEyoM4VjrduCnJsywMoxwOi52rKYpJkPcp21HBU6oDrPpvWN07JQeiqVyJQyaqr8nMpxoPUoi15lgM9Dz3kT8z2tbE1+FGROpNVSQ2aLYcmQkmjyPekxRYvjIEUwUc7ciMsAKE+MiKroQgvmXF0njtBJcVM7uzsvV2zyOAhzCEZxAAJdQhRuoQR0IcHiGV3jzHrwX7937mLUuefnMAfyB9/kDdAaQSA==</latexit>

" <latexit sha1_base64="k4KZWNS2SKybPhxk2ggOMclUJ7c=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1DJgY2ERwXxAcoS9zV6yZO/22J1TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aBqVasYbTEml2wE1XIqYN1Cg5O1EcxoFkreC0c3Ubz1ybYSKH3CccD+ig1iEglG0UqerxWCIVGv11CtX3Ko7A1kmXk4qkKPeK391+4qlEY+RSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMfSmEbc+Nns5Ak5sUqfhErbipHM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JuIkRR6z+aIwlQQVmf5P+kJzhnJsCWVa2FsJG1JNGdqUSjYEb/HlZdI8q3qX1fP7i0rtLo+jCEdwDKfgwRXU4Bbq0AAGCp7hFd4cdF6cd+dj3lpw8plD+APn8wfIWZGf</latexit>!<latexit sha1_base64="wZdnlP7EGfS/JXhfwn8cvkJZdh0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rjw4sFDBPOAZAmzk9lkyOzMOg8lLPkJLx4U8ervePNvnCR70MSChqKqm+6uKOVMG9//9paWV1bX1gsbxc2t7Z3d0t5+Q0urCK0TyaVqRVhTzgStG2Y4baWK4iTitBkNryd+85EqzaS4N6OUhgnuCxYzgo2TWh2bYqXkU7dU9iv+FGiRBDkpQ45at/TV6UliEyoM4VjrduCnJsywMoxwOi52rKYpJkPcp21HBU6oDrPpvWN07JQeiqVyJQyaqr8nMpxoPUoi15lgM9Dz3kT8z2tbE1+FGROpNVSQ2aLYcmQkmjyPekxRYvjIEUwUc7ciMsAKE+MiKroQgvmXF0njtBJcVM7uzsvV2zyOAhzCEZxAAJdQhRuoQR0IcHiGV3jzHrwX7937mLUuefnMAfyB9/kDdAaQSA==</latexit>

"
<latexit sha1_base64="k4KZWNS2SKybPhxk2ggOMclUJ7c=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1DJgY2ERwXxAcoS9zV6yZO/22J1TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aBqVasYbTEml2wE1XIqYN1Cg5O1EcxoFkreC0c3Ubz1ybYSKH3CccD+ig1iEglG0UqerxWCIVGv11CtX3Ko7A1kmXk4qkKPeK391+4qlEY+RSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMfSmEbc+Nns5Ak5sUqfhErbipHM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JuIkRR6z+aIwlQQVmf5P+kJzhnJsCWVa2FsJG1JNGdqUSjYEb/HlZdI8q3qX1fP7i0rtLo+jCEdwDKfgwRXU4Bbq0AAGCp7hFd4cdF6cd+dj3lpw8plD+APn8wfIWZGf</latexit>!

<latexit sha1_base64="wZdnlP7EGfS/JXhfwn8cvkJZdh0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rjw4sFDBPOAZAmzk9lkyOzMOg8lLPkJLx4U8ervePNvnCR70MSChqKqm+6uKOVMG9//9paWV1bX1gsbxc2t7Z3d0t5+Q0urCK0TyaVqRVhTzgStG2Y4baWK4iTitBkNryd+85EqzaS4N6OUhgnuCxYzgo2TWh2bYqXkU7dU9iv+FGiRBDkpQ45at/TV6UliEyoM4VjrduCnJsywMoxwOi52rKYpJkPcp21HBU6oDrPpvWN07JQeiqVyJQyaqr8nMpxoPUoi15lgM9Dz3kT8z2tbE1+FGROpNVSQ2aLYcmQkmjyPekxRYvjIEUwUc7ciMsAKE+MiKroQgvmXF0njtBJcVM7uzsvV2zyOAhzCEZxAAJdQhRuoQR0IcHiGV3jzHrwX7937mLUuefnMAfyB9/kDdAaQSA==</latexit>

"…



<latexit sha1_base64="8oasnJ6X91HuUjxoYQkAjAnadG8=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJUkLJbRHssePFYwX5IuyzZNNuGJtltkhVK6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwoQzbVz321lb39jc2s7t5Hf39g8OC0fHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC4e3Mbz1RpVksH8w4ob7AfckiRrCx0mNpFHiXo6ByERSKbtmdA60SLyNFyFAPCl/dXkxSQaUhHGvd8dzE+BOsDCOcTvPdVNMEkyHu046lEguq/cn84Ck6t0oPRbGyJQ2aq78nJlhoPRah7RTYDPSyNxP/8zqpiar+hMkkNVSSxaIo5cjEaPY96jFFieFjSzBRzN6KyAArTIzNKG9D8JZfXiXNStm7Lnv3V8VaNYsjB6dwBiXw4AZqcAd1aAABAc/wCm+Ocl6cd+dj0brmZDMn8AfO5w8ra49Q</latexit>

(q1, q2)

<latexit sha1_base64="GXu/lPO3Oqe+8QubzdMyK4RZduk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJUkJKIaI8FLx4rmLbQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aytb2xubRd2irt7+weHpaPjpk4yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR3cxvPaHSPJGPZpxiENOB5BFn1FjJr7iX7kWvVHar7hxklXg5KUOORq/01e0nLItRGiao1h3PTU0wocpwJnBa7GYaU8pGdIAdSyWNUQeT+bFTcm6VPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5moFky4TDODki0WRZkgJiGzz0mfK2RGjC2hTHF7K2FDqigzNp+iDcFbfnmVNK+q3k3Ve7gu12t5HAU4hTOogAe3UId7aIAPDDg8wyu8OdJ5cd6dj0XrmpPPnMAfOJ8/E7WNhQ==</latexit>

(0, 0)

<latexit sha1_base64="k4KZWNS2SKybPhxk2ggOMclUJ7c=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1DJgY2ERwXxAcoS9zV6yZO/22J1TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aBqVasYbTEml2wE1XIqYN1Cg5O1EcxoFkreC0c3Ubz1ybYSKH3CccD+ig1iEglG0UqerxWCIVGv11CtX3Ko7A1kmXk4qkKPeK391+4qlEY+RSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMfSmEbc+Nns5Ak5sUqfhErbipHM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JuIkRR6z+aIwlQQVmf5P+kJzhnJsCWVa2FsJG1JNGdqUSjYEb/HlZdI8q3qX1fP7i0rtLo+jCEdwDKfgwRXU4Bbq0AAGCp7hFd4cdF6cd+dj3lpw8plD+APn8wfIWZGf</latexit>!
<latexit sha1_base64="wZdnlP7EGfS/JXhfwn8cvkJZdh0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rjw4sFDBPOAZAmzk9lkyOzMOg8lLPkJLx4U8ervePNvnCR70MSChqKqm+6uKOVMG9//9paWV1bX1gsbxc2t7Z3d0t5+Q0urCK0TyaVqRVhTzgStG2Y4baWK4iTitBkNryd+85EqzaS4N6OUhgnuCxYzgo2TWh2bYqXkU7dU9iv+FGiRBDkpQ45at/TV6UliEyoM4VjrduCnJsywMoxwOi52rKYpJkPcp21HBU6oDrPpvWN07JQeiqVyJQyaqr8nMpxoPUoi15lgM9Dz3kT8z2tbE1+FGROpNVSQ2aLYcmQkmjyPekxRYvjIEUwUc7ciMsAKE+MiKroQgvmXF0njtBJcVM7uzsvV2zyOAhzCEZxAAJdQhRuoQR0IcHiGV3jzHrwX7937mLUuefnMAfyB9/kDdAaQSA==</latexit>

" <latexit sha1_base64="k4KZWNS2SKybPhxk2ggOMclUJ7c=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1DJgY2ERwXxAcoS9zV6yZO/22J1TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aBqVasYbTEml2wE1XIqYN1Cg5O1EcxoFkreC0c3Ubz1ybYSKH3CccD+ig1iEglG0UqerxWCIVGv11CtX3Ko7A1kmXk4qkKPeK391+4qlEY+RSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMfSmEbc+Nns5Ak5sUqfhErbipHM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JuIkRR6z+aIwlQQVmf5P+kJzhnJsCWVa2FsJG1JNGdqUSjYEb/HlZdI8q3qX1fP7i0rtLo+jCEdwDKfgwRXU4Bbq0AAGCp7hFd4cdF6cd+dj3lpw8plD+APn8wfIWZGf</latexit>!<latexit sha1_base64="wZdnlP7EGfS/JXhfwn8cvkJZdh0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rjw4sFDBPOAZAmzk9lkyOzMOg8lLPkJLx4U8ervePNvnCR70MSChqKqm+6uKOVMG9//9paWV1bX1gsbxc2t7Z3d0t5+Q0urCK0TyaVqRVhTzgStG2Y4baWK4iTitBkNryd+85EqzaS4N6OUhgnuCxYzgo2TWh2bYqXkU7dU9iv+FGiRBDkpQ45at/TV6UliEyoM4VjrduCnJsywMoxwOi52rKYpJkPcp21HBU6oDrPpvWN07JQeiqVyJQyaqr8nMpxoPUoi15lgM9Dz3kT8z2tbE1+FGROpNVSQ2aLYcmQkmjyPekxRYvjIEUwUc7ciMsAKE+MiKroQgvmXF0njtBJcVM7uzsvV2zyOAhzCEZxAAJdQhRuoQR0IcHiGV3jzHrwX7937mLUuefnMAfyB9/kDdAaQSA==</latexit>

"
<latexit sha1_base64="k4KZWNS2SKybPhxk2ggOMclUJ7c=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1DJgY2ERwXxAcoS9zV6yZO/22J1TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aBqVasYbTEml2wE1XIqYN1Cg5O1EcxoFkreC0c3Ubz1ybYSKH3CccD+ig1iEglG0UqerxWCIVGv11CtX3Ko7A1kmXk4qkKPeK391+4qlEY+RSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMfSmEbc+Nns5Ak5sUqfhErbipHM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JuIkRR6z+aIwlQQVmf5P+kJzhnJsCWVa2FsJG1JNGdqUSjYEb/HlZdI8q3qX1fP7i0rtLo+jCEdwDKfgwRXU4Bbq0AAGCp7hFd4cdF6cd+dj3lpw8plD+APn8wfIWZGf</latexit>!

<latexit sha1_base64="wZdnlP7EGfS/JXhfwn8cvkJZdh0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rjw4sFDBPOAZAmzk9lkyOzMOg8lLPkJLx4U8ervePNvnCR70MSChqKqm+6uKOVMG9//9paWV1bX1gsbxc2t7Z3d0t5+Q0urCK0TyaVqRVhTzgStG2Y4baWK4iTitBkNryd+85EqzaS4N6OUhgnuCxYzgo2TWh2bYqXkU7dU9iv+FGiRBDkpQ45at/TV6UliEyoM4VjrduCnJsywMoxwOi52rKYpJkPcp21HBU6oDrPpvWN07JQeiqVyJQyaqr8nMpxoPUoi15lgM9Dz3kT8z2tbE1+FGROpNVSQ2aLYcmQkmjyPekxRYvjIEUwUc7ciMsAKE+MiKroQgvmXF0njtBJcVM7uzsvV2zyOAhzCEZxAAJdQhRuoQR0IcHiGV3jzHrwX7937mLUuefnMAfyB9/kDdAaQSA==</latexit>

"

<latexit sha1_base64="k4KZWNS2SKybPhxk2ggOMclUJ7c=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1DJgY2ERwXxAcoS9zV6yZO/22J1TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aBqVasYbTEml2wE1XIqYN1Cg5O1EcxoFkreC0c3Ubz1ybYSKH3CccD+ig1iEglG0UqerxWCIVGv11CtX3Ko7A1kmXk4qkKPeK391+4qlEY+RSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMfSmEbc+Nns5Ak5sUqfhErbipHM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JuIkRR6z+aIwlQQVmf5P+kJzhnJsCWVa2FsJG1JNGdqUSjYEb/HlZdI8q3qX1fP7i0rtLo+jCEdwDKfgwRXU4Bbq0AAGCp7hFd4cdF6cd+dj3lpw8plD+APn8wfIWZGf</latexit>!
<latexit sha1_base64="wZdnlP7EGfS/JXhfwn8cvkJZdh0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rjw4sFDBPOAZAmzk9lkyOzMOg8lLPkJLx4U8ervePNvnCR70MSChqKqm+6uKOVMG9//9paWV1bX1gsbxc2t7Z3d0t5+Q0urCK0TyaVqRVhTzgStG2Y4baWK4iTitBkNryd+85EqzaS4N6OUhgnuCxYzgo2TWh2bYqXkU7dU9iv+FGiRBDkpQ45at/TV6UliEyoM4VjrduCnJsywMoxwOi52rKYpJkPcp21HBU6oDrPpvWN07JQeiqVyJQyaqr8nMpxoPUoi15lgM9Dz3kT8z2tbE1+FGROpNVSQ2aLYcmQkmjyPekxRYvjIEUwUc7ciMsAKE+MiKroQgvmXF0njtBJcVM7uzsvV2zyOAhzCEZxAAJdQhRuoQR0IcHiGV3jzHrwX7937mLUuefnMAfyB9/kDdAaQSA==</latexit>

"

<latexit sha1_base64="wZdnlP7EGfS/JXhfwn8cvkJZdh0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rjw4sFDBPOAZAmzk9lkyOzMOg8lLPkJLx4U8ervePNvnCR70MSChqKqm+6uKOVMG9//9paWV1bX1gsbxc2t7Z3d0t5+Q0urCK0TyaVqRVhTzgStG2Y4baWK4iTitBkNryd+85EqzaS4N6OUhgnuCxYzgo2TWh2bYqXkU7dU9iv+FGiRBDkpQ45at/TV6UliEyoM4VjrduCnJsywMoxwOi52rKYpJkPcp21HBU6oDrPpvWN07JQeiqVyJQyaqr8nMpxoPUoi15lgM9Dz3kT8z2tbE1+FGROpNVSQ2aLYcmQkmjyPekxRYvjIEUwUc7ciMsAKE+MiKroQgvmXF0njtBJcVM7uzsvV2zyOAhzCEZxAAJdQhRuoQR0IcHiGV3jzHrwX7937mLUuefnMAfyB9/kDdAaQSA==</latexit>

"
<latexit sha1_base64="k4KZWNS2SKybPhxk2ggOMclUJ7c=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1DJgY2ERwXxAcoS9zV6yZO/22J1TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aBqVasYbTEml2wE1XIqYN1Cg5O1EcxoFkreC0c3Ubz1ybYSKH3CccD+ig1iEglG0UqerxWCIVGv11CtX3Ko7A1kmXk4qkKPeK391+4qlEY+RSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMfSmEbc+Nns5Ak5sUqfhErbipHM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JuIkRR6z+aIwlQQVmf5P+kJzhnJsCWVa2FsJG1JNGdqUSjYEb/HlZdI8q3qX1fP7i0rtLo+jCEdwDKfgwRXU4Bbq0AAGCp7hFd4cdF6cd+dj3lpw8plD+APn8wfIWZGf</latexit>!

<latexit sha1_base64="wZdnlP7EGfS/JXhfwn8cvkJZdh0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rjw4sFDBPOAZAmzk9lkyOzMOg8lLPkJLx4U8ervePNvnCR70MSChqKqm+6uKOVMG9//9paWV1bX1gsbxc2t7Z3d0t5+Q0urCK0TyaVqRVhTzgStG2Y4baWK4iTitBkNryd+85EqzaS4N6OUhgnuCxYzgo2TWh2bYqXkU7dU9iv+FGiRBDkpQ45at/TV6UliEyoM4VjrduCnJsywMoxwOi52rKYpJkPcp21HBU6oDrPpvWN07JQeiqVyJQyaqr8nMpxoPUoi15lgM9Dz3kT8z2tbE1+FGROpNVSQ2aLYcmQkmjyPekxRYvjIEUwUc7ciMsAKE+MiKroQgvmXF0njtBJcVM7uzsvV2zyOAhzCEZxAAJdQhRuoQR0IcHiGV3jzHrwX7937mLUuefnMAfyB9/kDdAaQSA==</latexit>

"
<latexit sha1_base64="k4KZWNS2SKybPhxk2ggOMclUJ7c=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1DJgY2ERwXxAcoS9zV6yZO/22J1TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aBqVasYbTEml2wE1XIqYN1Cg5O1EcxoFkreC0c3Ubz1ybYSKH3CccD+ig1iEglG0UqerxWCIVGv11CtX3Ko7A1kmXk4qkKPeK391+4qlEY+RSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMfSmEbc+Nns5Ak5sUqfhErbipHM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JuIkRR6z+aIwlQQVmf5P+kJzhnJsCWVa2FsJG1JNGdqUSjYEb/HlZdI8q3qX1fP7i0rtLo+jCEdwDKfgwRXU4Bbq0AAGCp7hFd4cdF6cd+dj3lpw8plD+APn8wfIWZGf</latexit>! <latexit sha1_base64="BOI5/TjZ90FiljxqBUkBcxkr9ZY=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBEEoSRV1WXTjsoK9QFvCZHrSDp1k0pmJUEI2voobF4q49THc+TZO2yy09YeBj/+cw5nz+zFnSjvOt7W0vLK6tl7YKG5ube/s2nv7DSUSSaFOBRey5RMFnEVQ10xzaMUSSOhzaPrD20m9+QhSMRE96HEM3ZD0IxYwSrSxPPswHXkuPsMjr4I7dCCEAsNu5tklp+xMhRfBzaGEctU8+6vTEzQJIdKUE6XarhPrbkqkZpRDVuwkCmJCh6QPbYMRCUF10+kBGT4xTg8HQpoXaTx1f0+kJFRqHPqmMyR6oOZrE/O/WjvRwXU3ZVGcaIjobFGQcKwFnqSBe0wC1XxsgFDJzF8xHRBJqDaZFU0I7vzJi9ColN3L8vn9Ral6k8dRQEfoGJ0iF12hKrpDNVRHFGXoGb2iN+vJerHerY9Z65KVzxygP7I+fwCNPZUd</latexit>✓

q1 + q2
q1

◆
number 
of lattice 
paths

Sample space:

Each path is equally 
likely with probability

<latexit sha1_base64="HbJRxSk7/wDD8kWoi9Yfe62yjm8=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRBKFMqqjLohuXFewFOmXIpJk2NDOZJhmhDLN246u4caGIW5/AnW9j2s5CW38IfPznHE7O78ecKe0431ZhaXllda24XtrY3NresXf3mkokktAGEVzIto8V5SyiDc00p+1YUhz6nLb84c2k3nqgUjER3etxTLsh7kcsYARrY3n2oRtITFKUpenIQ/AUjrwqdMlACEUNoyzz7LJTcaaCi4ByKINcdc/+cnuCJCGNNOFYqQ5yYt1NsdSMcJqV3ETRGJMh7tOOwQiHVHXT6SkZPDZODwZCmhdpOHV/T6Q4VGoc+qYzxHqg5msT879aJ9HBVTdlUZxoGpHZoiDhUAs4yQX2mKRE87EBTCQzf4VkgE022qRXMiGg+ZMXoVmtoIvK2d15uXadx1EEB+AInAAELkEN3II6aAACHsEzeAVv1pP1Yr1bH7PWgpXP7IM/sj5/AKQEmZo=</latexit>

1�q1+q2
q1

�



<latexit sha1_base64="/lPS4XRZYUVJTRle53Jrj62TR6A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4r2g9oQ9lsJ+3SzSbuboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWl5ZXVteJ6aWNza3unvLvX1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoauq3HlFpHst7M07Qj+hA8pAzaqx0d9176JUrbtWdgfwlXk4qkKPeK392+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiFHVumTMFa2pCEz9edERiOtx1FgOyNqhnrRm4r/eZ3UhBd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLf0nzpOqdVb3b00rtMo+jCAdwCMfgwTnU4Abq0AAGA3iCF3h1hPPsvDnv89aCk8/swy84H98fcI2y</latexit>

Dq

1 2
3

4
5

6

7
8 9

10

<latexit sha1_base64="N1jIbEtBBP1rCIPyURC8uH8FuWU="></latexit>

D(�1,�2) = sup
t2[0,1]

���
�1(t)

q1
� �2(t)

q2

���



<latexit sha1_base64="8oasnJ6X91HuUjxoYQkAjAnadG8=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJUkLJbRHssePFYwX5IuyzZNNuGJtltkhVK6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwoQzbVz321lb39jc2s7t5Hf39g8OC0fHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC4e3Mbz1RpVksH8w4ob7AfckiRrCx0mNpFHiXo6ByERSKbtmdA60SLyNFyFAPCl/dXkxSQaUhHGvd8dzE+BOsDCOcTvPdVNMEkyHu046lEguq/cn84Ck6t0oPRbGyJQ2aq78nJlhoPRah7RTYDPSyNxP/8zqpiar+hMkkNVSSxaIo5cjEaPY96jFFieFjSzBRzN6KyAArTIzNKG9D8JZfXiXNStm7Lnv3V8VaNYsjB6dwBiXw4AZqcAd1aAABAc/wCm+Ocl6cd+dj0brmZDMn8AfO5w8ra49Q</latexit>

(q1, q2)

<latexit sha1_base64="GXu/lPO3Oqe+8QubzdMyK4RZduk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJUkJKIaI8FLx4rmLbQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aytb2xubRd2irt7+weHpaPjpk4yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR3cxvPaHSPJGPZpxiENOB5BFn1FjJr7iX7kWvVHar7hxklXg5KUOORq/01e0nLItRGiao1h3PTU0wocpwJnBa7GYaU8pGdIAdSyWNUQeT+bFTcm6VPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5moFky4TDODki0WRZkgJiGzz0mfK2RGjC2hTHF7K2FDqigzNp+iDcFbfnmVNK+q3k3Ve7gu12t5HAU4hTOogAe3UId7aIAPDDg8wyu8OdJ5cd6dj0XrmpPPnMAfOJ8/E7WNhQ==</latexit>

(0, 0)

<latexit sha1_base64="tJ9ZPoDbhECQPpExeiMwyWfaac0=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0UQhJIU0W6EghuXFewD2hAm00k7dDKJMxMxhKzd+CtuXCji1i9w5984abPQ1gMD555zL3fu8SJGpbKsb6O0tLyyulZer2xsbm3vmLt7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k6vc794TIWnIb1USESdAI059ipHSkmseDnyBcJpk6Z1bz+AlnNUPeW1n8BQOXbNq1awp4CKxC1IFBVqu+TUYhjgOCFeYISn7thUpJ0VCUcxIVhnEkkQIT9CI9DXlKCDSSaenZPBYK0Poh0I/ruBU/T2RokDKJPB0Z4DUWM57ufif14+V33BSyqNYEY5ni/yYQRXCPBc4pIJgxRJNEBZU/xXiMdJZKJ1eRYdgz5+8SDr1mn1es2/Oqs1GEUcZHIAjcAJscAGa4Bq0QBtg8AiewSt4M56MF+Pd+Ji1loxiZh/8gfH5A18HmgE=</latexit> y

q2
=

x

q1
+ d

<latexit sha1_base64="G6bfIx3db9+iWwn8zCUla4DPmYg=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCGxUCUVgi5IlVgYi0QfUhtFjuu0Vh0n2A4iijKz8CssDCDEyhew8Tc4bQZoOZKlc8+5V9f3eBGjUlnWt1FaWl5ZXSuvVzY2t7Z3zN29jgxjgUkbhywUPQ9JwignbUUVI71IEBR4jHS9yVXud++JkDTktyqJiBOgEac+xUhpyTUPB75AOE2y9M6tZ/ASzuqHvLYzeAqHrlm1atYUcJHYBamCAi3X/BoMQxwHhCvMkJR924qUkyKhKGYkqwxiSSKEJ2hE+ppyFBDppNNTMnislSH0Q6EfV3Cq/p5IUSBlEni6M0BqLOe9XPzP68fKbzgp5VGsCMezRX7MoAphngscUkGwYokmCAuq/wrxGOkslE6vokOw509eJJ16zT6v2Tdn1WajiKMMDsAROAE2uABNcA1aoA0weATP4BW8GU/Gi/FufMxaS0Yxsw/+wPj8AWITmgM=</latexit> y

q2
=

x

q1
� d

<latexit sha1_base64="TZQKOIPPpTTL44OqLIAzTn6FSI4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5bdUtRjxYvHCvZD2qVk02wbmmSXJFsoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4eNXWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRnczvzWmSrNIPppJTH2BB5KFjGBjpafbXppcehfjaa9YcsvuHGiVeBkpQYZ6r/jV7UckEVQawrHWHc+NjZ9iZRjhdFroJprGmIzwgHYslVhQ7afzg6fozCp9FEbKljRorv6eSLHQeiIC2ymwGeplbyb+53USE974KZNxYqgki0VhwpGJ0Ox71GeKEsMnlmCimL0VkSFWmBibUcGG4C2/vEqalbJ3VfYeqqVaNYsjDydwCufgwTXU4B7q0AACAp7hFd4c5bw4787HojXnZDPH8AfO5w8BYo/Z</latexit>

Au�1,v
<latexit sha1_base64="ODsUleZRoXAlskEWgcJXpWRRplk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinqsePFYwdpCG8pmO2mXbjZhd1MooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwupv5rTEqzWP5aCYJ+hEdSB5yRo2VWre9LL0YT3vlilt15yCrxMtJBXI0euWvbj9maYTSMEG17nhuYvyMKsOZwGmpm2pMKBvRAXYslTRC7Wfzc6fkzCp9EsbKljRkrv6eyGik9SQKbGdEzVAvezPxP6+TmvDGz7hMUoOSLRaFqSAmJrPfSZ8rZEZMLKFMcXsrYUOqKDM2oZINwVt+eZU8XVa9q6r3UKvUa3kcRTiBUzgHD66hDvfQgCYwGMEzvMKbkzgvzrvzsWgtOPnMMfyB8/kDJJKPZw==</latexit>

Au,v

<latexit sha1_base64="tOH3iWDCj5J0ymscJ+ZWTsr47Gw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5bdUtRjxYvHCvZD2qVk02wbmmSXJFsoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4eNXWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRnczvzWmSrNIPppJTH2BB5KFjGBjpafbXppcjC+9aa9YcsvuHGiVeBkpQYZ6r/jV7UckEVQawrHWHc+NjZ9iZRjhdFroJprGmIzwgHYslVhQ7afzg6fozCp9FEbKljRorv6eSLHQeiIC2ymwGeplbyb+53USE974KZNxYqgki0VhwpGJ0Ox71GeKEsMnlmCimL0VkSFWmBibUcGG4C2/vEqalbJ3VfYeqqVaNYsjDydwCufgwTXU4B7q0AACAp7hFd4c5bw4787HojXnZDPH8AfO5w8B6o/Z</latexit>

Au,v�1

<latexit sha1_base64="ZN0tPtepxbcFSmlzAqB8QSJBTn8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKaI8FLx4r2A9oQ9lsNu3S3U3c3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepv7vSeqNIvlg5kl1Bd4LFnECDa59DhqhKNqza27C6B14hWkBgXao+rXMIxJKqg0hGOtB56bGD/DyjDC6bwyTDVNMJniMR1YKrGg2s8Wt87RhVVCFMXKljRoof6eyLDQeiYC2ymwmehVLxf/8wapiZp+xmSSGirJclGUcmRilD+OQqYoMXxmCSaK2VsRmWCFibHxVGwI3urL66TbqHvXde/+qtZqFnGU4QzO4RI8uIEW3EEbOkBgAs/wCm+OcF6cd+dj2VpyiplT+APn8we++o4E</latexit>

q2d

<latexit sha1_base64="mxP7lGW46Mhgxs5hy3ScmmAKOiQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWw2m3bp7ibd3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXoA15UzStmGG016iKBYBp91gcpf73SeqNIvlo5kl1Bd4JFnECDa5NB164bBac+vuAmideAWpQYHWsPo1CGOSCioN4Vjrvucmxs+wMoxwOq8MUk0TTCZ4RPuWSiyo9rPFrXN0YZUQRbGyJQ1aqL8nMiy0nonAdgpsxnrVy8X/vH5qooafMZmkhkqyXBSlHJkY5Y+jkClKDJ9Zgoli9lZExlhhYmw8FRuCt/ryOulc1b2buvdwXWs2ijjKcAbncAke3EIT7qEFbSAwhmd4hTdHOC/Ou/OxbC05xcwp/IHz+QO9dY4D</latexit>

q1d

<latexit sha1_base64="N1jIbEtBBP1rCIPyURC8uH8FuWU="></latexit>

D(�1,�2) = sup
t2[0,1]

���
�1(t)

q1
� �2(t)

q2

���

<latexit sha1_base64="I/WG0LvecSnof9Hx0ABXXD/2WH0=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJeyqqMegHjxGMA/ILmF20psMmX04MyuEJb/hxYMiXv0Zb/6Nk2QPmljQUFR1093lJ4Irbdvf1tLyyuraemGjuLm1vbNb2ttvqjiVDBssFrFs+1Sh4BE2NNcC24lEGvoCW/7wZuK3nlAqHkcPepSgF9J+xAPOqDaSW6/cErePj6R3Qrqlsl21pyCLxMlJGXLUu6UvtxezNMRIM0GV6jh2or2MSs2ZwHHRTRUmlA1pHzuGRjRE5WXTm8fk2Cg9EsTSVKTJVP09kdFQqVHom86Q6oGa9ybif14n1cGVl/EoSTVGbLYoSAXRMZkEQHpcItNiZAhlkptbCRtQSZk2MRVNCM78y4ukeVp1Lqpn9+fl2nUeRwEO4Qgq4MAl1OAO6tAABgk8wyu8Wan1Yr1bH7PWJSufOYA/sD5/AMvxkDw=</latexit>

P (D � d)
<latexit sha1_base64="c6ztB7xQUNCLgidDuKFl/gOdvEg=">AAACG3icbZDLSgMxFIYz9VbHW9Wlm2ARBLXMVFE3QtWNywr2Au0wZNJMG5pJpklGKMO8hxtfxY0LRVwJLnwb08tCqz8EvvznHJLzBzGjSjvOl5Wbm19YXMov2yura+sbhc2tuhKJxKSGBROyGSBFGOWkpqlmpBlLgqKAkUbQvx7VG/dEKir4nR7GxItQl9OQYqSN5RfKF9CFR7AdSoTTSz8d+O7hwC9nWTpCeADNBbZxTwhFDLt2lvmFolNyxoJ/wZ1CEUxV9Qsf7Y7ASUS4xgwp1XKdWHspkppiRjK7nSgSI9xHXdIyyFFElJeOd8vgnnE6MBTSHK7h2P05kaJIqWEUmM4I6Z6arY3M/2qtRIfnXkp5nGjC8eShMGFQCzgKCnaoJFizoQGEJTV/hbiHTEzaxGmbENzZlf9CvVxyT0vHtyfFytU0jjzYAbtgH7jgDFTADaiCGsDgATyBF/BqPVrP1pv1PmnNWdOZbfBL1uc33tee3w==</latexit>

= 1� Aq1,q2�q1+q2
q1

�



<latexit sha1_base64="8oasnJ6X91HuUjxoYQkAjAnadG8=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJUkLJbRHssePFYwX5IuyzZNNuGJtltkhVK6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwoQzbVz321lb39jc2s7t5Hf39g8OC0fHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC4e3Mbz1RpVksH8w4ob7AfckiRrCx0mNpFHiXo6ByERSKbtmdA60SLyNFyFAPCl/dXkxSQaUhHGvd8dzE+BOsDCOcTvPdVNMEkyHu046lEguq/cn84Ck6t0oPRbGyJQ2aq78nJlhoPRah7RTYDPSyNxP/8zqpiar+hMkkNVSSxaIo5cjEaPY96jFFieFjSzBRzN6KyAArTIzNKG9D8JZfXiXNStm7Lnv3V8VaNYsjB6dwBiXw4AZqcAd1aAABAc/wCm+Ocl6cd+dj0brmZDMn8AfO5w8ra49Q</latexit>

(q1, q2)

<latexit sha1_base64="tJ9ZPoDbhECQPpExeiMwyWfaac0=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0UQhJIU0W6EghuXFewD2hAm00k7dDKJMxMxhKzd+CtuXCji1i9w5984abPQ1gMD555zL3fu8SJGpbKsb6O0tLyyulZer2xsbm3vmLt7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k6vc794TIWnIb1USESdAI059ipHSkmseDnyBcJpk6Z1bz+AlnNUPeW1n8BQOXbNq1awp4CKxC1IFBVqu+TUYhjgOCFeYISn7thUpJ0VCUcxIVhnEkkQIT9CI9DXlKCDSSaenZPBYK0Poh0I/ruBU/T2RokDKJPB0Z4DUWM57ufif14+V33BSyqNYEY5ni/yYQRXCPBc4pIJgxRJNEBZU/xXiMdJZKJ1eRYdgz5+8SDr1mn1es2/Oqs1GEUcZHIAjcAJscAGa4Bq0QBtg8AiewSt4M56MF+Pd+Ji1loxiZh/8gfH5A18HmgE=</latexit> y

q2
=

x

q1
+ d

<latexit sha1_base64="G6bfIx3db9+iWwn8zCUla4DPmYg=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCGxUCUVgi5IlVgYi0QfUhtFjuu0Vh0n2A4iijKz8CssDCDEyhew8Tc4bQZoOZKlc8+5V9f3eBGjUlnWt1FaWl5ZXSuvVzY2t7Z3zN29jgxjgUkbhywUPQ9JwignbUUVI71IEBR4jHS9yVXud++JkDTktyqJiBOgEac+xUhpyTUPB75AOE2y9M6tZ/ASzuqHvLYzeAqHrlm1atYUcJHYBamCAi3X/BoMQxwHhCvMkJR924qUkyKhKGYkqwxiSSKEJ2hE+ppyFBDppNNTMnislSH0Q6EfV3Cq/p5IUSBlEni6M0BqLOe9XPzP68fKbzgp5VGsCMezRX7MoAphngscUkGwYokmCAuq/wrxGOkslE6vokOw509eJJ16zT6v2Tdn1WajiKMMDsAROAE2uABNcA1aoA0weATP4BW8GU/Gi/FufMxaS0Yxsw/+wPj8AWITmgM=</latexit> y

q2
=

x

q1
� d

<latexit sha1_base64="TZQKOIPPpTTL44OqLIAzTn6FSI4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5bdUtRjxYvHCvZD2qVk02wbmmSXJFsoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4eNXWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRnczvzWmSrNIPppJTH2BB5KFjGBjpafbXppcehfjaa9YcsvuHGiVeBkpQYZ6r/jV7UckEVQawrHWHc+NjZ9iZRjhdFroJprGmIzwgHYslVhQ7afzg6fozCp9FEbKljRorv6eSLHQeiIC2ymwGeplbyb+53USE974KZNxYqgki0VhwpGJ0Ox71GeKEsMnlmCimL0VkSFWmBibUcGG4C2/vEqalbJ3VfYeqqVaNYsjDydwCufgwTXU4B7q0AACAp7hFd4c5bw4787HojXnZDPH8AfO5w8BYo/Z</latexit>

Au�1,v
<latexit sha1_base64="ODsUleZRoXAlskEWgcJXpWRRplk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinqsePFYwdpCG8pmO2mXbjZhd1MooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwupv5rTEqzWP5aCYJ+hEdSB5yRo2VWre9LL0YT3vlilt15yCrxMtJBXI0euWvbj9maYTSMEG17nhuYvyMKsOZwGmpm2pMKBvRAXYslTRC7Wfzc6fkzCp9EsbKljRkrv6eyGik9SQKbGdEzVAvezPxP6+TmvDGz7hMUoOSLRaFqSAmJrPfSZ8rZEZMLKFMcXsrYUOqKDM2oZINwVt+eZU8XVa9q6r3UKvUa3kcRTiBUzgHD66hDvfQgCYwGMEzvMKbkzgvzrvzsWgtOPnMMfyB8/kDJJKPZw==</latexit>

Au,v

<latexit sha1_base64="tOH3iWDCj5J0ymscJ+ZWTsr47Gw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5bdUtRjxYvHCvZD2qVk02wbmmSXJFsoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4eNXWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRnczvzWmSrNIPppJTH2BB5KFjGBjpafbXppcjC+9aa9YcsvuHGiVeBkpQYZ6r/jV7UckEVQawrHWHc+NjZ9iZRjhdFroJprGmIzwgHYslVhQ7afzg6fozCp9FEbKljRorv6eSLHQeiIC2ymwGeplbyb+53USE974KZNxYqgki0VhwpGJ0Ox71GeKEsMnlmCimL0VkSFWmBibUcGG4C2/vEqalbJ3VfYeqqVaNYsjDydwCufgwTXU4B7q0AACAp7hFd4c5bw4787HojXnZDPH8AfO5w8B6o/Z</latexit>

Au,v�1

<latexit sha1_base64="ZN0tPtepxbcFSmlzAqB8QSJBTn8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKaI8FLx4r2A9oQ9lsNu3S3U3c3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepv7vSeqNIvlg5kl1Bd4LFnECDa59DhqhKNqza27C6B14hWkBgXao+rXMIxJKqg0hGOtB56bGD/DyjDC6bwyTDVNMJniMR1YKrGg2s8Wt87RhVVCFMXKljRoof6eyLDQeiYC2ymwmehVLxf/8wapiZp+xmSSGirJclGUcmRilD+OQqYoMXxmCSaK2VsRmWCFibHxVGwI3urL66TbqHvXde/+qtZqFnGU4QzO4RI8uIEW3EEbOkBgAs/wCm+OcF6cd+dj2VpyiplT+APn8we++o4E</latexit>

q2d

<latexit sha1_base64="mxP7lGW46Mhgxs5hy3ScmmAKOiQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWw2m3bp7ibd3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXoA15UzStmGG016iKBYBp91gcpf73SeqNIvlo5kl1Bd4JFnECDa5NB164bBac+vuAmideAWpQYHWsPo1CGOSCioN4Vjrvucmxs+wMoxwOq8MUk0TTCZ4RPuWSiyo9rPFrXN0YZUQRbGyJQ1aqL8nMiy0nonAdgpsxnrVy8X/vH5qooafMZmkhkqyXBSlHJkY5Y+jkClKDJ9Zgoli9lZExlhhYmw8FRuCt/ryOulc1b2buvdwXWs2ijjKcAbncAke3EIT7qEFbSAwhmd4hTdHOC/Ou/OxbC05xcwp/IHz+QO9dY4D</latexit>

q1d

<latexit sha1_base64="clhBehN16K7BsSlDCwHdM++paY4=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARBG1JVNSNUHXjsoK9QBvCZDpth04mYWZSKCFbN76KGxeKuPUN3Pk2TtIstPWHgY//nMOZ83sho1JZ1rdRWFhcWl4prpbW1jc2t8ztnaYMIoFJAwcsEG0PScIoJw1FFSPtUBDke4y0vNFtWm+NiZA04A9qEhLHRwNO+xQjpS3XhNduHB2PE3iVUcVO+WjqwnHFTlyzbFWtTHAe7BzKIFfdNb+6vQBHPuEKMyRlx7ZC5cRIKIoZSUrdSJIQ4REakI5GjnwinTi7JIEH2unBfiD04wpm7u+JGPlSTnxPd/pIDeVsLTX/q3Ui1b90YsrDSBGOp4v6EYMqgGkssEcFwYpNNCAsqP4rxEMkEFY6vJIOwZ49eR6aJ1X7vHp6f1au3eRxFMEe2AeHwAYXoAbuQB00AAaP4Bm8gjfjyXgx3o2PaWvByGd2wR8Znz+me5fE</latexit>

Au,v = Au�1,v +Au,v�1

<latexit sha1_base64="SN1slMEyW0qMFhdOR4gGRS1jfqg=">AAAB/nicbZDNSsNAFIVv6l+tf1Fx5SZYBBelJFXUTaHqxmUFWwttCJPptB06maQzE6GEgK/ixoUibn0Od76N0zYLbT0w8HHuvdw7x48Ylcq2v43c0vLK6lp+vbCxubW9Y+7uNWUYC0waOGShaPlIEkY5aSiqGGlFgqDAZ+TBH95M6g+PREga8ns1jogboD6nPYqR0pZnHlx5ychzSnZa1WSXRl4lrTqeWbTL9lTWIjgZFCFT3TO/Ot0QxwHhCjMkZduxI+UmSCiKGUkLnViSCOEh6pO2Ro4CIt1ken5qHWuna/VCoR9X1tT9PZGgQMpx4OvOAKmBnK9NzP9q7Vj1Lt2E8ihWhOPZol7MLBVakyysLhUEKzbWgLCg+lYLD5BAWOnECjoEZ/7Li9CslJ3z8undWbF2ncWRh0M4ghNw4AJqcAt1aACGBJ7hFd6MJ+PFeDc+Zq05I5vZhz8yPn8AzsSUGw==</latexit>

Aq1,0 = A0,q2 = 1

<latexit sha1_base64="baEBITluoDLVRc83NzAJcXERTG8=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvgQkqiom6EqhuXFewD2qFk0rQNzTxIMkIZ+gFu/BU3LhRx6we4829Mp7PQ1guBc8+5l5tzvEgKbTD+dnILi0vLK/nVwtr6xuZWcXunrsNYMV5joQxV06OaSxHwmhFG8makOPU9yRve8GaiNx640iIM7s0o4q5P+4HoCUaNpTrF0lUnwUd4jC4RRm0TItuTtE8FYgGxU7iM00LzgGSgBFlVO8Wvdjdksc8DwyTVukVwZNyEKiOY5ONCO9Y8omxI+7xlYUB9rt0kNTNGB5bpol6o7AsMStnfGwn1tR75np30qRnoWW1C/qe1YtO7cBMRRLHhAZse6sUSWdOTZFBXKM6MHFlAmRL2r4gNqKLM2PwKNgQya3ke1I/L5Kx8cndaqlxnceRhD/bhEAicQwVuoQo1YPAIz/AKb86T8+K8Ox/T0ZyT7ezCn3I+fwCql5eW</latexit>

A0,0 = 0 ! A1,0 = A0,1 = 1
<latexit sha1_base64="SzCBUbOJszSA0M7dyOuS97b8cpg=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxUUpSRd0IVTcuK9hWaEKYTCbt0MmjMxOhhPyBG3/FjQtF3Lp15984TbPQ1gMDh3Pu5c45bsyokIbxrZUWFpeWV8qrlbX1jc0tfXunI6KEY9LGEYv4vYsEYTQkbUklI/cxJyhwGem6w+uJ330gXNAovJPjmNgB6ofUpxhJJTn64aWTmjUzgxewAS0ZQQt7kRQ5VdbIMWsjp5E5etWoGzngPDELUgUFWo7+ZXkRTgISSsyQED3TiKWdIi4pZiSrWIkgMcJD1Cc9RUMUEGGneZ4MHijFg37E1QslzNXfGykKhBgHrpoMkByIWW8i/uf1Eumf2ykN40SSEE8P+QmDKuykHOhRTrBkY0UQ5lT9FeIB4ghLVWFFlWDORp4nnUbdPK0f355Um1dFHWWwB/bBETDBGWiCG9ACbYDBI3gGr+BNe9JetHftYzpa0oqdXfAH2ucPKd2aQg==</latexit>

A1,1 = 2 ! · · · ! Aq1,q2



Asymptotic for large-scale data



Thermo Fisher Scientific 300kV Titan Krios
Univ. of Wisocnsin-Madison Cyro-EM Research Center 



Thermo Fisher Scientific 200kV Talos Arctica Cryo-TEM
Univreristy of Wisconsin-Madison Cyro-EM Research Center



Cryogenic electron microscopy (Cryo-EM)

Cryogenic electron microscopy (cryo-EM) is an 
electron microscopy (EM) technique on samples 
at cryogenic temperatures and embedded in 
frozen amorphous waster with liquid ethane.

Novel prize in chemistry in 2017 to Jacques 
Dubochet (Univ. of Lausanne), Joachim Frank 
(Columbia Univ.), and Richard Henderson 
(Cambridge Univ.)



100 nm = 10-5cm

Spike protein image 
From 300kV Titan Krios
Walls et al. 2020, Cell
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1     (angstrom) = 10-8 cm



Chung and Ombao, 2021 arXiv:2105:00351
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Covid-19 virus
Closed state

COVID-19 virus
Open state Feline corona virus

We conclude

Topologically different:
p-value = 8 x 10-38Interpretation:

The probability of this 
event occurring by the 
random chance alone is  
extremely small.

https://arxiv.org/pdf/2105.00351.pdf


Thank you! Ready for more TDA?

http://sites.google.com/view/
tda-for-medical-data
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