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ABSTRACT
The permutation test is an often used test procedure for determining statistical significance.
However, generating every possible permutation for whole images with million voxels is ex-
tremely time consuming even for modest sample sizes [1]. The number of permutations in-
creases exponentially as the sample size increases. In this study, we show how to accelerate the
permutation test by exploiting the underlying topological structure of the permutation group.

PERMUTATION TEST

Consider ordered sets x = (x1, x2, · · · , xm) and y = (y1, y2, · · · , yn). The distance be-
tween x and y is measured by statistic f(x,y). Under the null hypothesis of the equivalence of
x and y, the elements are permutable. Consider combined set z = (x1, · · · , xm, y1, · · · , yn) and
its all possible permutations Sm+n, which is a symmetric group of orderm+n [3]. Split the per-
mutation τ(z) of z into two groups: τ(x) = (τ(x1), · · · , τ(xm)), τ(y) = (τ(y1), · · · , τ(yn)).
Then the exact p-value, the probability of the observed event in Sm+n, is given by the fraction

1

(m+ n)!

∑
τ∈Sm+n

I
(
f(τ(x), τ(y)) > f(x,y)

)
,

where , τ ∈ Sm+n and I is an indicator function taking value 1 if the argument is true and 0
otherwise. The fraction is not possible to compute within reasonable time when m and n are
large.

RANDOM TRANSPOSITIONS

Apply permutation πij between x and y such that only one element in each group is
changed: πij(x) = (x1, · · · , xi−1, yj, xi+1, · · · , xm), πij(y) = (y1, · · · , yj−1, xi, yj+1, · · · , yn).
Such a permutation is called the transposition or walk [3].

Theorem 1. Any permutation in the permutation group Sm+n of order m+ n can be reach-
able by a sequence of transpositions.

Over transposition πij , the statistic changes from f(x,y) to f(πij(x), πij(y)), which can
be computed in constant run time by updating the value of f(x,y) in an online fashion [2]. For



instance, computing the t-statistic with m and n samples requires 3(m+n)+20 operations per
permutation. In comparison, it only takes 35 operations to computer t-statistic per transposition.

Theorem 2. If f is an algebraic function such as addition, subtraction, multiplication, divi-
sion, integer exponents, there exists a function g such that

f(πij(x), πij(y)) = g(f(x,y), xi, yj),

where g can be computed in constant run time.

HERITABILITY OF LARGE-SCALE BRAIN BRAIN NETWORK

Diffusion weighted imaging (DWI) data of 356 twin subjects were used in the study. There
are 117 monozygotic (MZ) and and 61 same-sex dizygotic (DZ) twin pairs (ages 29.2 ± 3.4).
Biologically accurate 1 million white matter fiber tracts per subject were obtained. The subject-
level 116 × 116 connectivity matrices were constructed by counting the number of tracts con-
necting between parcellations. The heritability index (HI) hwas estimated using 1 million trans-
positions (Figure 1). The statistical significance of the HI-map was determined based on 30
million transpositions for 52 minutes in a computer (corrected p-value = 0.0144).

Figure 1. a) Simulation study showing the faster convergence of transposition method. b) The relative er-
ror based on the average of 1000 simulations. c-d) MZ- and DZ- twin correlation networks thresholded at
0.6. The correlation networks are obtained after averaging one million sequential random transpositions.
(c) HI-map thresholded at 1 showing significant genetic heritability of the brain network.
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