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1 Reversing the order of matrix multiplication

In class today Rachel asked about a formula that had Q′
1Q1 = Ip in one part of the formula

and H = Q1Q
′
1 in another part. At first glance it seems as if H should be the identity too.

The lesson there is that you need to be careful about where the transpose is located. I find
that it helps me to draw the long skinny matrix and the short wide matrix to see what the
product should be. On other occasions I just test it out in R for a small model matrix. My
favorite simple test case is
1 (X <- model.matrix(optden ~ carb , Formaldehyde ))

(Intercept) carb
1 1 0.1
2 1 0.3
3 1 0.5
4 1 0.6
5 1 0.7
6 1 0.9
attr(,"assign")
[1] 0 1

Two R functions for this are: crossprod() which createsX ′X, and tcrossprod() which creates
XX ′.
1 Q1 <- qr.Q(qr(X))
2 zapsmall(crossprod(Q1))

[,1] [,2]
[1,] 1 0
[2,] 0 1

1 (H <- tcrossprod(Q1))
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[,1] [,2] [,3] [,4] [,5] [,6]
[1,] 0.59183673 0.38775510 0.1836735 0.08163265 -0.02040816 -0.22448980
[2,] 0.38775510 0.28163265 0.1755102 0.12244898 0.06938776 -0.03673469
[3,] 0.18367347 0.17551020 0.1673469 0.16326531 0.15918367 0.15102041
[4,] 0.08163265 0.12244898 0.1632653 0.18367347 0.20408163 0.24489796
[5,] -0.02040816 0.06938776 0.1591837 0.20408163 0.24897959 0.33877551
[6,] -0.22448980 -0.03673469 0.1510204 0.24489796 0.33877551 0.52653061

One occasion where you can reverse the order of multiplication for matrices is when you
evaluate the trace (the sum of the diagonal elements of the matrix). We have tr(AB) = tr(BA)
for conformable matrices A and B (meaning that if A is m×n then B must be m×n). For a
product like X ′X or XX ′ the trace of the product is the sum of the squares of all the elements
in X.

I mentioned that the hat matrix, H = Q1Q
′
1, is a projection. A property of a projection

matrix is that the dimension of the range of the projection is tr(H) which we can see will be
p because

tr(H) = tr(Q1Q
′
1) = tr(Q′

1Q1) = tr(Ip) = p.

That is, H represents projection onto a p-dimensional subspace of Rn. It is easy to show
that the residual space, which is the orthogonal complement to the space of fitted values, has
dimension n− p. We can write that projection as I −H or as Q2Q

′
2. This is why we say that

the residuals have n− p degrees of freedom.
1 sum(diag(H)) # trace of H

[1] 2

As I mentioned in class, the diagonal of the hat matrix can be obtained as
1 diag(H)

[1] 0.5918367 0.2816327 0.1673469 0.1836735 0.2489796 0.5265306

or, if you don’t want to evaluate the n× n matrix (not a good idea when n is large), you can
use
1 rowSums(Q1^2)

[1] 0.5918367 0.2816327 0.1673469 0.1836735 0.2489796 0.5265306
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