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 � > V V � 45j
1 [YTu�A�*�
wÆ��S�1y�+$Rv��JR�jBg��~,O�;�J��j���	�Z��	~<	
N<	Bg�r#���[ v#1P#�%�~.℄�a�BgpL��Tu:p#�k�<	:p#Bg~*�x1	Bx<�p#x1	Bx��F��:Al�P��k�p#�^:�u[gLw�){AHF�~{#C��*�	B^<�){T$gRJ�1`*R��AH1��wP
*�U~�:*�a�u[AHLwU��xj*���;AHIR�<~Pka��k�[h�*�U8KI�v�=j�~��*�k\�Y���5�*��2\~P1*��3��AH~r#q���Bg�a�er~D!�3
h��n~vP1M�U"*%L ���;:A�[pg�:��(C-lB�T$�B βββ ∈ R

p

T (βββ) = L(βββ) + Pλ(βββ),_a� L(βββ) .y�AHLwR�~V�lB� Pλ(βββ) .YT�B βββ {uw�M~U"lB� λ .M9�U"~�K�B�WO��f�YEj[�8rU"lB Pλ(βββ)�Q:�;AH�[	~ Lasso (Least

Absolute Shrinkage and Selection Operator, Lasso)*% [1] )� L1 'BM9�U"{x βββ~T$�7*%2��℄gPbi�{x�;P�){AH7�~P�0����&,AH�;�v*�U8�_[*%���
 (Ridge Regression)[2],{0� Lasso(Adaptive

Lasso)[3] v`�H�l�I (Smoothly Clipped Absolute Deviation, SCAD)[4] ��.pg9*U"lB{x8r~�BT$�
�hx�	v*�U8~C~���*%�.p�s#2B�B~T$�u�P1*���h��NQ�
�2��/h0�av�<�rw��Y"℄
h��K��YKI~��o�wB��2XV0�av�2rKt0�~�2MJo�wB���=Fd�NQD!��)nD!�*�VKeJ0�|0Q5U"lBLwAH�av�=B=*���wBKl r#UaV���AH~Q:�
r#
AHa{\V�8��AH~Q5��h�*��U8~<f�Yuan v Lin[5] j[�� Lasso(Group Lasso) *%�7*%= L2 'B��M9�U6�&,�*��DX�~�;M�
�h�*��~U8I����r#&,�Gv�1~*�U8� Zhou v Zhu[6] j[�0F Lasso(Hierarchical Lasso)v{0�0F Lasso(Adaptive Hierarchical Lasso)~*%�Simon v Friedman�z [7] j[��;� Lasso(Sparse Group Lasso) ~*%�Q:�;AH~�wBer�L.V�lB L(βββ). ��X*V�~^t*%0��w�0MAH��P�v��b�0MAH~��Ku*%~V�lBrgQy5�*�~:%0;���#�[��Q5wd0���QBg0;�vNwI{(~V�lB�H~b�0MAHT$*%� Zhang v Jiang �z [8,9] =w�OR�;�?/
� (Bregman Divergence, BD) ~V�lBv Lasso, SCAD �U"lBVKNw�j[�wd<	b�0MAH~*�U8*%�8aa��#�= BDV�	�x�l�



1\ >-Æ�>`9�bM��k��LP|�9>F|?>S!t(�S6)# 33NQ~�;AHa�Nw� Lasso, 0F Lasso,{0�0F Lasso v�;� LassoU"VKAH�BT$v*�U8�#�j[~l�NQ~�;AH~�BT$v*�U8*%8
.�eÆAH
eÆ~V�lB�7*%8Tv���X*V�v0��WBd~�BKuV��L5V�lB��v���^CU~0;�Q
=0�Q~fI�r#�7*%v�2U8pBer*�~r#'0[�B*�1~�NQD!�2&&�k~*�U8vNf#CajLI�~BgD!vIn~LwNf�#���)�H��
 (Logistic

Regression) �
�3%K=�sP1*�l�NQ#AH~T$*%�3E[�2�~�mR%�[gAL$R%D�ajx~ 8 dU"lB�{0�0F Lasso v�;� Lasso U"*%Ir#VK�Gv�1~*�U8
�BT$v*�U8NfI�Zs�r#��;� Lasso U"*%~#CNfI�ts�_�0% (Misclassifacation

Rate) 2 8 d*%a���#�=l��;� Lasso U"~)�H�AH���W\Ki (Osteoarthritis, OA) �E~~h[ps%� (PBMC) ��/hDX~0��U[��i� 136 B��~ 9 B����W\Ki�\�7�,v��2\��~|R��yYe`�Vw<K;W\Ki~�1�℄3e��7q��
2 # 
2.1 ?W� {(XXX1, Y1), · · · , (XXXn, Yn)} ���}l (XXX, Y ) ~w���^C�_a XXX = (X1, · · · ,
Xp)

⊤∈ R
p �P1*��P~7��Y . P1*��s#b�0MAHm(xxx) = E(Y |XXX =

xxx) = F−1(β0 + xxx⊤βββ), _a β0 �Hi6� F (·) �ÆFlB�sP1*���NQ#�Fg�NQD!=_0� G B��2B��i� pg B*� (p = p1 + · · · + pG), �.AH*�	
m(xxx) = F−1

(
β0 +

G∑

g=1

xxx(g)⊤βββ(g)
)
, (1)_a xxx = (xxx(1)⊤, · · · , xxx(G)⊤)⊤, βββ = (βββ(1)⊤, · · · , βββ(G)⊤)⊤.2#�s#~��/hDXAHa� P1*� Y .wB�$*��� Yi ∈ {0, 1}.a# (1) +a~ m(xxx) a.0�n6:% Pr(xxx) = Pr(Y = 1|xxx). s#�BÆFlB

F (θ) = log{θ/(1 − θ)}, vQ:�()�H��
AH	
F{m(xxx)} = β0 +

G∑

g=1

xxx(g)⊤βββ(g). (2)

2.2 KB-G;�?/
� (Bregman Divergence, BD) .wdb�i�C�d�_I+�(	
Q(ν, µ) = −q(ν) + q(µ) + (ν − µ)q′(µ),
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 � > V V � 45j_a q(·)  O Q(·, ·) ~�PlB�-� q(·) .ÆlB
�wGuB q′(·), 9 q(·) ~ÆMs�� Q(·, ·) .wB+5lB�s q(·) bÆ#�s
Ts ν = µ # Q(ν, µ) = 0. �a�s�400� ν v µ m/^CvT$#� Q(ν, µ) vh�V�lB~��M^�)�8r~�PlB q(·), ;�?/
�v*���d�IV� [10], �~P�L5~V�lB�
��s q(µ) = aµ−µ2 
 a�LB#�Q(y, µ) = (y−µ)2 .�bV�lB�s q(µ) = −2{µ log(µ)+(1−µ) log(1−µ)}#�Q(y, µ) = −{y log(µ)+(1−y) log(1−µ)}�5Q	i�V�lB�s q(µ) = 2{µ(1−µ)}1/2 #�Q(y, µ) = exp{−(y−1/2) log(µ/(1−µ))}�WBV�lB [11]; s q(µ) = µ − µ log(µ) #� Q(y, µ) = y{log(y) − log(µ)} − (y − µ)�LKuV�lB�e0��;�?/
���i�P��7~V�lB�
�L5~ Check function, Fg Zhang v Jiang � [8] ~Æ��vQ��V�lB Q(Y, µ) 2
j = 1, · · · , K #� Q(Y, µj+) = lim

µ↓µj

Q(Y, µ) v Q(Y, µj+) = lim
µ↑µj

Q(Y, µ) e2
�.�
-~s Y 6= µj #� Q(Y,µj+)−Q(Y,µj−)
Y −µj

≤ 0 3
� Y �\��.e2wBÆlB q,v����PlB�){V�lB Q(Y, µ) �wd;�?/
���� Check function,

Q(Y, µ) = ρτ (Y − µ) = (Y − µ)[τ − I(Y < µ)], ��$R Q(Y, µj+) = I(Y < µj) − τ ,

Q(Y, µj−) = τ − I(Y < µj), a#~ Q(Y, µ) -~�=n6��.v= Check function o�.wd;�?/
���~� Zhang v Guo �z [12] j[�w��7~ BD lB��i� Huber V�lB��7LKuV�lB��Hennequin v David �z [13] P;� β
�.wd;�?/
��� Mihoko v Eguchi[14] �� β 
�Q:�wd�7~T$*%�2#�s#~��/hDX0�a� P1*� Y .wB�$*���a�5Q	i�V� Q(y, µ) = −{y log(µ) + (1 − y) log(1 − µ)} vWBV� Q(y, µ) = exp{−(y −
1/2) log(µ/(1− µ))} �v o� BD V�� Zhang v Jiang �z [8] W[��dV�lB2�
AHT$a�0�Nf~
5v~&8$�&&��aU8_a{�wdV�lB�v�
2.3 ��-GU"lB~)�v�4�Rj��.~BgD!��;AHT$~;x�3hx*�U8~<f�WO��t$Y)4j[�P�[	~U"*%��~��
�Lasso,{0� Lasso, SCAD �*%�#�=�a�*%VK3pQ���'�l�NQ~ Lasso*%VK%D�s P1*��i��NQD!#�[	*%8IW0	�BgD!�T$[*�~�NQI+�a#�aOr	�w=l�NQ~U"*%�
�� Lasso,0F Lasso, {0�0F Lasso v�;� Lasso.

2.3.1 <0, (Ridge)

Hoerl v Kennard[2] j[�wd�V��TM��jBU<~�B~�ÆM�
�4��eO0M~*%���
.wdM9�AH���B βββ  ,� L2 U"�q7*%��
#B~U"38I)_aWZ����8IJ��;P���
~U"lB�
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Pλ(βββ) = λ||βββ||22,_a� || · ||2 /,wB7�~ L2 'B�

2.3.2 Lasso

Tibshirani[1] j[�wdpg��
#B~l�URv (��
#B7�~ L1 'B)VKU"~*%�aW�
#B~j:�)l�UD:~�
#B{� aW���
�J��;Pv&,*�U8�Lasso ~U"lBI+�	Pλ(βββ) = λ||βββ||1, _a� || · ||1/,wB7�~ L1 'B�
2.3.3 eC℄ Lasso(AdLasso)�� Lasso *%~T$.�T~���w3ap�� Zou[3] j[�wdwCB*���~�
#BX8x~U"R�h�{0�~M^~U"lB�{0� Lasso)�8r~{0�le�)U"lBa��C-*�~�
#B~U"Dj����4�*�~�
#B~U"D:�{0� Lasso h� Oracle M^��_AHU8h��;Mv2wM�
�B βββ ~T$-~8VM`M�{0� Lasso ~U"lBI+�(	
Pλ,ω(βββ) = λωωωT ||βββ||1, _a� ωωω = (ω1, · · · , ωp) �le7��2&&��a�v�U�
ωj = 1

|β̂OLS
j

|
γ , _a β̂OLS

j �� j B�
#B~Zp�:�QT$U� γ > 0; sAH	Bx<#�svU���
~�BT$UQ5llB�� ωj = 1

|β̂Ridge

j
|
γ , β̂Ridge

j �� j B�
#B~��
T$� γ > 0.

2.3.4 +/6�8��� SCAD

Fan v Li[4] j[~`�H�l�I (Smoothly Clipped Absolute Deviation, SCAD)*%v{0� Lasso~I4�K�pg�CB*���~�
#B ,8rR�~U"�hx�BT$v*�U8~w[M� SCAD U"=l�U:� λ ~�
#B (�4�*�~�
#B) aWZ����l�U2 [λ, αλ] i1~�
#B (�C-*�~�
#B) Tu�
#Bl�U~:j�4:aW~R����l�Uj� αλ ~�
#B (�C-*�~�
#B) 8VKaW� SCAD ~U"lBI+�	
Pλ,α(βββ) =λ|βj |I(|βj | ≤ λ)

+
(2αλ|βj | − |βj |2 − λ2)

2(α − 1)
I(λ < |βj | ≤ αλ) +

(α + 1)λ2

2
I(|βj | > αλ).

2.3.5 g Lasso(GLasso)sP1*�h��NQ#� Yuan v Lin[5] j[~� Lasso(Group Lasso) *%v�=h�B=OreJ~w�*���wBKl r#Ua��AHQ:
r#
AHa{\�� Lasso~AH�;M.eJ*��DX�~�D=� Ua~�a~eJ*
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 � > V V � 45j�#Bm� 0. � Lasso ~U"lB�	
Pλ(βββ) = λ

G∑

g=1

√
pg||βββ(g)||2.

2.3.6 &� Lasso(HLasso)� Lasso .wd “all-in-all-out” ~*�U8*%����a~wBer*� Ua|�KB�~_Y*��� Ua���&,2{\8er~�~r#�sI�V2�GTUjer*�~�
M� Zhou v Zhu[6] j[�0F� Lasso (Hierarchical Lasso).0F� Lasso=2B�B0P��BFbNQ	�0�vBl0��� g B�~� j B�B βgj v >�	βgj = dgαgj , _a dg > 0.�0��αgj .Bl0��0F� Lasso~U"lBv>�	
Pλ(βββ) =

G∑

g=1

(
dg + λ

pg∑

j=1

|αgj |
)

= λ

G∑

g=1

√
||βββ(g)||1.

2.3.7 eC℄&� Lasso(AdHLasso)��Zp0F Lasso ���B βββ ~2wB0�~U"R�.w[~�Fp~U"R��B=Dj~ βj �f�+{gj�
�){T$U β̂ββ �T�Zhou v Zhu[6] �j[�{0�0F Lasso(Hierarchica Lasso)~*%�{0�0F Lasso pg�8r�~*� ,8r~le
� ,8r~U"�){��B βββ ~U"R�h� “{0� ” ~M^��U"R�Tu*��AH
5R�~:j�4:�{0�0F Lasso~U"lB�	
Pλ,ω(βββ) = λ

G∑

g=1

√
ωωωg

T ||βββ(g)||1,_a�ωωω = (ω11, · · · , ωgpg) �le7��rp��v�U�Zp�:�QT$U β̂OLS
gj 
��
T$ β̂Ridge

gj Q5llB ωj = 1

|β̂OLS
gj

|
γ 
 ωj = 1

|β̂Ridge

gj
|
γ , γ > 0.

2.3.8 REg Lasso(SGLasso)��r#&,�1eJU8v�G~eJU8� Simon v Friedman �z [7] 2Zp� Lasso a	� L1 'B�j[��;� Lasso(Sparse Group Lasso) ~*%�7*%v�r#2�DXvBlDX��B βββ VK8rU"�r#&,�DXvBlDX~�;M�
�VK*�U8��;� Lasso ~U"lBI+�	
Pλ,α(βββ) = (1 − α)λ

G∑

g=1

√
pg||βββ(g)||2 + αλ||βββ||1.
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3 I �-k(�R% (Coordinate Descent, CD).wd�wBv�~�*�wlB F (XXX)2bjwB�-*7����j�:U~�mR%�22b�m#�YÆwB�-*7VK��3IB*�U�u|U8(wB�-*7VK���Sx7� XXX ~CB*7�~���hx6�#�V�lBU�:�a#~�BT$U���4rg~Nf�x�YE�|[00
�'vAL4n~B�E;��-k(�R%~��M^�3���*�U8�ka� Friedman v Hastie �z [15], Wu v Lange[16] =7*%	�x�l�U"~0M�
�k� Zhang v Zhang �z [10] �=7R%	�x�l�U"~b�0MAHa�#�Q�~CdU"*%�v�Nw8r~ BDV�lB)��-k(�R%gP�e0��sP1*�	Bx<#�)� CD R%gPi�;� Lasso U"~b�0MAH�R%~6�O��x0��.��4	�� Zhang v Chai �z [17]j[~,Ooi�IBR% (Accelerated Full Gradient Update, AFGU) �gPi�;�
LassoU"~AH� Zhang v Chai �z [17] 
'� AFGU R%~ Q- �b6�M�E;� AFGU R%~,O<f�AFGU R%2bYO$R�BKu~oi���:�C-lB�� CD R%2bOr$R2B�-*7�~i��g{�:U�r#�22b�ma�sIB�oi�|� AFGU )�P��m%��BVKIB�a#��Bx1(�Z+��B~	B�F2�;AHaaIjj,z,RO��U{q�~.���,Ooi�IBR%~�w<.�KulB
LKulBVKoi�IB��a�7*%OrQyT�*�~0;�>[_KulB�
uQyT�*�~℄�v*IR1~
#lB�Q:LKulB�(7��4=�0F Lasso �
E[�-k(�R%~hlgR�3E[�;� Lasso ~,Ooi�IBR%gR�
3.1 &� Lasso �h�
S5J"8 Zhang v Jiang �z [10] ~a��#�=U"lB� Lasso ~b�0MAH~�-k(�R%{bZU"lB�0F Lasso ~fI�2b�0MAHa�l0F LassoU"~�B βββ ~ BD T$vpg�:��(C-lBg{	

T (ddd,ααα) =
1

n

n∑

i=1

Q(Yi, m(XXXi)) +

G∑

g=1

(dg + λ

pg∑

j=1

|αgj |). (3)Æ� qj(y, θ) = (∂j/∂θj)Q(y, F−1(θ)), j = 0, 1, · · ·, β̃0, � BD V�lB Q(Yi, m(XXXi)) =

Q(Yi, F
−1(β0 + xxx⊤iβββ)) VK℄�;n|v{_WK$RU	

1

2

n∑

i=1

ti(Zi − β0 − x⊤iβββ)2,_a� ti = q2(yi, β̃0 + x⊤i β̃ββ)/n, Zi = (β̃0 + x⊤iβββ)− q1(yi, β̃0 + x⊤i β̃ββ)/q2(yi, β̃0 + x⊤i β̃ββ), β̃0 v β̃ββ00� β0 v βββ ~YU��a�0F Lasso ~�-k(�R%vpg�(gR&,	
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1. Y*� dg, αgj v βgj = dgαgj .

2. Fg�=M+$R Zi v ti. -t� Zi v xi, � Z̃i = Zi −
( n∑

i=1

tiZi

)/( n∑
i=1

ti
)
,

x̃i = xi −
( n∑

i=1

tixi

)/( n∑
i=1

ti
)
, �9\AHa~Hi6�a#��m�k*�	

min
dg,αgj

{1

2

n∑

i=1

ti(Z̃i − x̃⊤iβββ)2 +

G∑

g=1

(dg + λ

G∑

g=1

pg∑

j=1

ωgj |αgj |)
}
,_a ωgj �{0�0F Lasso ~le�Zp0F Lasso ~ ωgj � 1.

3. ) xd
i,gj = dgxi,gj , g = 1, · · · , G, j = 1, · · · , pg. $R αgj :

(a) Fg�(M+IB αgj ,

αnew
gj = argmin

αgj

{1

2

n∑

i=1

ti

(
Z̃i −

∑

g,j

x̃d
i,gjαgj

)2

+ λ

G∑

g=1

ωgj

pg∑

j=1

|αgj |
}
.

(b) s max(|αnew
gj −αgj |)~R:#�� αgj = αnew

gj 3bX�m�29�� αgj = αnew
gj3�x<l 3(a).

4. � x̃α
i,g =

pg∑
j=1

αgjxi,gj , g = 1, · · · , G.$R dg:

(a) Fg(+IB dg

dnew
g = arg min

dg≥0

{1

2

n∑

i=1

ti

(
Z̃i −

G∑

g=1

x̃α
i,gdg

)2

+

G∑

g=1

dg

}
.

(b) s max(|dnew
g − dg|) ~R:#�� dg = dnew

g 3bX�m�29�� dg = dnew
g3&�<l 4(a).

5. � βnew
gj = dgαgj . � ‖βββnew − βββ‖1 ~R:�9bX�m�29�� βββ = βββnew 3&�<l 2.

3.2 REg Lasso �3HAL�'UJ",Ooi�IBR% (AFGU) jj,z�gPi�;� Lasso U"~AH~,RO��r#�7*%�v{bZ_YU"I+�2b�0MAHa�l�;� Lasso U"~�B βββ ~ BD T$vpg�:��(C-lBg{	
T (βββ) =

1

n

n∑

i=1

Q(Yi, m(XXXi)) + (1 − α)λ

G∑

g=1

√
pg||βββ(g)||2 + αλ||βββ||1. (4)�.�,Ooi�IBR%vpg�(gR&,	
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1. Y*� β0 v βj , {x βββ ~YU β̃ββ = (β̃(1), · · · , β̃(G)).

2. �1\�IB2B βββ(g), ��2B��,K<l 3.

3. (a) ��oi�IB~I4T$ β̃ββ
(g)

, ��:��(C-lB	
ρ

2
||β̃ββ

(g)
− β̃ββ

(g)old
||22 + {∇Q(β̃ββ

(g)old
)}(β̃ββ

(g)
− β̃ββ

(g)old
) − Pλ,α(βββ(g))_a�∇Q(β̃ββ

(g)
) �\� β̃ββ

(g) ~i�U� ρ �wBx:~MLB���y℄i�IB<M�2r� Simon v Friedman �z [7] ~�%�IB2B�~ β̃ββ
(g)

,

β̃ββ
(g)new

=
(
1− ρ(1 − α)λ

||S(β̃ββ
(g)

− ρ∇Q(−g)(β̃ββ
(g)

, ραλ))||2

)
+
S(β̃ββ

(g)
− ρ∇Q(−g)(β̃ββ

(g)
), ραλ),_a Q(−g)(·) �8i g �~V�lBU� S(·)��
UlB (Soft Threshold-

ing), � S(zj, αλ) = sign(zj)(|zj | − αλ)+.

(b) )�P�R%VK,O��Am/ β̃ββ
(g)newa+�6~(-�w��∇QA(β̃ββ

(g)new
)v ∇2QA(β̃ββ

(g)new
) 00/,lB Q(β̃ββ

(g)new
) \� β̃ββ

(g)new

A ~%&i�vh�dI��. β̃ββ
(g) v�(+IB�{	

β̃ββ
(g)

= β̃ββ
(g)new

A − {∇2QA(β̃ββ
(g)new

)}−1∇QA(β̃ββ
(g)new

)

(c) s ‖βββ(g)new − βββ(g)‖1 ~R:#�bX�m�29�� β̃ββ
(g)old

= β̃ββ
(g)new 3&�<l 2.X_|�e`|[
'��-k(�R%v,Ooi�IBR%~6�Mv0�M�q�42,G�~e`a3#��%E[�E2#�|0(b?~�'{u��4=2(w=ALe`aE[0F Lasso�-k(�R%v�;� Lasso,Ooi�IBR%~P"℄y��
'R%~6�M�

4 =�1I��%D#�
'~8rU"lBv*�0;�*�U8<f~
5�3
U80��#�\q~��/hDXAH~U"lB�#=K�$��(�BAL4n�7)�Q5i��NQ~P1*����ALw�0�#�C�1h�8reJ��Gh�2KeJ~�NQD!��4���P 325 B�*��_a� 50 B�~ pg � 25, �
275 B�~ pg � 50, O$ p = 15000 BP1*����ALAH~�;M��4�$�
10 B+o�O 80 B+o*��_a�� 2 Bi 5 B+o*�~��� 3 Bi 10 B+o*�~��{�}*�BB� 50 ~��rp��� 2 Bi 5 B+o*�~��� 3 Bi 10 B+o*�~��{�}*�BB� 20~��2ALwa�2B�G~*� XXX(g)j{�$M`0; N(0,Σpg

), _a Σpg
= ρ1pg

1⊤
pg

+ (1 − ρ)Ipg
, g = 1, · · · ,G, ρ = 0.8.
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z
0;#��a*%~/,��42AL�a�)2B�G~*� XXX(g) 3
{��� 3 ~�$ t 0; t(3,0,Σpg
), _a� Σpg

rALw�ALwvAL�~ P1*� Y m3
 Bernoulli 0;�vFg�(AH�P	
m(xxx) = E(Y |XXX = xxx) = F−1(β0 + xxx⊤βββ),_a� θ = β0 + XXX⊤βββ 
 F (θ) = log{θ/(1 − θ)}. 2ALwvAL�a�00e4�=<l�T��PwBp#� n = 140 ~^�����T$AH�Bv*�U8�rp��T��PwBp#� n = 10000~C4����C4AH*�U8~v0�#C~<f��4� Oracle m/s�4|Qts�NQD!�2�~+�er*�~�4r`AH�00���jx~ 8 d8rU"lBQ:l��NQ~�;AHVK�BT$�2BAL&ne4 100 b�%D�(W-�2nAH~T$<f	

• MR: �0%��^��T$~�BLw~AH#CC4�p##0�f�~%%
• CSZ: MsUa~�
#B��~*�BB
• CSNZ: MsUa~�
#B8��~*�BB
• CSG: MsUa+o�~BB
• WSG: f�U8++o���+o~BB
• Time: $R�VKpbAHT$XOr~#1�p��8�$R�S\�	Intel(R)

Core(TM) i7-4790 CPU@3.60GHz, RAM 8GB2�K�B~U8*7�L�~*%mr� AIC, BIC, EBIC, GCV v�:�0%%�� c = 1/2 m/2�~#C0�f�V��9fXhQ��~0�*%��uHt9 YB(XXX) = I[m(xxx) > 1/2],�.�0%v/,� MR = #(Y 6=YB)
#Y , �.v�Uj)�0%

MR�:~�K�B λR v αR ���b~AH�K�B����;� LassoU"���4e$R5q��4>� BICt9�U8�K�B�w*7�BIC*%v�:�0%*%U8~�K�B2K�q BIC*%$R3p�o#���w*7�X_sP1*�	BD<#�� BICU8vI�)*�D�~AH%*��~AHF8xI<~U8:%�
�){*�U8~-oM (False discovery rate):<�
 Chenv Chen[18] j[�v�Dn~y℄-oM%~ EBIC*%�� EBICγ(s) = −2logLn{β̂(s)}+ ν(s)logn+2γlogτ(Sj),

0 ≤ γ ≤ 1. u��7*%2&&��a��	�
k�B γ, F�l��B~$R5nvm<���#�\q~&&�k.U[��12\~����'VK��Yp"~a`vn;|R~��YnP4n��4|�&<~-oM%.vF8~��a��4>�
BIC *%U8�;� Lasso U"~�K�B	

BICg(βββg) = 2lg(βββg
) + df (βββ

g
)log(n)/n,_a lg(·) . g �~5�BKulB� df(βββg) . g �X�+� β ~B��



1\ >-Æ�>`9�bM��k��LP|�9>F|?>S!t(�S6)# 41ALw~$RNf�/ 1X,�~pG~U�-t�I�Oracle*%;,~G&AH� 14920 B*�#B� 0, 80 B#B+�~+o*��O 10 B+o������
U"*%�%=#BaW� 0, 7*%=X��~X�*�#BmT$�+ 0, �I'0[AH~�;M�r#�su[��
2 8 d*%a#C�0%�<�`�H�l�I�
Lasso, {0� Lasso *%v�MsT$[=0�B�q��Y4�%	��NQD!�T$Nf��G&�D!#~*�U8f�%D<�
`�H�l�I*%~#C�0%D<�� Lasso *%v�D�~#C�0%�q_�;M�PDI�� Lasso *%2MsT$[=0+o�v+o*�#�sf�~U8�D�~+o�v+o*��*�U8NfDI�0F Lasso *%~*�U8Nf2��� Lasso *%�X9V�f�T$~+o�v+o*�jj4��q_#C�0%D<�{0�0F Lassopgle~{0��K�w*7�V�0F Lasso *%~�;M'0�-��+o�v+o*�~#BT$I,ts�e0��2#
a�f�T$[+o���w*7jj���#C~�0%�Its~*�U8Nfsl��IZs~#CNf��;� Lasso *%.X�*%a#C�0%��~�r#s.MsT$[��+o*�~�_f�T$[~�NQsD��2$Ro#*7�Zp Lasso *%��~&��NQD!�,KO�Dz��	���NQD!~U"*%a�0F Lasso *%,K�z�{0�0F LassoVK,l|O���40��;� Lasso *%��U"NQ2�4.�%i� L1 U"�i� L2 U"�,KO�D0�q)�,Ooi�(�R%jO|�sTTYOr{0�0F Lasso *%~j& 5 ���#1��� Lasso *%Ti� L2 U"�)�Zp�-(�*%Oo#W 4 :#��}.)� AFGU R%~�;� Lasso *%,K#1~ 30 �� � 1 y)��yL_.:"�7qT!k�?G?K"QMe

Method MR (std) CSZ (std) CSNZ (std) CSG (std) WSG (std) Time (std)

Oracle 0.187 (0.021) 14920 (0.0) 80 (0.0) 10 (0.0) 0 (0.0) 2.3 (0.5)

Ridge 0.403 (0.009) 0 (0.0) 80 (0.0) 10 (0.0) 315 (0.0) 0.8 (0.0)

SCAD 0.251 (0.016) 14851 (4.9) 13 (2.5) 8 (1.1) 57 (4.4) 14.1 (0.1)

Lasso 0.185 (0.018) 14891 (16.7) 8 (2.3) 5 (1.0) 15 (12.2) 9.9 (0.3)

AdLasso 0.181 (0.018) 14903 (9.7) 7 (2.4) 5 (1.0) 7 (6.6) 57.0 (6.9)

GLasso 0.172 (0.019) 14347 (195.7) 34 (5.3) 6 (1.1) 26 (12.4) 13786.6 (549.4)

HLasso 0.303 (0.048) 14887 (9.0) 10 (3.1) 6 (1.3) 9 (3.1) 32.8 (2.1)

AdHLasso 0.199 (0.126) 14907 (14.4) 7 (4.4) 4 (1.7) 0 (1.1) 96.2 (17.8)

SGLasso 0.167 (0.045) 14785 (61.3) 40 (7.7) 4 (1.0) 1 (1.1) 507.9 (187.8)AL�~$RNf�/ 2 X,�s{*� XXX ~0;� t 0;#��aX�*%~/,m%ALw~&I�qC*%1~I0vh-�K���
U"*%�%'0[AH~�;M�
#C�0%�<�`�H�l�I� Lasso, {0� Lasso *%�%	��NQD!�5P�NQT$f�D��� Lasso *%v�	��NQD!�q_�;M�PDI�f�T$[�D�~+o�v+o*��0F Lasso ~�;M�PDn�q#C�0%D<�{0�0F Lassopgle~{0��K){�NQ~f�'0%
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 � > V V � 45jv#C�0%mjj����;� Lasso *%~#C�0%}D��q<� Lasso, {0� Lasso v� Lasso *%��;� Lasso *%.MsT$[��+o*�v��f�T$[�NQ~*%�2$Ro#*7�C*%~,K#1I��ALw�K�� 2 y)��y t .:"�7qT!k�?G?K"QMe
Method MR (std) CSZ (std) CSNZ (std) CSG (std) WSG (std) Time (std)

Oracle 0.198 (0.023) 14920 (0.0) 80 (0.0) 10 (0.0) 0 (0.0) 4 (1.4)

Ridge 0.420 (0.010) 0 (0.0) 80 (0.0) 10 (0.0) 315 (0.0) 1 (0.2)

SCAD 0.286 (0.022) 14848 (4.5) 12 (2.3) 8 (1.0) 58 (4.0) 17 (1.4)

Lasso 0.209 (0.028) 14890 (19.0) 7 (2.4) 5 (1.1) 16 (13.2) 12 (0.9)

AdLasso 0.207 (0.054) 14903 (9.4) 6 (2.7) 5 (1.0) 8 (6.5) 55 (10.8)

GLasso 0.201 (0.029) 14277 (235.8) 33 (4.9) 6 (1.2) 29 (13.9) 29638 (2068.4)

HLasso 0.357 (0.054) 14884 (33.7) 10 (4.9) 5 (1.3) 10 (3.3) 31 (4.5)

AdHLasso 0.263 (0.121) 14905 (14.2) 6 (4.2) 3 (1.7) 1 (1.4) 84 (15.1)

SGLasso 0.228 (0.107) 14806 (85.4) 34 (14.0) 3 (1.5) 1 (1.3) 731 (216.2)|�X=�{0�0F Lasso v�;� Lasso U"*%2ALwvAL�a~/,m��_[*%�[4v�Dn~'0[�NQvU8+o*��
�;M�PDn�F�dU"*%v���#�\q~��/hDX��1\
~�k�Its~
U[��12\~��Yp"��Cp"a`mr
5��~���e0.�;� Lasso*%�7*%2AL$Ra/,[~��0%v�In~�P
U[~��v�1~<\
M�

−2.5

0.0

2.5

5.0

0 10 20 30 40 50
iteration

be
ta

−2

0

2

0 10 20 30 40 50
iteration

be
ta

(a) .E Lasso (b) �:� LassoO 1 .E Lasso 
,j'?Q$u�:� Lasso +Nnh�HAQ$}O!\x��E;��=a~�dR%~6�M��4�0F Lasso v�;� Lasso �
�
ALwaT�Xj�w�Bg�00�0F Lasso ~�-k(�R%v�;� Lasso~,Ooi�IBR%�m 50 bgP�	℄��dR%~P"℄y��y 1 X,�v



1\ >-Æ�>`9�bM��k��LP|�9>F|?>S!t(�S6)# 43�o[�0F Lasso ~�-k(�R%2�mxj& 15 b#6��++o*�~#B aWZ 0; +o*�~�BT$U2:'�G4���;� Lasso ~,Ooi�IBR%2�mxj& 25 b#6��++o*�~#B aWZ 0 �+o*�~�BT$U�V8*�2#�~$Ra���2�PR%~6�M~r#4e$R5n��4�\��j�mbB� 100 b��BT$6�t9� 1 × 10−3, �s�B�b�m$RNf~IU:� 1 × 10−3 #��4|�R%6��80'R$R�
5 \Ŵ\Ki (Osteoarthritis, OA).wda�Oz~L51��1E�[,\Kfu�;Æ�\KKIM?
�[)1z�
^�����Z	�A��u����W\Ki~�1�℄!04.
��;s�Su�__�*%f��q}��e0�<v_ �1~*%�Tu0w��Y�%���Y�2\Yu~�;vAG�v���/h[0�v��_�P��a`�1�℄�1�VR��7_ �1~�<z℄� Ramos v
Bos �z [19] n;�w6z^MW\Kiv_V; (GARP) ~e`�Y4�84�8~~h[℄���?U�pg~h[ps%� (PBMC) /h[�%0��
��DX0��W\Ki�15b2\~I�/h���Dpp"��'Vw<e`r�DXv%�DX~/h�
�K1W\Ki�1�℄�℄�2�~W\Ki_����a6e`>�� 106 <z^MW\Ki�Ev 33 <7q�AEO 139 
p#~~h[��2Bp#mVK��/h[0��2Bp#{xNg 40000B��~/hDXBg�v�l����~/l�_�W~���$6R1e25b~KI
#�Or��p"
��YgR��a�vFgv�l�\���VK0��0�pB�������w~/h*��#�Fg GSEA ℄�~ MSigDB ��� [20]E[~ C1 �\���w=��?U2Cx~��0P 326��O� 14839B�<����400)�AL$RU[~{0�0F Lasso v�;� LassoU"lBQ5l�NQ~)�H��
AH�3�AHVKT$�hl���4)�p#Bg� 10 b�BAGnP�Uj�K�B λ v α �0
p#aT�Xj 16 <7q�AEv 53 <W\Ki�E��^����(p#��C4���VKAHT$vYT�Nf�/ 3 X,�� 3 V[Jh1[��T7Me�.$ *n��A� *n�A�

adHLasso 0.3000 23 8

SGLasso 0.1429 136 9�/ 3 v�o[�{0�0F Lasso U[� 8 B���wO 23 B+o���q_�0%D<�� 0.3. �;� Lasso U[� 9 B���wO 136 B+o���
�0%T� 0.1429. �a��4�bU8l��;� Lasso U"~)�H�AHVKW\Ki~��DX/h0���4�,�7*%U[~ 136 B��a���B��v Ramosv Bos �z [19] ~e`Nf2r�[4�	 KCNJ2, ADRB2 v SNORD13. ,�e`�
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Abstract We introduce the Bregman divergence as a general loss function for the gen-

eralized linear sparse model with group structures so that the parameter estimation and

variable selection methods are not limited to a specific model or a specific loss function. We

compare the characteristics of eight kinds of penalty functions, such as Ridge, SACD, Lasso,

Adaptive Lasso, Group Lasso, Hierarchical Lasso, Adaptive Hierarchical Lasso and Sparse

Group Lasso, and the methods of parameter estimation and variable selection with these

penalties. The Coordinate Descent algorithm for Hierarchical Lasso and the Accelerated

Full Gradient Update algorithm for Sparse Group Lasso are also detailed. The simulation

study shows that the Group Lasso, Hierarchical Lasso, Adaptive Hierarchical Lasso, and

Sparse Group Lasso can better utilize the group structure information of the data, Adap-

tive Hierarchical Lasso and Sparse Group Lasso in terms of variable selection accuracy and

parameter estimation accuracy. Compared with other methods, the Sparse Group Lasso is

optimal in model prediction accuracy. As an empirical example, we apply a logistic model

with Sparse Group Lasso penalty to the analysis of gene expression levels in peripheral blood

mononuclear cells of patients with osteoarthritis and selected 136 genes in 9 gene sets which

affect osteoarthritis, in order to have a certain guiding value for the follow-up biomedical

research.

Key words Lasso; Bregman divergence; group structure; generalized linear model;

sparse model
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