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Abstract

The first part of the tutorial (MATLAB based) introduces 
the graph filtration, the baseline filtration on graph data 
structure. The second part of the tutorial explains how to 
compute the Wasserstein distance without doing numerical 
optimization that is needed to find the optimal bijection. 
The tutorial is based on arXiv:2012.00675.

Matlab codes:
http://www.stat.wisc.edu/~mchung/dynamicTDA
Algorithms are simple (10 lines), no need for MATLAB

https://www.google.com/url?q=https%3A%2F%2Farxiv.org%2Fpdf%2F2012.00675&sa=D&sntz=1&usg=AFQjCNFSaCGI2_SaQYyVH-pXIA4-9EI6Zw
http://www.stat.wisc.edu/~mchung/dynamicTDA
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MATLAB demonstration

http://www.stat.wisc.edu/~mchung/dynamicTDA/

Other codes and brain imaging data:
http://www.stat.wisc.edu/~mchung/softwares.html
Many published papers have weblink for codes.
We have a library of +5000 custom functions. 

Matlab can call Python libraries 
directly inside Matlab.

http://www.stat.wisc.edu/~mchung/dynamicTDA/
http://www.stat.wisc.edu/~mchung/softwares.html


Resting-state functional magnetic resonance imaging (rs-fMRI)

Waisman brain imaging laboratory
University of Wisconsin-Madison



What is the common
topology of brain 
network that does not 
change over time.

Can be easily addressed using
the 10-line code given in tutorial

Songdechakraiwut et al. 2020 ISBI

http://pages.stat.wisc.edu/~mchung/papers/song.2020.ISBI.pdf


Correlation brain network at voxel level

Correlation network of 300000 time series
Complete graph with about 3000002/2 cycles.

GPU



How big is brain  network data?
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2019 Cambridge University Press

300000 voxels (1mm) 
à 90 billion connections 
à 700 GB memory 

p=25972 voxels (3mm) in the brain
à 25972 x 25972 = 0.67 billion connections
5.2GB memory



Graph filtrations

Lee et al. 2011 MICCAI 302-309
Lee et al. 2012 IEEE Transactions on Medical Imaging 31:2267-2277 

Scalable persistent homology

Persistent homology computation is slow: 
O(n3) rank estimation via Gaussian elimination

O(n log n) 

Baseline filtration for (brain) network data

Concept first introduced in 

1.5D problem

3D problem

http://www.stat.wisc.edu/~mchung/papers/lee.2011.MICCAI.pdf
http://www.stat.wisc.edu/~mchung/papers/lee.2012.TMI.pdf


Lee et al. 2011 MICCAI 302-309

http://www.stat.wisc.edu/~mchung/papers/lee.2011.MICCAI.pdf


Weighted complete graph

✏0 < ✏1 < ✏2 < · · ·
<latexit sha1_base64="OCCJIXd0+8fpL9wijMSrk2L6o9Y=">AAACG3icjVBNS8MwGE79nPOr6tFLcAieRjsFFTwMvOw4wbrBVkaapltYmpbkrTDKfogX/4oXDyqeBA/+G7NuoBMFHwg8H+9LkidIBdfgOB/WwuLS8spqaa28vrG5tW3v7N7oJFOUeTQRiWoHRDPBJfOAg2DtVDESB4K1guHlJG/dMqV5Iq9hlDI/Jn3JI04JGKtnH3dZqrkwNHfG+AJ/SXde1gpJwwR0z664VacA/ptU0AzNnv3WDROaxUwCFUTrjuuk4OdEAaeCjcvdTLOU0CHps46hksRM+3nxuTE+NE6Io0SZIwEX7veNnMRaj+LATMYEBvpnNjF/yzoZRGd+zmWaAZN0elGUCQwJnjSFQ64YBTEyhFDFzVsxHRBFKJg+y/8rwatVz6vu1Uml3pi1UUL76AAdIRedojpqoCbyEEV36AE9oWfr3nq0XqzX6eiCNdvZQ3Ow3j8BOJWhDQ==</latexit><latexit sha1_base64="OCCJIXd0+8fpL9wijMSrk2L6o9Y=">AAACG3icjVBNS8MwGE79nPOr6tFLcAieRjsFFTwMvOw4wbrBVkaapltYmpbkrTDKfogX/4oXDyqeBA/+G7NuoBMFHwg8H+9LkidIBdfgOB/WwuLS8spqaa28vrG5tW3v7N7oJFOUeTQRiWoHRDPBJfOAg2DtVDESB4K1guHlJG/dMqV5Iq9hlDI/Jn3JI04JGKtnH3dZqrkwNHfG+AJ/SXde1gpJwwR0z664VacA/ptU0AzNnv3WDROaxUwCFUTrjuuk4OdEAaeCjcvdTLOU0CHps46hksRM+3nxuTE+NE6Io0SZIwEX7veNnMRaj+LATMYEBvpnNjF/yzoZRGd+zmWaAZN0elGUCQwJnjSFQ64YBTEyhFDFzVsxHRBFKJg+y/8rwatVz6vu1Uml3pi1UUL76AAdIRedojpqoCbyEEV36AE9oWfr3nq0XqzX6eiCNdvZQ3Ow3j8BOJWhDQ==</latexit><latexit sha1_base64="OCCJIXd0+8fpL9wijMSrk2L6o9Y=">AAACG3icjVBNS8MwGE79nPOr6tFLcAieRjsFFTwMvOw4wbrBVkaapltYmpbkrTDKfogX/4oXDyqeBA/+G7NuoBMFHwg8H+9LkidIBdfgOB/WwuLS8spqaa28vrG5tW3v7N7oJFOUeTQRiWoHRDPBJfOAg2DtVDESB4K1guHlJG/dMqV5Iq9hlDI/Jn3JI04JGKtnH3dZqrkwNHfG+AJ/SXde1gpJwwR0z664VacA/ptU0AzNnv3WDROaxUwCFUTrjuuk4OdEAaeCjcvdTLOU0CHps46hksRM+3nxuTE+NE6Io0SZIwEX7veNnMRaj+LATMYEBvpnNjF/yzoZRGd+zmWaAZN0elGUCQwJnjSFQ64YBTEyhFDFzVsxHRBFKJg+y/8rwatVz6vu1Uml3pi1UUL76AAdIRedojpqoCbyEEV36AE9oWfr3nq0XqzX6eiCNdvZQ3Ow3j8BOJWhDQ==</latexit><latexit sha1_base64="OCCJIXd0+8fpL9wijMSrk2L6o9Y=">AAACG3icjVBNS8MwGE79nPOr6tFLcAieRjsFFTwMvOw4wbrBVkaapltYmpbkrTDKfogX/4oXDyqeBA/+G7NuoBMFHwg8H+9LkidIBdfgOB/WwuLS8spqaa28vrG5tW3v7N7oJFOUeTQRiWoHRDPBJfOAg2DtVDESB4K1guHlJG/dMqV5Iq9hlDI/Jn3JI04JGKtnH3dZqrkwNHfG+AJ/SXde1gpJwwR0z664VacA/ptU0AzNnv3WDROaxUwCFUTrjuuk4OdEAaeCjcvdTLOU0CHps46hksRM+3nxuTE+NE6Io0SZIwEX7veNnMRaj+LATMYEBvpnNjF/yzoZRGd+zmWaAZN0elGUCQwJnjSFQ64YBTEyhFDFzVsxHRBFKJg+y/8rwatVz6vu1Uml3pi1UUL76AAdIRedojpqoCbyEEV36AE9oWfr3nq0XqzX6eiCNdvZQ3Ow3j8BOJWhDQ==</latexit>

Graph Filtrations

Node
set

X = (V,w)
Edge
weight 

<latexit sha1_base64="lDzuqWbdoipJmsMBukJE8Slv/wU=">AAAB8XicdZDLSgMxFIbP1Futt6pLN8Ei1M0wlVKnC6HgxmUFe8F2KJk000YzmSHJWMrQt3DjQhG3vo0738b0QlHRHwKH7z+HnPP7MWdKO86nlVlZXVvfyG7mtrZ3dvfy+wdNFSWS0AaJeCTbPlaUM0EbmmlO27GkOPQ5bfn3l1O/9UClYpG40eOYeiEeCBYwgrVBt6OL4qiXsrvJaS9fcOxqteq6FVSynZnQnJSdJSnAQvVe/qPbj0gSUqEJx0p1Sk6svRRLzQink1w3UTTG5B4PaMeUAodUeels4wk6MaSPgkiaJzSa0e8TKQ6VGoe+6QyxHqrf3hT+5XUSHbheykScaCrI/KMg4UhHaHo+6jNJieZjU2AimdkVkSGWmGgTUs6EsLz9/6J5ZpcqtnNdLtTcRRxZOIJjKEIJzqEGV1CHBhAQ8AjP8GIp68l6td7mrRlrMXMIP2S9fwGU65DY</latexit>

w = (wij)

X✏0 � X✏1 � X✏2 � · · ·
<latexit sha1_base64="2S3kwZX+MwsC0iX8GtlUHW27zKY=">AAACU3icjVFNS8NAFNzEqrVajXr0slgETyURQb0VvPRYwdhCE8pm+9ou3Xyw+yKUkB+pB8Ff4sWD2w/wg4oOLAwz83iP2SiTQqPrvlr2RmVza7u6U9vdq+8fOIdHDzrNFQefpzJVvYhpkCIBHwVK6GUKWBxJ6EbT27nffQSlRZrc4yyDMGbjRIwEZ2ikgTMNYoYTzmTRKwdFAJkW0uhuSWmg80wD0vUJ78/ERfkZ4MMU9cBpeE13Afo7aZAVOgPnORimPI8hQS6Z1n3PzTAsmELBJZS1INeQMT5lY+gbmrAYdFgsSinpmVGGdJQq8xKkC/XrRMFirWdxZJLz8/VPby6u8/o5jq7DQiRZjpDw5aJRLimmdN4wHQoFHOXMEMaVMLdSPmGKcTT/UPtfCf5F86bp3V02Wu1VG1VyQk7JOfHIFWmRNukQn3DyRN4sYlnWi/Vu23ZlGbWt1cwx+Qa7/gHQKrV9</latexit><latexit sha1_base64="2S3kwZX+MwsC0iX8GtlUHW27zKY=">AAACU3icjVFNS8NAFNzEqrVajXr0slgETyURQb0VvPRYwdhCE8pm+9ou3Xyw+yKUkB+pB8Ff4sWD2w/wg4oOLAwz83iP2SiTQqPrvlr2RmVza7u6U9vdq+8fOIdHDzrNFQefpzJVvYhpkCIBHwVK6GUKWBxJ6EbT27nffQSlRZrc4yyDMGbjRIwEZ2ikgTMNYoYTzmTRKwdFAJkW0uhuSWmg80wD0vUJ78/ERfkZ4MMU9cBpeE13Afo7aZAVOgPnORimPI8hQS6Z1n3PzTAsmELBJZS1INeQMT5lY+gbmrAYdFgsSinpmVGGdJQq8xKkC/XrRMFirWdxZJLz8/VPby6u8/o5jq7DQiRZjpDw5aJRLimmdN4wHQoFHOXMEMaVMLdSPmGKcTT/UPtfCf5F86bp3V02Wu1VG1VyQk7JOfHIFWmRNukQn3DyRN4sYlnWi/Vu23ZlGbWt1cwx+Qa7/gHQKrV9</latexit><latexit sha1_base64="2S3kwZX+MwsC0iX8GtlUHW27zKY=">AAACU3icjVFNS8NAFNzEqrVajXr0slgETyURQb0VvPRYwdhCE8pm+9ou3Xyw+yKUkB+pB8Ff4sWD2w/wg4oOLAwz83iP2SiTQqPrvlr2RmVza7u6U9vdq+8fOIdHDzrNFQefpzJVvYhpkCIBHwVK6GUKWBxJ6EbT27nffQSlRZrc4yyDMGbjRIwEZ2ikgTMNYoYTzmTRKwdFAJkW0uhuSWmg80wD0vUJ78/ERfkZ4MMU9cBpeE13Afo7aZAVOgPnORimPI8hQS6Z1n3PzTAsmELBJZS1INeQMT5lY+gbmrAYdFgsSinpmVGGdJQq8xKkC/XrRMFirWdxZJLz8/VPby6u8/o5jq7DQiRZjpDw5aJRLimmdN4wHQoFHOXMEMaVMLdSPmGKcTT/UPtfCf5F86bp3V02Wu1VG1VyQk7JOfHIFWmRNukQn3DyRN4sYlnWi/Vu23ZlGbWt1cwx+Qa7/gHQKrV9</latexit><latexit sha1_base64="2S3kwZX+MwsC0iX8GtlUHW27zKY=">AAACU3icjVFNS8NAFNzEqrVajXr0slgETyURQb0VvPRYwdhCE8pm+9ou3Xyw+yKUkB+pB8Ff4sWD2w/wg4oOLAwz83iP2SiTQqPrvlr2RmVza7u6U9vdq+8fOIdHDzrNFQefpzJVvYhpkCIBHwVK6GUKWBxJ6EbT27nffQSlRZrc4yyDMGbjRIwEZ2ikgTMNYoYTzmTRKwdFAJkW0uhuSWmg80wD0vUJ78/ERfkZ4MMU9cBpeE13Afo7aZAVOgPnORimPI8hQS6Z1n3PzTAsmELBJZS1INeQMT5lY+gbmrAYdFgsSinpmVGGdJQq8xKkC/XrRMFirWdxZJLz8/VPby6u8/o5jq7DQiRZjpDw5aJRLimmdN4wHQoFHOXMEMaVMLdSPmGKcTT/UPtfCf5F86bp3V02Wu1VG1VyQk7JOfHIFWmRNukQn3DyRN4sYlnWi/Vu23ZlGbWt1cwx+Qa7/gHQKrV9</latexit>

Graph filtration

for increased edge weights

<latexit sha1_base64="tY3DaeDpPUwztebrBd+CF1oOK4M=">AAACEnicdVDLSsNAFJ3UV62vqEs3g0VoQUKiUu1CKLhxWcE+oAllMp22QyeTMDNRSsg3uPFX3LhQxK0rd/6Nk7ZCfR0YOJxzL3fO8SNGpbLtDyO3sLi0vJJfLaytb2xumds7TRnGApMGDlko2j6ShFFOGooqRtqRICjwGWn5o4vMb90QIWnIr9U4Il6ABpz2KUZKS12z7AZIDTFiSTvtJi6JJGUhT+F5qXkIb+eUctcs2lbVdqoVB/4mjmVPUAQz1Lvmu9sLcRwQrjBDUnYcO1JegoSimJG04MaSRAiP0IB0NOUoINJLJpFSeKCVHuyHQj+u4ESd30hQIOU48PVkFkD+9DLxL68Tq/6Zl1AexYpwPD3UjxlUIcz6gT0qCFZsrAnCguq/QjxEAmGlWyzoEr6Swv9J88hyKtbx1UmxVpvVkQd7YB+UgANOQQ1cgjpoAAzuwAN4As/GvfFovBiv09GcMdvZBd9gvH0C4xKeQA==</latexit>

X✏ = (V,w✏)

Binary graph

<latexit sha1_base64="hwjkBd+hRyBOT+7S3YVvS8C37Q4="></latexit>

w✏,ij =

(
1 if wij > ✏;

0 otherwise.



Lee et al. 2012 IEEE Transactions 
on Medical Imaging 31:2267-2277 

Kruskal’s algorithm
for minimum spanning tree
is used for graph filtration

Monotonicity of 
betti-0 is obvious

http://www.stat.wisc.edu/~mchung/papers/lee.2012.TMI.pdf


Simplical complex vs. Graph

Boundary 
operation

High-order
interaction

Pairwise 
interaction



Weighted graph

✏0 < ✏1 < ✏2 < · · ·
<latexit sha1_base64="OCCJIXd0+8fpL9wijMSrk2L6o9Y=">AAACG3icjVBNS8MwGE79nPOr6tFLcAieRjsFFTwMvOw4wbrBVkaapltYmpbkrTDKfogX/4oXDyqeBA/+G7NuoBMFHwg8H+9LkidIBdfgOB/WwuLS8spqaa28vrG5tW3v7N7oJFOUeTQRiWoHRDPBJfOAg2DtVDESB4K1guHlJG/dMqV5Iq9hlDI/Jn3JI04JGKtnH3dZqrkwNHfG+AJ/SXde1gpJwwR0z664VacA/ptU0AzNnv3WDROaxUwCFUTrjuuk4OdEAaeCjcvdTLOU0CHps46hksRM+3nxuTE+NE6Io0SZIwEX7veNnMRaj+LATMYEBvpnNjF/yzoZRGd+zmWaAZN0elGUCQwJnjSFQ64YBTEyhFDFzVsxHRBFKJg+y/8rwatVz6vu1Uml3pi1UUL76AAdIRedojpqoCbyEEV36AE9oWfr3nq0XqzX6eiCNdvZQ3Ow3j8BOJWhDQ==</latexit><latexit sha1_base64="OCCJIXd0+8fpL9wijMSrk2L6o9Y=">AAACG3icjVBNS8MwGE79nPOr6tFLcAieRjsFFTwMvOw4wbrBVkaapltYmpbkrTDKfogX/4oXDyqeBA/+G7NuoBMFHwg8H+9LkidIBdfgOB/WwuLS8spqaa28vrG5tW3v7N7oJFOUeTQRiWoHRDPBJfOAg2DtVDESB4K1guHlJG/dMqV5Iq9hlDI/Jn3JI04JGKtnH3dZqrkwNHfG+AJ/SXde1gpJwwR0z664VacA/ptU0AzNnv3WDROaxUwCFUTrjuuk4OdEAaeCjcvdTLOU0CHps46hksRM+3nxuTE+NE6Io0SZIwEX7veNnMRaj+LATMYEBvpnNjF/yzoZRGd+zmWaAZN0elGUCQwJnjSFQ64YBTEyhFDFzVsxHRBFKJg+y/8rwatVz6vu1Uml3pi1UUL76AAdIRedojpqoCbyEEV36AE9oWfr3nq0XqzX6eiCNdvZQ3Ow3j8BOJWhDQ==</latexit><latexit sha1_base64="OCCJIXd0+8fpL9wijMSrk2L6o9Y=">AAACG3icjVBNS8MwGE79nPOr6tFLcAieRjsFFTwMvOw4wbrBVkaapltYmpbkrTDKfogX/4oXDyqeBA/+G7NuoBMFHwg8H+9LkidIBdfgOB/WwuLS8spqaa28vrG5tW3v7N7oJFOUeTQRiWoHRDPBJfOAg2DtVDESB4K1guHlJG/dMqV5Iq9hlDI/Jn3JI04JGKtnH3dZqrkwNHfG+AJ/SXde1gpJwwR0z664VacA/ptU0AzNnv3WDROaxUwCFUTrjuuk4OdEAaeCjcvdTLOU0CHps46hksRM+3nxuTE+NE6Io0SZIwEX7veNnMRaj+LATMYEBvpnNjF/yzoZRGd+zmWaAZN0elGUCQwJnjSFQ64YBTEyhFDFzVsxHRBFKJg+y/8rwatVz6vu1Uml3pi1UUL76AAdIRedojpqoCbyEEV36AE9oWfr3nq0XqzX6eiCNdvZQ3Ow3j8BOJWhDQ==</latexit><latexit sha1_base64="OCCJIXd0+8fpL9wijMSrk2L6o9Y=">AAACG3icjVBNS8MwGE79nPOr6tFLcAieRjsFFTwMvOw4wbrBVkaapltYmpbkrTDKfogX/4oXDyqeBA/+G7NuoBMFHwg8H+9LkidIBdfgOB/WwuLS8spqaa28vrG5tW3v7N7oJFOUeTQRiWoHRDPBJfOAg2DtVDESB4K1guHlJG/dMqV5Iq9hlDI/Jn3JI04JGKtnH3dZqrkwNHfG+AJ/SXde1gpJwwR0z664VacA/ptU0AzNnv3WDROaxUwCFUTrjuuk4OdEAaeCjcvdTLOU0CHps46hksRM+3nxuTE+NE6Io0SZIwEX7veNnMRaj+LATMYEBvpnNjF/yzoZRGd+zmWaAZN0elGUCQwJnjSFQ64YBTEyhFDFzVsxHRBFKJg+y/8rwatVz6vu1Uml3pi1UUL76AAdIRedojpqoCbyEEV36AE9oWfr3nq0XqzX6eiCNdvZQ3Ow3j8BOJWhDQ==</latexit>

for increased radius

Node
set

Rips filtration         vs.       graph filtration

X = (V,w)
Metric 

Metric space
<latexit sha1_base64="lDzuqWbdoipJmsMBukJE8Slv/wU=">AAAB8XicdZDLSgMxFIbP1Futt6pLN8Ei1M0wlVKnC6HgxmUFe8F2KJk000YzmSHJWMrQt3DjQhG3vo0738b0QlHRHwKH7z+HnPP7MWdKO86nlVlZXVvfyG7mtrZ3dvfy+wdNFSWS0AaJeCTbPlaUM0EbmmlO27GkOPQ5bfn3l1O/9UClYpG40eOYeiEeCBYwgrVBt6OL4qiXsrvJaS9fcOxqteq6FVSynZnQnJSdJSnAQvVe/qPbj0gSUqEJx0p1Sk6svRRLzQink1w3UTTG5B4PaMeUAodUeels4wk6MaSPgkiaJzSa0e8TKQ6VGoe+6QyxHqrf3hT+5XUSHbheykScaCrI/KMg4UhHaHo+6jNJieZjU2AimdkVkSGWmGgTUs6EsLz9/6J5ZpcqtnNdLtTcRRxZOIJjKEIJzqEGV1CHBhAQ8AjP8GIp68l6td7mrRlrMXMIP2S9fwGU65DY</latexit>

w = (wij)

<latexit sha1_base64="a9kd0kN5EgfXJWyEcR0W3dcJWbg=">AAACAXicdZDLSsNAFIYn9VbrLepGcDNYBEEIiZSagouCG5cV7AXaECbTSTvt5MLMRCkhbnwVNy4UcetbuPNtnLSlqOgPAz/fOYcz5/diRoU0zU+tsLS8srpWXC9tbG5t7+i7ey0RJRyTJo5YxDseEoTRkDQllYx0Yk5Q4DHS9saXeb19S7igUXgjJzFxAjQIqU8xkgq5+sGdm9JxBi9gbkYZPM3NaJy5etk0arWabVehZZhTwRmpmAtSBnM1XP2j149wEpBQYoaE6FpmLJ0UcUkxI1mplwgSIzxGA9JVNkQBEU46vSCDx4r0oR9x9UIJp/T7RIoCISaBpzoDJIfidy2Hf9W6ifRtJ6VhnEgS4tkiP2FQRjCPA/YpJ1iyiTIIc6r+CvEQcYSlCq2kQljc/r9pnRlW1TCvK+W6PY+jCA7BETgBFjgHdXAFGqAJMLgHj+AZvGgP2pP2qr3NWgvafGYf/JD2/gU4iJa8</latexit>wik < wij + wjk

Rips complex = Simplicial complex

Node
set

X = (V,w)
Edge
weight 

<latexit sha1_base64="lDzuqWbdoipJmsMBukJE8Slv/wU=">AAAB8XicdZDLSgMxFIbP1Futt6pLN8Ei1M0wlVKnC6HgxmUFe8F2KJk000YzmSHJWMrQt3DjQhG3vo0738b0QlHRHwKH7z+HnPP7MWdKO86nlVlZXVvfyG7mtrZ3dvfy+wdNFSWS0AaJeCTbPlaUM0EbmmlO27GkOPQ5bfn3l1O/9UClYpG40eOYeiEeCBYwgrVBt6OL4qiXsrvJaS9fcOxqteq6FVSynZnQnJSdJSnAQvVe/qPbj0gSUqEJx0p1Sk6svRRLzQink1w3UTTG5B4PaMeUAodUeels4wk6MaSPgkiaJzSa0e8TKQ6VGoe+6QyxHqrf3hT+5XUSHbheykScaCrI/KMg4UhHaHo+6jNJieZjU2AimdkVkSGWmGgTUs6EsLz9/6J5ZpcqtnNdLtTcRRxZOIJjKEIJzqEGV1CHBhAQ8AjP8GIp68l6td7mrRlrMXMIP2S9fwGU65DY</latexit>

w = (wij)

Binary graph =1-skeleton

X✏0 � X✏1 � X✏2 � · · ·
<latexit sha1_base64="2S3kwZX+MwsC0iX8GtlUHW27zKY=">AAACU3icjVFNS8NAFNzEqrVajXr0slgETyURQb0VvPRYwdhCE8pm+9ou3Xyw+yKUkB+pB8Ff4sWD2w/wg4oOLAwz83iP2SiTQqPrvlr2RmVza7u6U9vdq+8fOIdHDzrNFQefpzJVvYhpkCIBHwVK6GUKWBxJ6EbT27nffQSlRZrc4yyDMGbjRIwEZ2ikgTMNYoYTzmTRKwdFAJkW0uhuSWmg80wD0vUJ78/ERfkZ4MMU9cBpeE13Afo7aZAVOgPnORimPI8hQS6Z1n3PzTAsmELBJZS1INeQMT5lY+gbmrAYdFgsSinpmVGGdJQq8xKkC/XrRMFirWdxZJLz8/VPby6u8/o5jq7DQiRZjpDw5aJRLimmdN4wHQoFHOXMEMaVMLdSPmGKcTT/UPtfCf5F86bp3V02Wu1VG1VyQk7JOfHIFWmRNukQn3DyRN4sYlnWi/Vu23ZlGbWt1cwx+Qa7/gHQKrV9</latexit><latexit sha1_base64="2S3kwZX+MwsC0iX8GtlUHW27zKY=">AAACU3icjVFNS8NAFNzEqrVajXr0slgETyURQb0VvPRYwdhCE8pm+9ou3Xyw+yKUkB+pB8Ff4sWD2w/wg4oOLAwz83iP2SiTQqPrvlr2RmVza7u6U9vdq+8fOIdHDzrNFQefpzJVvYhpkCIBHwVK6GUKWBxJ6EbT27nffQSlRZrc4yyDMGbjRIwEZ2ikgTMNYoYTzmTRKwdFAJkW0uhuSWmg80wD0vUJ78/ERfkZ4MMU9cBpeE13Afo7aZAVOgPnORimPI8hQS6Z1n3PzTAsmELBJZS1INeQMT5lY+gbmrAYdFgsSinpmVGGdJQq8xKkC/XrRMFirWdxZJLz8/VPby6u8/o5jq7DQiRZjpDw5aJRLimmdN4wHQoFHOXMEMaVMLdSPmGKcTT/UPtfCf5F86bp3V02Wu1VG1VyQk7JOfHIFWmRNukQn3DyRN4sYlnWi/Vu23ZlGbWt1cwx+Qa7/gHQKrV9</latexit><latexit sha1_base64="2S3kwZX+MwsC0iX8GtlUHW27zKY=">AAACU3icjVFNS8NAFNzEqrVajXr0slgETyURQb0VvPRYwdhCE8pm+9ou3Xyw+yKUkB+pB8Ff4sWD2w/wg4oOLAwz83iP2SiTQqPrvlr2RmVza7u6U9vdq+8fOIdHDzrNFQefpzJVvYhpkCIBHwVK6GUKWBxJ6EbT27nffQSlRZrc4yyDMGbjRIwEZ2ikgTMNYoYTzmTRKwdFAJkW0uhuSWmg80wD0vUJ78/ERfkZ4MMU9cBpeE13Afo7aZAVOgPnORimPI8hQS6Z1n3PzTAsmELBJZS1INeQMT5lY+gbmrAYdFgsSinpmVGGdJQq8xKkC/XrRMFirWdxZJLz8/VPby6u8/o5jq7DQiRZjpDw5aJRLimmdN4wHQoFHOXMEMaVMLdSPmGKcTT/UPtfCf5F86bp3V02Wu1VG1VyQk7JOfHIFWmRNukQn3DyRN4sYlnWi/Vu23ZlGbWt1cwx+Qa7/gHQKrV9</latexit><latexit sha1_base64="2S3kwZX+MwsC0iX8GtlUHW27zKY=">AAACU3icjVFNS8NAFNzEqrVajXr0slgETyURQb0VvPRYwdhCE8pm+9ou3Xyw+yKUkB+pB8Ff4sWD2w/wg4oOLAwz83iP2SiTQqPrvlr2RmVza7u6U9vdq+8fOIdHDzrNFQefpzJVvYhpkCIBHwVK6GUKWBxJ6EbT27nffQSlRZrc4yyDMGbjRIwEZ2ikgTMNYoYTzmTRKwdFAJkW0uhuSWmg80wD0vUJ78/ERfkZ4MMU9cBpeE13Afo7aZAVOgPnORimPI8hQS6Z1n3PzTAsmELBJZS1INeQMT5lY+gbmrAYdFgsSinpmVGGdJQq8xKkC/XrRMFirWdxZJLz8/VPby6u8/o5jq7DQiRZjpDw5aJRLimmdN4wHQoFHOXMEMaVMLdSPmGKcTT/UPtfCf5F86bp3V02Wu1VG1VyQk7JOfHIFWmRNukQn3DyRN4sYlnWi/Vu23ZlGbWt1cwx+Qa7/gHQKrV9</latexit>

Graph filtration
<latexit sha1_base64="75LwB4PNj6l7wS3wb2+tKvhH3Ag=">AAACVHicjVHLSsNAFJ2kVmt9VV26GSyCq5IUUZcFN11WsA9oSplMbtqhkwczN0IJ+UhdCH6JGxdOH+CDih4YOJxzLvdyxk+l0Og4r5Zd2ipv71R2q3v7B4dHteOTnk4yxaHLE5mogc80SBFDFwVKGKQKWORL6Puzu4XffwSlRRI/4DyFUcQmsQgFZ2ikcW3mRQynnMl8UIxzD1ItpNGdglJPZ74GpJsT7p+JZvEZ4EGCelyruw1nCfo7qZM1OuPasxckPIsgRi6Z1kPXSXGUM4WCSyiqXqYhZXzGJjA0NGYR6FG+LKWgF0YJaJgo82KkS/XrRM4ireeRb5KL8/VPbyFu8oYZhrejXMRphhDz1aIwkxQTumiYBkIBRzk3hHElzK2UT5liHM0/VP9XQq/ZcK8bzv1VvdVe11EhZ+ScXBKX3JAWaZMO6RJOnsibRSzLerHe7ZJdXkVtaz1zSr7BPvwARou1hA==</latexit>

X✏0 ⇢ X✏1 ⇢ X✏2 ⇢ · · ·
Rips filtration

<latexit sha1_base64="hBFjy/t6GrqwXPyltv95bao8tUU=">AAACHHicjVBNS8MwGH47v+b8qnr0EhyCp9FOUQ8eBl52nOA+YCsjTdMtLE1Lkgqj7Id48a948aCIFw+C/8asG+hEwQcCz8f7kuTxE86UdpwPq7C0vLK6VlwvbWxube/Yu3stFaeS0CaJeSw7PlaUM0GbmmlOO4mkOPI5bfujq2nevqVSsVjc6HFCvQgPBAsZwdpYffukRxPFuKGZM0GX6Eu6i7KaSxLEWvXtsltxcqC/SRnmaPTtt14QkzSiQhOOleq6TqK9DEvNCKeTUi9VNMFkhAe0a6jAEVVeln9ugo6ME6AwluYIjXL3+0aGI6XGkW8mI6yH6mc2NX/LuqkOL7yMiSTVVJDZRWHKkY7RtCkUMEmJ5mNDMJHMvBWRIZaYaNNn6X8ltKoV96ziXJ+Wa/V5HUU4gEM4BhfOoQZ1aEATCNzBAzzBs3VvPVov1utstGDNd/ZhAdb7J944oT4=</latexit>

✏0 < ✏1 < ✏2 < · · ·
for increased edge weights

<latexit sha1_base64="zcD23YZekDI2Y2CeHSvbYjoeHRU=">AAAB7nicjVDLSgNBEOz1GeMr6tHLYBA8hY2Iegx4yTGCeUCyhNlJbzJkdnaZ6RXCko/w4kERr36PN//GyeOgomBBQ1HVTXdXmCppyfc/vJXVtfWNzcJWcXtnd2+/dHDYsklmBDZFohLTCblFJTU2SZLCTmqQx6HCdji+mfntezRWJvqOJikGMR9qGUnByUntns1Ci9QvlasVfw72NynDEo1+6b03SEQWoyahuLXdqp9SkHNDUiicFnuZxZSLMR9i11HNY7RBPj93yk6dMmBRYlxpYnP160TOY2snceg6Y04j+9Obib953Yyi6yCXOs0ItVgsijLFKGGz39lAGhSkJo5wYaS7lYkRN1yQS6j4vxBa55XqZcW/vSjX6ss4CnAMJ3AGVbiCGtShAU0QMIYHeIJnL/UevRfvddG64i1njuAbvLdPlWePwA==</latexit>⇢
<latexit sha1_base64="PjSgLQMjoU8GHNGxMi2RDWWtggI=">AAACAnicjVBNS8NAEJ3Ur1q/op7Ey2IRPJVERD0WvPRYwX5AE8Jmu2mXbjZhdyOUELz4V7x4UMSrv8Kb/8ZN24OKgg8GHu/NMDMvTDlT2nE+rMrS8srqWnW9trG5tb1j7+51VZJJQjsk4Ynsh1hRzgTtaKY57aeS4jjktBdOrkq/d0ulYom40dOU+jEeCRYxgrWRAvvAi7EeE8zzfhHkHk0V40Z3CxTYdbfhzID+JnVYoB3Y794wIVlMhSYcKzVwnVT7OZaaEU6LmpcpmmIywSM6MFTgmCo/n71QoGOjDFGUSFNCo5n6dSLHsVLTODSd5cHqp1eKv3mDTEeXfs5EmmkqyHxRlHGkE1TmgYZMUqL51BBMJDO3IjLGEhNtUqv9L4TuacM9bzjXZ/VmaxFHFQ7hCE7AhQtoQgva0AECd/AAT/Bs3VuP1ov1Om+tWIuZffgG6+0ToIOXlg==</latexit>

X✏1

<latexit sha1_base64="UHSw68n3yxpNgwGWd+MirL9i05c=">AAACAnicjVBNS8NAEJ34WetX1JN4WSyCp5IUUY8FLz1WsB/QhLDZbtqlm03Y3QglBC/+FS8eFPHqr/Dmv3HT9qCi4IOBx3szzMwLU86UdpwPa2l5ZXVtvbJR3dza3tm19/a7KskkoR2S8ET2Q6woZ4J2NNOc9lNJcRxy2gsnV6Xfu6VSsUTc6GlK/RiPBIsYwdpIgX3oxViPCeZ5vwhyj6aKcaM3ChTYNbfuzID+JjVYoB3Y794wIVlMhSYcKzVwnVT7OZaaEU6LqpcpmmIywSM6MFTgmCo/n71QoBOjDFGUSFNCo5n6dSLHsVLTODSd5cHqp1eKv3mDTEeXfs5EmmkqyHxRlHGkE1TmgYZMUqL51BBMJDO3IjLGEhNtUqv+L4Ruo+6e153rs1qztYijAkdwDKfgwgU0oQVt6ACBO3iAJ3i27q1H68V6nbcuWYuZA/gG6+0TogmXlw==</latexit>

X✏2

<latexit sha1_base64="PjSgLQMjoU8GHNGxMi2RDWWtggI=">AAACAnicjVBNS8NAEJ3Ur1q/op7Ey2IRPJVERD0WvPRYwX5AE8Jmu2mXbjZhdyOUELz4V7x4UMSrv8Kb/8ZN24OKgg8GHu/NMDMvTDlT2nE+rMrS8srqWnW9trG5tb1j7+51VZJJQjsk4Ynsh1hRzgTtaKY57aeS4jjktBdOrkq/d0ulYom40dOU+jEeCRYxgrWRAvvAi7EeE8zzfhHkHk0V40Z3CxTYdbfhzID+JnVYoB3Y794wIVlMhSYcKzVwnVT7OZaaEU6LmpcpmmIywSM6MFTgmCo/n71QoGOjDFGUSFNCo5n6dSLHsVLTODSd5cHqp1eKv3mDTEeXfs5EmmkqyHxRlHGkE1TmgYZMUqL51BBMJDO3IjLGEhNtUqv9L4TuacM9bzjXZ/VmaxFHFQ7hCE7AhQtoQgva0AECd/AAT/Bs3VuP1ov1Om+tWIuZffgG6+0ToIOXlg==</latexit>

X✏1

<latexit sha1_base64="UHSw68n3yxpNgwGWd+MirL9i05c=">AAACAnicjVBNS8NAEJ34WetX1JN4WSyCp5IUUY8FLz1WsB/QhLDZbtqlm03Y3QglBC/+FS8eFPHqr/Dmv3HT9qCi4IOBx3szzMwLU86UdpwPa2l5ZXVtvbJR3dza3tm19/a7KskkoR2S8ET2Q6woZ4J2NNOc9lNJcRxy2gsnV6Xfu6VSsUTc6GlK/RiPBIsYwdpIgX3oxViPCeZ5vwhyj6aKcaM3ChTYNbfuzID+JjVYoB3Y794wIVlMhSYcKzVwnVT7OZaaEU6LqpcpmmIywSM6MFTgmCo/n71QoBOjDFGUSFNCo5n6dSLHsVLTODSd5cHqp1eKv3mDTEeXfs5EmmkqyHxRlHGkE1TmgYZMUqL51BBMJDO3IjLGEhNtUqv+L4Ruo+6e153rs1qztYijAkdwDKfgwgU0oQVt6ACBO3iAJ3i27q1H68V6nbcuWYuZA/gG6+0TogmXlw==</latexit>

X✏2

<latexit sha1_base64="ytpzv7m+UQBGECfZF0jBRyJZR4M=">AAAB7nicjVDLSgNBEOz1GeMr6tHLYBA8hY2Iegx4yTGCeUCyhNlJbzJkdnaY6RXCko/w4kERr36PN//GzeOgomBBQ1HVTXdXaJR05Psf3srq2vrGZmGruL2zu7dfOjhsuSS1ApsiUYnthNyhkhqbJElhx1jkcaiwHY5vZn77Hq2Tib6jicEg5kMtIyk45VK751LjkPqlcrXiz8H+JmVYotEvvfcGiUhj1CQUd65b9Q0FGbckhcJpsZc6NFyM+RC7OdU8Rhdk83On7DRXBixKbF6a2Fz9OpHx2LlJHOadMaeR++nNxN+8bkrRdZBJbVJCLRaLolQxStjsdzaQFgWpSU64sDK/lYkRt1xQnlDxfyG0zivVy4p/e1Gu1ZdxFOAYTuAMqnAFNahDA5ogYAwP8ATPnvEevRfvddG64i1njuAbvLdPqsmPzg==</latexit>�



A B

CD

Graph filtration

0.2 0.
3

0.4

0.
5

0.6

ADCD = ADB + DCB à vector space

<latexit sha1_base64="WH3DKnAa0EtnMQ9sC1B0ZG0quyk=">AAAB7nicjVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAB3OMYB6QLGF20psMmZ0dZmaFsOQjvHhQxKvf482/cfI4qChY0FBUddPdFSnBjfX9D6+wsrq2vlHcLG1t7+zulfcPWibNNMMmS0WqOxE1KLjEpuVWYEdppEkksB2Nr2d++x614am8sxOFYUKHksecUeuk9k0/96eE9MuVoOrPQf4mFVii0S+/9wYpyxKUlglqTDfwlQ1zqi1nAqelXmZQUTamQ+w6KmmCJszn507JiVMGJE61K2nJXP06kdPEmEkSuc6E2pH56c3E37xuZuOrMOdSZRYlWyyKM0FsSma/kwHXyKyYOEKZ5u5WwkZUU2ZdQqX/hdA6qwYXVf/2vFKrL+MowhEcwykEcAk1qEMDmsBgDA/wBM+e8h69F+910VrwljOH8A3e2yc6N47c</latexit>

G0

<latexit sha1_base64="9nHK1Rex6SfzCYPbp+VCggg4/eU=">AAAB8HicjVDJSgNBEK2JW4xb1KOXxiB4GmaCqMeAB3OMYBZJhtDT6Uma9DJ09whhyFd48aCIVz/Hm39jZzmoKPig4PFeFVX14pQzY4PgwyusrK6tbxQ3S1vbO7t75f2DllGZJrRJFFe6E2NDOZO0aZnltJNqikXMaTseX8389j3Vhil5aycpjQQeSpYwgq2T7q77eeBXpwj1y5XQD+ZAf5MKLNHol997A0UyQaUlHBvTDYPURjnWlhFOp6VeZmiKyRgPaddRiQU1UT4/eIpOnDJAidKupEVz9etEjoUxExG7ToHtyPz0ZuJvXjezyWWUM5lmlkqyWJRkHFmFZt+jAdOUWD5xBBPN3K2IjLDGxLqMSv8LoVX1w3M/uDmr1OrLOIpwBMdwCiFcQA3q0IAmEBDwAE/w7Gnv0XvxXhetBW85cwjf4L19AhmYj1A=</latexit>

G0.2
<latexit sha1_base64="Voz6Ed8zi2dOFomSuQmy/Dffq0k=">AAAB8HicjVDJSgNBEK2JW4xb1KOXxiB4GmZU1GPAgzlGMIskQ+jp9CRNehm6e4Qw5Cu8eFDEq5/jzb+xsxxUFHxQ8Hiviqp6ccqZsUHw4RWWlldW14rrpY3Nre2d8u5e06hME9ogiivdjrGhnEnasMxy2k41xSLmtBWPrqZ+655qw5S8teOURgIPJEsYwdZJd9e9PPBPJwj1ypXQD2ZAf5MKLFDvld+7fUUyQaUlHBvTCYPURjnWlhFOJ6VuZmiKyQgPaMdRiQU1UT47eIKOnNJHidKupEUz9etEjoUxYxG7ToHt0Pz0puJvXiezyWWUM5lmlkoyX5RkHFmFpt+jPtOUWD52BBPN3K2IDLHGxLqMSv8LoXnih+d+cHNWqdYWcRThAA7hGEK4gCrUoA4NICDgAZ7g2dPeo/fivc5bC95iZh++wXv7BBsfj1E=</latexit>

G0.3
<latexit sha1_base64="KioKYznzQMH4z5JOr/E2L/KGa8M=">AAAB8HicjVDJSgNBEK2JW4xb1KOXxiB4GmYkqMeAB3OMYBZJhtDT6Uma9DJ09whhyFd48aCIVz/Hm39jZzmoKPig4PFeFVX14pQzY4PgwyusrK6tbxQ3S1vbO7t75f2DllGZJrRJFFe6E2NDOZO0aZnltJNqikXMaTseX8389j3Vhil5aycpjQQeSpYwgq2T7q77eeBXpwj1y5XQD+ZAf5MKLNHol997A0UyQaUlHBvTDYPURjnWlhFOp6VeZmiKyRgPaddRiQU1UT4/eIpOnDJAidKupEVz9etEjoUxExG7ToHtyPz0ZuJvXjezyWWUM5lmlkqyWJRkHFmFZt+jAdOUWD5xBBPN3K2IjLDGxLqMSv8LoXXmh+d+cFOt1OrLOIpwBMdwCiFcQA3q0IAmEBDwAE/w7Gnv0XvxXhetBW85cwjf4L19Ahymj1I=</latexit>

G0.4

<latexit sha1_base64="XsGIcfwdu34rikqWG1qZCuYx+/A=">AAAB8HicjVDJSgNBEK2JW4xb1KOXxiB4GmbE7RjwYI4RzCLJEHo6PUmTXobuHiEM+QovHhTx6ud482/sLAcVBR8UPN6roqpenHJmbBB8eIWl5ZXVteJ6aWNza3unvLvXNCrThDaI4kq3Y2woZ5I2LLOctlNNsYg5bcWjq6nfuqfaMCVv7TilkcADyRJGsHXS3XUvD/yzCUK9ciX0gxnQ36QCC9R75fduX5FMUGkJx8Z0wiC1UY61ZYTTSambGZpiMsID2nFUYkFNlM8OnqAjp/RRorQradFM/TqRY2HMWMSuU2A7ND+9qfib18lschnlTKaZpZLMFyUZR1ah6feozzQllo8dwUQzdysiQ6wxsS6j0v9CaJ744bkf3JxWqrVFHEU4gEM4hhAuoAo1qEMDCAh4gCd49rT36L14r/PWgreY2Ydv8N4+AR4tj1M=</latexit>

G0.5
<latexit sha1_base64="FbkY5ZQQmOYRYvMP4aihxNvQryg=">AAAB7nicjVDLSgNBEOz1GeMr6tHLYhA8hV0R9Rj04jGCeUCyhNlJJxkyOzvM9AphyUd48aCIV7/Hm3/j5HFQUbCgoajqprsr1lJYCoIPb2l5ZXVtvbBR3Nza3tkt7e03bJoZjnWeytS0YmZRCoV1EiSxpQ2yJJbYjEfXU795j8aKVN3RWGOUsIESfcEZOanZsZm2SN1SOawEM/h/kzIsUOuW3ju9lGcJKuKSWdsOA01RzgwJLnFS7GQWNeMjNsC2o4olaKN8du7EP3ZKz++nxpUif6Z+nchZYu04iV1nwmhof3pT8TevnVH/MsqF0hmh4vNF/Uz6lPrT3/2eMMhJjh1h3Ah3q8+HzDBOLqHi/0JonFbC80pwe1auXi3iKMAhHMEJhHABVbiBGtSBwwge4AmePe09ei/e67x1yVvMHMA3eG+fqPuPyA==</latexit>� <latexit sha1_base64="FbkY5ZQQmOYRYvMP4aihxNvQryg=">AAAB7nicjVDLSgNBEOz1GeMr6tHLYhA8hV0R9Rj04jGCeUCyhNlJJxkyOzvM9AphyUd48aCIV7/Hm3/j5HFQUbCgoajqprsr1lJYCoIPb2l5ZXVtvbBR3Nza3tkt7e03bJoZjnWeytS0YmZRCoV1EiSxpQ2yJJbYjEfXU795j8aKVN3RWGOUsIESfcEZOanZsZm2SN1SOawEM/h/kzIsUOuW3ju9lGcJKuKSWdsOA01RzgwJLnFS7GQWNeMjNsC2o4olaKN8du7EP3ZKz++nxpUif6Z+nchZYu04iV1nwmhof3pT8TevnVH/MsqF0hmh4vNF/Uz6lPrT3/2eMMhJjh1h3Ah3q8+HzDBOLqHi/0JonFbC80pwe1auXi3iKMAhHMEJhHABVbiBGtSBwwge4AmePe09ei/e67x1yVvMHMA3eG+fqPuPyA==</latexit>� <latexit sha1_base64="FbkY5ZQQmOYRYvMP4aihxNvQryg=">AAAB7nicjVDLSgNBEOz1GeMr6tHLYhA8hV0R9Rj04jGCeUCyhNlJJxkyOzvM9AphyUd48aCIV7/Hm3/j5HFQUbCgoajqprsr1lJYCoIPb2l5ZXVtvbBR3Nza3tkt7e03bJoZjnWeytS0YmZRCoV1EiSxpQ2yJJbYjEfXU795j8aKVN3RWGOUsIESfcEZOanZsZm2SN1SOawEM/h/kzIsUOuW3ju9lGcJKuKSWdsOA01RzgwJLnFS7GQWNeMjNsC2o4olaKN8du7EP3ZKz++nxpUif6Z+nchZYu04iV1nwmhof3pT8TevnVH/MsqF0hmh4vNF/Uz6lPrT3/2eMMhJjh1h3Ah3q8+HzDBOLqHi/0JonFbC80pwe1auXi3iKMAhHMEJhHABVbiBGtSBwwge4AmePe09ei/e67x1yVvMHMA3eG+fqPuPyA==</latexit>�<latexit sha1_base64="FbkY5ZQQmOYRYvMP4aihxNvQryg=">AAAB7nicjVDLSgNBEOz1GeMr6tHLYhA8hV0R9Rj04jGCeUCyhNlJJxkyOzvM9AphyUd48aCIV7/Hm3/j5HFQUbCgoajqprsr1lJYCoIPb2l5ZXVtvbBR3Nza3tkt7e03bJoZjnWeytS0YmZRCoV1EiSxpQ2yJJbYjEfXU795j8aKVN3RWGOUsIESfcEZOanZsZm2SN1SOawEM/h/kzIsUOuW3ju9lGcJKuKSWdsOA01RzgwJLnFS7GQWNeMjNsC2o4olaKN8du7EP3ZKz++nxpUif6Z+nchZYu04iV1nwmhof3pT8TevnVH/MsqF0hmh4vNF/Uz6lPrT3/2eMMhJjh1h3Ah3q8+HzDBOLqHi/0JonFbC80pwe1auXi3iKMAhHMEJhHABVbiBGtSBwwge4AmePe09ei/e67x1yVvMHMA3eG+fqPuPyA==</latexit>�
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Can we have 
monotonicity of betti-1?
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Theorem 1: Monotonicity of Betti numbers over graph filtration
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Chung et al. 2019 ISBI Statistical inference on the number of cycles
Chung et al. 2019 Network Neuroscience 3:674-694

http://pages.stat.wisc.edu/~mchung/papers/chung.2019.ISBI.pdf
http://pages.stat.wisc.edu/~mchung/papers/chung.2019.NN


Genetic difference in brain network
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Theorem 2: Birth & death decomposition
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Edges destroy cycles Edges create components

#(E) =
|V |(|V |� 1)

2

Maximum 
spanning 
tree

[=
O(|E| log |V |)

Songdechakraiwut & Chung 2020 arXiv: 2012.00675

<latexit sha1_base64="95fmsThNgBQ2cp+R58Vj8Cl0rZw=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKsfZWEMFjC/YD2lA22027drMJuxuhhP4CLx4U8epP8ua/cZtGUNEHA4/3ZpiZ58ecKe04H1ZhbX1jc6u4XdrZ3ds/KB8edVWUSEI7JOKR7PtYUc4E7WimOe3HkuLQ57Tnz66Wfu+eSsUicavnMfVCPBEsYARrI7WvR+WKYzcyoBWp13LScJFrOxkqkKM1Kr8PxxFJQio04VipgevE2kux1IxwuigNE0VjTGZ4QgeGChxS5aXZoQt0ZpQxCiJpSmiUqd8nUhwqNQ990xliPVW/vaX4lzdIdHDppUzEiaaCrBYFCUc6Qsuv0ZhJSjSfG4KJZOZWRKZYYqJNNiUTwten6H/Srdruhe20a5VmNY+jCCdwCufgQh2acAMt6AABCg/wBM/WnfVovVivq9aClc8cww9Yb59q/Y1R</latexit>

E

<latexit sha1_base64="oPu6LBXDgkw0xjC63ZPjgiBJXSM=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFSbaaLMruumyon1AG8pkOmmHTiZhZiKU0E9w40IRt36RO//GSVtBRQ9cOJxzL/feEyScKY3Qh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek+vc79xTqVgs7vQ0oX6ER4KFjGBtpNvGwBmUK8hGruc6CCLbRY53nhPPq1VdFzo2mqMClmgOyu/9YUzSiApNOFaq56BE+xmWmhFOZ6V+qmiCyQSPaM9QgSOq/Gx+6gyeGGUIw1iaEhrO1e8TGY6UmkaB6YywHqvfXi7+5fVSHdb8jIkk1VSQxaIw5VDHMP8bDpmkRPOpIZhIZm6FZIwlJtqkUzIhfH0K/yftM9u5sM9vqpX61TKOIjgCx+AUOOAS1EEDNEELEDACD+AJPFvcerRerNdFa8FazhyCH7DePgE1eY3G</latexit>

H1

<latexit sha1_base64="KYk7JnBtXIAjIzMDEmOqzlLkLGU="></latexit>

#(H1) = 1 +
|V |(|V |� 3)

2

<latexit sha1_base64="eZkQcNSLDmVtutfrgTqK2WPSZiM=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0WoC0OShrYuhIKbLivYB7ShTKaTdujkwcxEqGm/xI0LRdz6Ke78GydtBRU9cOFwzr3ce48XMyqkaX5oa+sbm1vbuZ387t7+QUE/PGqLKOGYtHDEIt71kCCMhqQlqWSkG3OCAo+Rjje5zvzOHeGCRuGtnMbEDdAopD7FSCppoBf6xVJjYJ7DKzhrzy6sgV40jctaxXYq0DRMs2rZVkbsqlN2oKWUDEWwQnOgv/eHEU4CEkrMkBA9y4ylmyIuKWZknu8ngsQIT9CI9BQNUUCEmy4On8MzpQyhH3FVoYQL9ftEigIhpoGnOgMkx+K3l4l/eb1E+jU3pWGcSBLi5SI/YVBGMEsBDiknWLKpIghzqm6FeIw4wlJllVchfH0K/ydt27AqRvnGKdZLqzhy4AScghKwQBXUQQM0QQtgkIAH8ASetXvtUXvRXpeta9pq5hj8gPb2CelHkUE=</latexit>

#(H0) = |V |� 1

<latexit sha1_base64="oPu6LBXDgkw0xjC63ZPjgiBJXSM=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFSbaaLMruumyon1AG8pkOmmHTiZhZiKU0E9w40IRt36RO//GSVtBRQ9cOJxzL/feEyScKY3Qh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek+vc79xTqVgs7vQ0oX6ER4KFjGBtpNvGwBmUK8hGruc6CCLbRY53nhPPq1VdFzo2mqMClmgOyu/9YUzSiApNOFaq56BE+xmWmhFOZ6V+qmiCyQSPaM9QgSOq/Gx+6gyeGGUIw1iaEhrO1e8TGY6UmkaB6YywHqvfXi7+5fVSHdb8jIkk1VSQxaIw5VDHMP8bDpmkRPOpIZhIZm6FZIwlJtqkUzIhfH0K/yftM9u5sM9vqpX61TKOIjgCx+AUOOAS1EEDNEELEDACD+AJPFvcerRerNdFa8FazhyCH7DePgE1eY3G</latexit>

H1

<latexit sha1_base64="uvoVLiblTK5Q5l17Ci1SSyz+MJY=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuwiQNbd0V3XRZ0T6gDWUynbRDJ5MwMxFK6Ce4caGIW7/InX/jpK2gogcuHM65l3vvCRLOlEbow1pb39jc2i7sFHf39g8OS0fHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0G0+vc795TqVgs7vQsoX6Ex4KFjGBtpNvmEA1LZWRf1quuV4XIRqjmuE5O3JpX8aBjlBxlsEJrWHofjGKSRlRowrFSfQcl2s+w1IxwOi8OUkUTTKZ4TPuGChxR5WeLU+fw3CgjGMbSlNBwoX6fyHCk1CwKTGeE9UT99nLxL6+f6rDuZ0wkqaaCLBeFKYc6hvnfcMQkJZrPDMFEMnMrJBMsMdEmnaIJ4etT+D/puLZTtSs3XrlxtYqjAE7BGbgADqiBBmiCFmgDAsbgATyBZ4tbj9aL9bpsXbNWMyfgB6y3TyO3jbk=</latexit>

H0

<latexit sha1_base64="uvoVLiblTK5Q5l17Ci1SSyz+MJY=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuwiQNbd0V3XRZ0T6gDWUynbRDJ5MwMxFK6Ce4caGIW7/InX/jpK2gogcuHM65l3vvCRLOlEbow1pb39jc2i7sFHf39g8OS0fHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0G0+vc795TqVgs7vQsoX6Ex4KFjGBtpNvmEA1LZWRf1quuV4XIRqjmuE5O3JpX8aBjlBxlsEJrWHofjGKSRlRowrFSfQcl2s+w1IxwOi8OUkUTTKZ4TPuGChxR5WeLU+fw3CgjGMbSlNBwoX6fyHCk1CwKTGeE9UT99nLxL6+f6rDuZ0wkqaaCLBeFKYc6hvnfcMQkJZrPDMFEMnMrJBMsMdEmnaIJ4etT+D/puLZTtSs3XrlxtYqjAE7BGbgADqiBBmiCFmgDAsbgATyBZ4tbj9aL9bpsXbNWMyfgB6y3TyO3jbk=</latexit>

H0

https://arxiv.org/pdf/2012.00675
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<latexit sha1_base64="bmkWzehUk0EayCAyDgZgO3d7oeA=">AAAB7nicdVDLSsNAFJ34rPVVdelmsAhuDKmN2uyKblxWsA9oQ5lMJ+3QySTM3Agh9CPcuFDErd/jzr9x+hBU9MAwh3Pu5d57gkRwDY7zYS0tr6yurRc2iptb2zu7pb39lo5TRVmTxiJWnYBoJrhkTeAgWCdRjESBYO1gfD312/dMaR7LO8gS5kdkKHnIKQEjtU97XIaQ9Utlx3Ydg3Ps2DXzu64hnlfzqh6u2M4MZbRAo1967w1imkZMAhVE627FScDPiQJOBZsUe6lmCaFjMmRdQyWJmPbz2boTfGyUAQ5jZZ4EPFO/d+Qk0jqLAlMZERjp395U/MvrphDW/JzLJAUm6XxQmAoMMZ7ejgdcMQoiM4RQxc2umI6IIhRMQkUTwtel+H/SOrMrF3b11i3XrxZxFNAhOkInqIIuUR3doAZqIorG6AE9oWcrsR6tF+t1XrpkLXoO0A9Yb5+V8o/D</latexit>�1 <latexit sha1_base64="itKbl1Md0cuyfthawmm7PWVA6bI=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdOOygn1AG8pkOmnHTmbCzEQIpf/gxoUibv0fd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD486iiRSkzaWDAheyFShFFO2ppqRnqJJCgOGemG06vc794TqajgtzpLSBCjMacRxUgbqTOgPNLZsFxx7ItGzfNr0LEdp+56bk68ul/1oWuUHBWwQmtYfh+MBE5jwjVmSKm+6yQ6mCGpKWZkXhqkiiQIT9GY9A3lKCYqmC2uncMzo4xgJKQpruFC/T4xQ7FSWRyazhjpifrt5eJfXj/VUSOYUZ6kmnC8XBSlDGoB89fhiEqCNcsMQVhScyvEEyQR1iagkgnh61P4P+l4tluzqzd+pXm5iqMITsApOAcuqIMmuAYt0AYY3IEH8ASeLWE9Wi/W67K1YK1mjsEPWG+fJOmPhg==</latexit>1
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Persistence diagram for graph filtrations

<latexit sha1_base64="uvoVLiblTK5Q5l17Ci1SSyz+MJY=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuwiQNbd0V3XRZ0T6gDWUynbRDJ5MwMxFK6Ce4caGIW7/InX/jpK2gogcuHM65l3vvCRLOlEbow1pb39jc2i7sFHf39g8OS0fHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0G0+vc795TqVgs7vQsoX6Ex4KFjGBtpNvmEA1LZWRf1quuV4XIRqjmuE5O3JpX8aBjlBxlsEJrWHofjGKSRlRowrFSfQcl2s+w1IxwOi8OUkUTTKZ4TPuGChxR5WeLU+fw3CgjGMbSlNBwoX6fyHCk1CwKTGeE9UT99nLxL6+f6rDuZ0wkqaaCLBeFKYc6hvnfcMQkJZrPDMFEMnMrJBMsMdEmnaIJ4etT+D/puLZTtSs3XrlxtYqjAE7BGbgADqiBBmiCFmgDAsbgATyBZ4tbj9aL9bpsXbNWMyfgB6y3TyO3jbk=</latexit>

H0 Birth set

<latexit sha1_base64="oPu6LBXDgkw0xjC63ZPjgiBJXSM=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFSbaaLMruumyon1AG8pkOmmHTiZhZiKU0E9w40IRt36RO//GSVtBRQ9cOJxzL/feEyScKY3Qh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek+vc79xTqVgs7vQ0oX6ER4KFjGBtpNvGwBmUK8hGruc6CCLbRY53nhPPq1VdFzo2mqMClmgOyu/9YUzSiApNOFaq56BE+xmWmhFOZ6V+qmiCyQSPaM9QgSOq/Gx+6gyeGGUIw1iaEhrO1e8TGY6UmkaB6YywHqvfXi7+5fVSHdb8jIkk1VSQxaIw5VDHMP8bDpmkRPOpIZhIZm6FZIwlJtqkUzIhfH0K/yftM9u5sM9vqpX61TKOIjgCx+AUOOAS1EEDNEELEDACD+AJPFvcerRerNdFa8FazhyCH7DePgE1eY3G</latexit>

H1

Death set



Dynamically changing 
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2-Wasserstein distance
<latexit sha1_base64="jB40FM/sKI75g/5YTWcc1y1QI8k=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMe26hrmEBxL+iVK37VnwEtkyAnFchR75W/un1FUkGlJRwb0wn8xIYZ1pYRTielbmpogskID2jHUYkFNWE2u3iCTpzSR7HSrqRFM/X3RIaFMWMRuU6B7dAselPxP6+T2vg6zJhMUkslmS+KU46sQtP3UZ9pSiwfO4KJZu5WRIZYY2JdSCUXQrD48jJpnlWDy+r5/UWldpPHUYQjOIZTCOAKanAHdWgAAQnP8ApvnvFevHfvY95a8PKZQ/gD7/MHZ4GQGQ==</latexit>

X ⇠ f1
<latexit sha1_base64="S5dNDEtrLcGxKDK877SThLJ41dA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtoh6LXjxWsF+0S8mm2TY0yS5JVihLf4UXD4p49ed489+YbfegrQ8GHu/NMDMviDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6ShRhDZJxCPVCbCmnEnaNMxw2okVxSLgtB1M7jK//USVZpF8NNOY+gKPJAsZwcZK3W5fM4HCQW1QrrhVdw60SrycVCBHY1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7lkosqPbT+cEzdGaVIQojZUsaNFd/T6RYaD0Vge0U2Iz1speJ/3m9xIQ3fspknBgqyWJRmHBkIpR9j4ZMUWL41BJMFLO3IjLGChNjMyrZELzll1dJq1b1rqoXD5eV+m0eRxFO4BTOwYNrqMM9NKAJBAQ8wyu8Ocp5cd6dj0VrwclnjuEPnM8fE8WP8Q==</latexit>

Y ⇠ f2Random variables:

Infinium taken over all 
possible joint distributions

<latexit sha1_base64="1VIgPzk8BTKZfyCVTB7T9E/D/Ho="></latexit>

D(X,Y ) =
�
inf EkX � Y k2

�1/2

<latexit sha1_base64="SYMVuJZTdiEr7mL0L9j0ulT6aFc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV271S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHuFWM5A==</latexit>

X

<latexit sha1_base64="blo2+iWLmYnB0p/MRZ06BwhpEnw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyMPAhswODYzMzm5mZk3Ihi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3n1BpHsl7M47RD+lA8j5n1Fip9tAtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6dF+fd+Zi35pxs5hD+wPn8AbnZjOU=</latexit>

Y

Nonunique joint 
distribution



2-Wasserstein distance on persistent diagram

<latexit sha1_base64="5nrNoQHCD4YShKe/8N4QRtgdj+0=">AAACGnicbVDLSgMxFM3UV62vUZdugkVoF5aJiropFN24rGAf0KlDJs20oZlHk4y0DPMdbvwVNy4UcSdu/BvTx0JbDwQO55zLzT1uxJlUlvVtZJaWV1bXsuu5jc2t7R1zd68uw1gQWiMhD0XTxZJyFtCaYorTZiQo9l1OG27/euw3HqiQLAzu1CiibR93A+YxgpWWHBN5DoKFYRGWoe0JTBKUJoMU2jL2nYSVUXo/gHaHcoV16njosKJj5q2SNQFcJGhG8mCGqmN+2p2QxD4NFOFYyhayItVOsFCMcJrm7FjSCJM+7tKWpgH2qWwnk9NSeKSVDvRCoV+g4ET9PZFgX8qR7+qkj1VPzntj8T+vFSvvsp2wIIoVDch0kRdzqEI47gl2mKBE8ZEmmAim/wpJD+uGlG4zp0tA8ycvkvpJCZ2XTm/P8pWrWR1ZcAAOQQEgcAEq4AZUQQ0Q8AiewSt4M56MF+Pd+JhGM8ZsZh/8gfH1A0HZny0=</latexit>

f1(x) =
1

q

qX

i=1

�(x� xi)

<latexit sha1_base64="xHYR99Ofo3kmeoa91yPyH/h5tjI=">AAACGnicbVDLSsNAFJ34rPUVdelmsAjtwpJUUTeFohuXFewDmhgmk0k7dPLozEQIId/hxl9x40IRd+LGv3H6WGjrgYHDOedy5x43ZlRIw/jWlpZXVtfWCxvFza3tnV19b78tooRj0sIRi3jXRYIwGpKWpJKRbswJClxGOu7weux3HggXNArvZBoTO0D9kPoUI6kkRzd9pwbLaQXWoeVzhDMzz0Y5tEQSOBmtm/n9CFoeYRKp1Enq0Iqjl4yqMQFcJOaMlMAMTUf/tLwIJwEJJWZIiJ5pxNLOEJcUM5IXrUSQGOEh6pOeoiEKiLCzyWk5PFaKB/2IqxdKOFF/T2QoECINXJUMkByIeW8s/uf1Eulf2hkN40SSEE8X+QmDMoLjnqBHOcGSpYogzKn6K8QDpBqSqs2iKsGcP3mRtGtV87x6entWalzN6iiAQ3AEysAEF6ABbkATtAAGj+AZvII37Ul70d61j2l0SZvNHIA/0L5+AEhKnzE=</latexit>

f2(y) =
1

q

qX

i=1

�(y � yi)

Persistent
diagrams

Empirical distributions

<latexit sha1_base64="CcuPuJVuDhxHtd7cOsLWgqEwvNI="></latexit>

D(X,Y ) = inf
 :P1!P2

⇣ X

x2P1

kx�  (x)k2
⌘1/2

<latexit sha1_base64="9YpEKXjducG00pRiHkMlcVrQZbM=">AAACA3icbVDLSgMxFM34rPU16k43wSK4KGVGRd0IRTcuK9gHdIYhk8m0oZlkTDJiGQpu/BU3LhRx60+4829MHwttPXDh5Jx7yb0nTBlV2nG+rbn5hcWl5cJKcXVtfWPT3tpuKJFJTOpYMCFbIVKEUU7qmmpGWqkkKAkZaYa9q6HfvCdSUcFvdT8lfoI6nMYUI22kwN6tBe6Fl8OHwC1DD0dCq7J53EFvENglp+KMAGeJOyElMEEtsL+8SOAsIVxjhpRqu06q/RxJTTEjg6KXKZIi3EMd0jaUo4QoPx/dMIAHRolgLKQpruFI/T2Ro0SpfhKazgTprpr2huJ/XjvT8bmfU55mmnA8/ijOGNQCDgOBEZUEa9Y3BGFJza4Qd5FEWJvYiiYEd/rkWdI4qrinleObk1L1chJHAeyBfXAIXHAGquAa1EAdYPAInsEreLOerBfr3foYt85Zk5kd8AfW5w91r5Yl</latexit>

P1 = {x1, · · · , xq}
<latexit sha1_base64="KN/hjTTHTPH/GfxMbmlUVmC51cA=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBRSlJFXUjFN24rGBboQlhMpm0QyeZODMRQujGjb/ixoUibv0Hd/6N0zYLbT1w4cw59zL3Hj9hVCrL+jZKC4tLyyvl1cra+sbmlrm905E8FZi0MWdc3PlIEkZj0lZUMXKXCIIin5GuP7wa+90HIiTl8a3KEuJGqB/TkGKktOSZ+y2vAS+gk8PMs2vQwQFXsqYf99AZeWbVqlsTwHliF6QKCrQ888sJOE4jEivMkJQ920qUmyOhKGZkVHFSSRKEh6hPeprGKCLSzSdXjOChVgIYcqErVnCi/p7IUSRlFvm6M0JqIGe9sfif10tVeO7mNE5SRWI8/ShMGVQcjiOBARUEK5ZpgrCgeleIB0ggrHRwFR2CPXvyPOk06vZp/fjmpNq8LOIogz1wAI6ADc5AE1yDFmgDDB7BM3gFb8aT8WK8Gx/T1pJRzOyCPzA+fwAto5Z8</latexit>

P2 = {y1, · · · , yq}

Assignment problem: Hungarian algorithm
<latexit sha1_base64="4Gq9aezzrLKYPDg/fqoo61vngMM=">AAAB+XicbVDLTgIxFL2DL8TXqEs3jcQEN2RGjLokunEnJvJIYCSdUqCh0xnbDgmZ8CduXGiMW//EnX9jB2ah4EmanJxzb+7p8SPOlHacbyu3srq2vpHfLGxt7+zu2fsHDRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o5vUb46pVCwUD3oSUS/AA8H6jGBtpK5tdwKshwTz5G5aenqsnHbtolN2ZkDLxM1IETLUuvZXpxeSOKBCE46VartOpL0ES80Ip9NCJ1Y0wmSEB7RtqMABVV4ySz5FJ0bpoX4ozRMazdTfGwkOlJoEvplMc6pFLxX/89qx7l95CRNRrKkg80P9mCMdorQG1GOSEs0nhmAimcmKyBBLTLQpq2BKcBe/vEwaZ2X3oly5Py9Wr7M68nAEx1ACFy6hCrdQgzoQGMMzvMKblVgv1rv1MR/NWdnOIfyB9fkD1DyTIw==</latexit>

O(q3)



Wasserstein distance on the PD of graph filtration

P = (V P , wP )⇥ = (V ⇥, w⇥)



Wasserstein distance for graph filtrations

<latexit sha1_base64="uvoVLiblTK5Q5l17Ci1SSyz+MJY=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuwiQNbd0V3XRZ0T6gDWUynbRDJ5MwMxFK6Ce4caGIW7/InX/jpK2gogcuHM65l3vvCRLOlEbow1pb39jc2i7sFHf39g8OS0fHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0G0+vc795TqVgs7vQsoX6Ex4KFjGBtpNvmEA1LZWRf1quuV4XIRqjmuE5O3JpX8aBjlBxlsEJrWHofjGKSRlRowrFSfQcl2s+w1IxwOi8OUkUTTKZ4TPuGChxR5WeLU+fw3CgjGMbSlNBwoX6fyHCk1CwKTGeE9UT99nLxL6+f6rDuZ0wkqaaCLBeFKYc6hvnfcMQkJZrPDMFEMnMrJBMsMdEmnaIJ4etT+D/puLZTtSs3XrlxtYqjAE7BGbgADqiBBmiCFmgDAsbgATyBZ4tbj9aL9bpsXbNWMyfgB6y3TyO3jbk=</latexit>

H0 Birth sets

<latexit sha1_base64="oPu6LBXDgkw0xjC63ZPjgiBJXSM=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFSbaaLMruumyon1AG8pkOmmHTiZhZiKU0E9w40IRt36RO//GSVtBRQ9cOJxzL/feEyScKY3Qh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek+vc79xTqVgs7vQ0oX6ER4KFjGBtpNvGwBmUK8hGruc6CCLbRY53nhPPq1VdFzo2mqMClmgOyu/9YUzSiApNOFaq56BE+xmWmhFOZ6V+qmiCyQSPaM9QgSOq/Gx+6gyeGGUIw1iaEhrO1e8TGY6UmkaB6YywHqvfXi7+5fVSHdb8jIkk1VSQxaIw5VDHMP8bDpmkRPOpIZhIZm6FZIwlJtqkUzIhfH0K/yftM9u5sM9vqpX61TKOIjgCx+AUOOAS1EEDNEELEDACD+AJPFvcerRerNdFa8FazhyCH7DePgE1eY3G</latexit>

H1

Death 
sets

1D cost assignment problem
has known analytic solution

<latexit sha1_base64="0GajnO551YW1UJlV2h0rKadyDjI=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSxC3YREpdpd0Y07K9gHNKFMppN26CSTzkyEGoq/4saFIm79D3f+jZO2gs8DA4dz7uWeOX7MqFS2/W7k5uYXFpfyy4WV1bX1DXNzqyF5IjCpY864aPlIEkYjUldUMdKKBUGhz0jTH5xnfvOGCEl5dK1GMfFC1ItoQDFSWuqYO26IVB8jll6OS0OX8R4cHnTMom1VbKdSduBv4lj2BEUwQ61jvrldjpOQRAozJGXbsWPlpUgoihkZF9xEkhjhAeqRtqYRCon00kn6MdzXShcGXOgXKThRv26kKJRyFPp6Mssqf3qZ+JfXTlRw6qU0ihNFIjw9FCQMKg6zKmCXCoIVG2mCsKA6K8R9JBBWurCCLuHzp/B/0ji0nLJ1dHVcrJ7N6siDXbAHSsABJ6AKLkAN1AEGt+AePIIn4854MJ6Nl+lozpjtbINvMF4/AGjHlTc=</latexit>

O(q log q)

<latexit sha1_base64="spgYxQVc7nTfQ3hqe315D3k07GM=">AAAB6HicdVDLSgMxFL3js9ZX1aWbYBFcDTMq1e6Kbly2YB/QDpJJb9vYTGZIMkIZ+gVuXCji1k9y59+YPgSfBwKHc84l954wEVwbz3t3FhaXlldWc2v59Y3Nre3Czm5Dx6liWGexiFUrpBoFl1g33AhsJQppFApshsPLid+8Q6V5LK/NKMEgon3Je5xRY6Va9aZQ9Nyy55dLPvlNfNeboghz2PxbpxuzNEJpmKBat30vMUFGleFM4DjfSTUmlA1pH9uWShqhDrLpomNyaJUu6cXKPmnIVP06kdFI61EU2mREzUD/9CbiX147Nb3zIOMySQ1KNvuolwpiYjK5mnS5QmbEyBLKFLe7EjagijJju8nbEj4vJf+TxrHrl9yT2mmxcjGvIwf7cABH4MMZVOAKqlAHBgj38AhPzq3z4Dw7L7PogjOf2YNvcF4/AB08jSo=</latexit>

P

<latexit sha1_base64="spgYxQVc7nTfQ3hqe315D3k07GM=">AAAB6HicdVDLSgMxFL3js9ZX1aWbYBFcDTMq1e6Kbly2YB/QDpJJb9vYTGZIMkIZ+gVuXCji1k9y59+YPgSfBwKHc84l954wEVwbz3t3FhaXlldWc2v59Y3Nre3Czm5Dx6liWGexiFUrpBoFl1g33AhsJQppFApshsPLid+8Q6V5LK/NKMEgon3Je5xRY6Va9aZQ9Nyy55dLPvlNfNeboghz2PxbpxuzNEJpmKBat30vMUFGleFM4DjfSTUmlA1pH9uWShqhDrLpomNyaJUu6cXKPmnIVP06kdFI61EU2mREzUD/9CbiX147Nb3zIOMySQ1KNvuolwpiYjK5mnS5QmbEyBLKFLe7EjagijJju8nbEj4vJf+TxrHrl9yT2mmxcjGvIwf7cABH4MMZVOAKqlAHBgj38AhPzq3z4Dw7L7PogjOf2YNvcF4/AB08jSo=</latexit>

P

<latexit sha1_base64="2o/OJ0bXNDxh6mi6G1Z5XthRyeE=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiB4GmZUorkFvXiMkA2SIfR0epI2Pd1Dd40QhvyDFw+KePV/vPk3dhbB9UHB470qquqFieAGPO/dyS0tr6yu5dcLG5tb2zvF3b2mUammrEGVULodEsMEl6wBHARrJ5qROBSsFY6upn7rjmnDlazDOGFBTAaSR5wSsFKzWx8yIL1iyXMrnl8p+/g38V1vhhJaoNYrvnX7iqYxk0AFMabjewkEGdHAqWCTQjc1LCF0RAasY6kkMTNBNrt2go+s0seR0rYk4Jn6dSIjsTHjOLSdMYGh+elNxb+8TgrRRZBxmaTAJJ0vilKBQeHp67jPNaMgxpYQqrm9FdMh0YSCDahgQ/j8FP9PmieuX3ZPb85K1ctFHHl0gA7RMfLROaqia1RDDUTRLbpHj+jJUc6D8+y8zFtzzmJmH32D8/oB5ouPXg==</latexit>

⇥
<latexit sha1_base64="2o/OJ0bXNDxh6mi6G1Z5XthRyeE=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiB4GmZUorkFvXiMkA2SIfR0epI2Pd1Dd40QhvyDFw+KePV/vPk3dhbB9UHB470qquqFieAGPO/dyS0tr6yu5dcLG5tb2zvF3b2mUammrEGVULodEsMEl6wBHARrJ5qROBSsFY6upn7rjmnDlazDOGFBTAaSR5wSsFKzWx8yIL1iyXMrnl8p+/g38V1vhhJaoNYrvnX7iqYxk0AFMabjewkEGdHAqWCTQjc1LCF0RAasY6kkMTNBNrt2go+s0seR0rYk4Jn6dSIjsTHjOLSdMYGh+elNxb+8TgrRRZBxmaTAJJ0vilKBQeHp67jPNaMgxpYQqrm9FdMh0YSCDahgQ/j8FP9PmieuX3ZPb85K1ctFHHl0gA7RMfLROaqia1RDDUTRLbpHj+jJUc6D8+y8zFtzzmJmH32D8/oB5ouPXg==</latexit>

⇥



Theorem 3Wasserstein distance on graph filtrations

⌧⇤0 :The i-th smallest birth value to the i-th smallest birth value

L1D(⇥, P ) = min
⌧

X

d2E1

⇥
d� ⌧(d)

⇤2

=
X

d2E1

⇥
d� ⌧⇤1 (d)

⇤2

:The i-th smallest death value to the i-th smallest death value

L0D(⇥, P ) = min
⌧

X

b2E0

⇥
b� ⌧(b)

⇤2

=
X

b2E0

⇥
b� ⌧⇤0 (b)

⇤2

<latexit sha1_base64="ocl7IkKM8tcZbcifUOLVpsMRQRE=">AAAB73icbVBNS8NAEJ34WetX1aOXxSKIh5KIqMeiF48V7Ae0sWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMbyZ+84lrI2J1j6OE+xHtKxEKRtFKrQ7StOs9nHZLZbfiTkEWiZeTMuSodUtfnV7M0ogrZJIa0/bcBP2MahRM8nGxkxqeUDakfd62VNGIGz+b3jsmx1bpkTDWthSSqfp7IqORMaMosJ0RxYGZ9ybif147xfDKz4RKUuSKzRaFqSQYk8nzpCc0ZyhHllCmhb2VsAHVlKGNqGhD8OZfXiSNs4p3UXHvzsvV6zyOAhzCEZyAB5dQhVuoQR0YSHiGV3hzHp0X5935mLUuOfnMAfyB8/kDZ3qPjQ==</latexit>

⌧⇤1



2-Wasserstein distance on graphs

P = (V P , wP )⇥ = (V ⇥, w⇥)

Ltop(⇥, P ) = L0D(⇥, P ) + L1D(⇥, P )

bijection
⌧

Gives bijection of edges between graphs



Wasserstein graph matching Red edges = MST



Data augmentation for different network sizes
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<latexit sha1_base64="oPu6LBXDgkw0xjC63ZPjgiBJXSM=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFSbaaLMruumyon1AG8pkOmmHTiZhZiKU0E9w40IRt36RO//GSVtBRQ9cOJxzL/feEyScKY3Qh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek+vc79xTqVgs7vQ0oX6ER4KFjGBtpNvGwBmUK8hGruc6CCLbRY53nhPPq1VdFzo2mqMClmgOyu/9YUzSiApNOFaq56BE+xmWmhFOZ6V+qmiCyQSPaM9QgSOq/Gx+6gyeGGUIw1iaEhrO1e8TGY6UmkaB6YywHqvfXi7+5fVSHdb8jIkk1VSQxaIw5VDHMP8bDpmkRPOpIZhIZm6FZIwlJtqkUzIhfH0K/yftM9u5sM9vqpX61TKOIjgCx+AUOOAS1EEDNEELEDACD+AJPFvcerRerNdFa8FazhyCH7DePgE1eY3G</latexit>

H1
<latexit sha1_base64="uvoVLiblTK5Q5l17Ci1SSyz+MJY=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuwiQNbd0V3XRZ0T6gDWUynbRDJ5MwMxFK6Ce4caGIW7/InX/jpK2gogcuHM65l3vvCRLOlEbow1pb39jc2i7sFHf39g8OS0fHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0G0+vc795TqVgs7vQsoX6Ex4KFjGBtpNvmEA1LZWRf1quuV4XIRqjmuE5O3JpX8aBjlBxlsEJrWHofjGKSRlRowrFSfQcl2s+w1IxwOi8OUkUTTKZ4TPuGChxR5WeLU+fw3CgjGMbSlNBwoX6fyHCk1CwKTGeE9UT99nLxL6+f6rDuZ0wkqaaCLBeFKYc6hvnfcMQkJZrPDMFEMnMrJBMsMdEmnaIJ4etT+D/puLZTtSs3XrlxtYqjAE7BGbgADqiBBmiCFmgDAsbgATyBZ4tbj9aL9bpsXbNWMyfgB6y3TyO3jbk=</latexit>

H0

Match longer 
persistence
first

Match longer 
persistence
first



Wassertein
graph mean

b⇥ = argmin
⇥

nX

k=1

Ltop(⇥, Gk)

Birth values of        are given by averaging the sorted birth 
values of all the networks      .

⇥Death death
Gk

Ltop(⇥, P ) = L0D(⇥, P ) + L1D(⇥, P )

Graph mean is not uniquely defined



Visual proof: Non-uniqueness of Wasserstein graph mean



Simulation study Within module connection probability p
Between module connection probability 1-p

Graph with 2 modules
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Permutation test for Wasserstein distances
Between-group distance

LW /
X

k

X

i,j2Ck

L(Gi, Gj)

LB /
X

i2C1,j2C2

L(Gi, Gj)

Within-group distance

� =
LB

LW

Statistic



Permutation test cannot be applied to 
existing graph matching algorithms! 

à Rapid permutation test via random transpositions
Chung et al. 2019 Connectomics in NeuroImaging

http://pages.stat.wisc.edu/~mchung/papers/chung.2019.CNI.pdf


Transposition test on Wasserstein distance
Subject 2 in group 1 transposed with subject 8 in group 2

Simply increment changes of loss functions over transposition

LW ! LW +�(tranposition)

LB ! LB +�(tranposition)



Average p-value in 50 independent simulations

nodes modules

Graduated
assignment

Spectral
matching

Integer
projected
fixed point

Reweighted
random walk
matching



Thank you! Ready for more TDA?

http://sites.google.com/view/
tda-for-medical-data

Sept. 27

First MICCAI 
workshop

Postdoc position: Let’s do real human neural network modeling with us.
You don’t want to be satisfied with artificial neural networks. :P


