‘(\ Ji‘:)\‘/:'{)' :4, . . . P

\.“}f T4 | The Waisman Labomtom University of Wisconsin

._ "f l Y % foerin Imaging and Beljavior SCHOOL OF MED[CINE
AR AND PUBLIC HEALTH

Wasserstein distance on graphs

Moo K. Chung
University of Wisconsin-Madison
www.stat.wisc.edu/~mchung

POSTECH MINDS WORKSHORP July 8,202 1



ADbstract

The first part of the tutorial (MATLAB based) introduces
the graph filtration, the baseline filtration on graph data
structure. The second part of the tutorial explains how to
compute the Wasserstein distance without doing numerical

optimization that is needed to find the optimal bijection.
The tutorial is based on arXiv:2012.0067/5.

Matlab codes:

http://www.stat.wisc.edu/~mchung/dynamic TDA
Algorithms are simple (10 lines), for MATLAB



https://www.google.com/url?q=https%3A%2F%2Farxiv.org%2Fpdf%2F2012.00675&sa=D&sntz=1&usg=AFQjCNFSaCGI2_SaQYyVH-pXIA4-9EI6Zw
http://www.stat.wisc.edu/~mchung/dynamicTDA
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MATLAB demonstration

http://www.stat.wisc.edu/~mchung/dynamic TDA/

Other codes and brain imaging data:
http://www.stat.wisc.edu/~mchung/softwares.html
Many published papers have weblink for codes.
We have a library of +5000 custom functions.

Matlab can call Python libraries
directly inside Matlab.



http://www.stat.wisc.edu/~mchung/dynamicTDA/
http://www.stat.wisc.edu/~mchung/softwares.html
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Songdechakraiwut et al. 2020 ISBI

topology of brain _
network that does not .
change over time. °

-0.2
0.4

-0.6

Can be easily addressed using |

241 .
the |0-line code given in tutorial


http://pages.stat.wisc.edu/~mchung/papers/song.2020.ISBI.pdf

Correlation brain network at voxel level
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Correlation network of 300000 time series
Complete graph with about 300000%/2 cycles.




How big is brain network data®?

> BRAIN

o NETWORK

N >
Vi ANALYSIS

53 (X
63 SRR
7 &
p=25972 voxels (3mm) in the brain “3 :

- 25972 x 25972 = 0.67 billion connections
5.2GB memory

.
‘f,

300000 voxels (1mm)

- 90 billion connections Moo K. CHUNG
— 700 GB memory 2019 Cambridge University Press



Persistent homology computation is slow:
O(n?) rank estimation via Gaussian elimination

Graph filtrations

O(n log n)

Lee et al. 201 | MICCAI 302-309
Lee et al. 2012 |EEE Transactions on Medical Imaging 31:2267-2277

~
\\

* Baseline filtration for (brain) network data



http://www.stat.wisc.edu/~mchung/papers/lee.2011.MICCAI.pdf
http://www.stat.wisc.edu/~mchung/papers/lee.2012.TMI.pdf

Computing the Shape of Brain Networks Using
Graph Filtration and Gromov-Hausdorfl Metric

Hyekyoung Lee!?3, Moo K. Chung?%7 Hyejin Kang!»?,
Boong-Nyun Kim?®, and Dong Soo Lee!:3:4

! Department of Nuclear Medicine,
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Lee et al. 2011 MICCAI 302-309



http://www.stat.wisc.edu/~mchung/papers/lee.2011.MICCAI.pdf

Graph Filtrations

Weighted complete graph

X =(V,w) w=(wy)
Node Edge
set weight

Binary graph

. .
Y o -‘_
TS N B e

Graph

A 3 b (= » v/
‘.| " s ." 2 ag) ' 3 AN e Ak e e N P s T d
R P = e PEA S et B P VA BBy O - i ) IV v ot b nALr " '
¢ '

ﬁlt_ration




F & 100 ¢ T 1 =
- ADHD, B,
5 g = ASD, Bq i
S 60 PedCon, By -
T
g 4 §
S E 20 ‘ ; . . a
O = 0 : | | B - ' - S
C 0 0.1 0.2 0.3 MOI"IOtOI’]ICIt)’ of

Filtration valt.Je

betti-0 is obvious

Kruskal’s algorithm

fOl‘ minimum span.ning tree Lee et al. 2012 IEEE Transactions
is used for graph filtration on Medical Imaging 31:2267-2277



http://www.stat.wisc.edu/~mchung/papers/lee.2012.TMI.pdf
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Rips filtration VS. graph filtration

Metric space Weighted graph

X=Vw) w=@wy &X=V,w) w=(wy)
Node  Metric Node Edge
set set Weight

Wi < Wy j 7 Wik

Rips complex = Simplicial complex Binary graph =1-skeleton




Graph filtration

Can we have
monotonicity of betti-1?




Theorem |: Monotonicity of Betti numbers over graph filtration
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http://pages.stat.wisc.edu/~mchung/papers/chung.2019.ISBI.pdf
http://pages.stat.wisc.edu/~mchung/papers/chung.2019.NN

ﬁoz Connected components

Genetic difference in brain network
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Theorem 2: Birth & death decomposition

H 1 [Edges destroy cycles H (O Edges create components



https://arxiv.org/pdf/2012.00675

Persistence = Life time (death — birth) of a feature

Edges destroy cycles Edges create components




Persistence = Life time (death — birth) of a feature

Edges destroy cycles Edges create components




Persistence diagram for graph filtrations
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Dynamically changing
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2-Wasserstein distance

Random variables: X ~ f; Y ~ f5

D(X,Y) = (infE|| X — V)"

Infinium taken over all
possible joint distributions

Nonunique joint

distribution % 9 % 3 & § % 8



2-Wasserstein distance on persistent diagram

Persistent

diagrams Py =1z1,- -+, 24} Py =1{y1, " ,Yq}

Empirical distributions

q 1 o
— %;5(37 — ;) f2(y) = 525(9 ~Yi)

D(X,Y)= inf ( S o - \\2)1/2

Pi—P
Py 2 N\ Th

Assignment problem: Hungarian algorithm O(¢*)



Wasserstein distance on the PD of graph filtration

D
|




Wasserstein distance for graph filtrations
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Theorem 3 Wasserstein distance on graph filtrations

Lop(O,P) = mTin Z [b — T(b)}Q
beE
=Y b-wo]

T J :The i-th smallest birth value to the i-th smallest birth value

71 :The i-th smallest death value to the i-th smallest death value




2-Wasserstein distance on graphs

Liop(O,P) = Lop(O,P)+ L1p

Gives bijection of edges between graphs
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o

Wasserstein graph matching

Red edges = MST




Data augmentation for different network sizes

H 1 Edges destroy cycles sl 0 Edges create components




Wassertein 6 = argmin Y L10p(0, i)

graph mean =
»Ctop(@, P) = £QD(@, P) -+ »ClD(@, P)

Death values of © are given by averaging the sorted death
values of all the networks G, .

N

j=gpu\gnEini
Y Dy

Graph mean is not uniquely defined
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Visual proof: Non-uniqueness of Wasserstein graph mean




Within module connection probability p

Si Mu |ati0n StU dy Between module connection probability |-p
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10 graphs vs. |10 graps |

Graph with 2 modules Graph with 3 modules



Permutation test for VVasserstein distances

Between-group distance

Lpox Y  L(Gi,Gy)

Within-group distance

Lp

,CW X Z Z L G“G ) ------ > Statistic ¢ — ZW

7.7 ECk
Network difference (c: 2 vs. 3) No network difference (¢: 3 vs. 3)

0.4 0.1
Py by
i Observed ¢ B Observed ¢
= ; = ;
A 0.05 A 0.05

0 I L L l L L 0 allf A 1 L
i 1.5 2 2.5 3 1 1.2 1.4 1.6

Test statistic Test statistic



Permutation test cannot be applied to
existing graph matching algorithms!
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—> Rapid permutation test via random transpositions

Chung et al. 2019 Connectomics in Neurolmaging



http://pages.stat.wisc.edu/~mchung/papers/chung.2019.CNI.pdf

Transposition test on Wasserstein distance

Subject 2 in group | transposed with subject 8 in group 2

Group 1 Group 2 Group 1 Group 2
1 2 3 4 5 6 7 8 9 10 1 8 3 4 5 6 7 2 9 10

Group 1
Group 1

H 300

250
200
150

100

Original group labels Permuted group labels

Simply increment changes of loss functions over transposition

Lw — Lw + A(tranposition)
Lz — Lp + A(tranposition)



Average p-value in 50 independent simulations
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Thank you! Ready for more TDA?
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8 Postdoc bosition: Let’s do real human neural network modelmg w:th us.
You don’t want to be satisfied with artificial neural networks. :P




