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Abstract:
Gaussian kernel smoothing has been widely used in 3D medical images as a way to increase signal-to-noise ratio and coloring dependent noise structure for random field theory, in part, due to its simplicity in numerical implementation. Gaussian kernel is isotropic in Euclidian space, i.e., it assigns the same weights to observations equal distance apart. However, data residing on the convoluted brain cortex fails to be isotropic in the Euclidean sense. On the curved surface, a straight line between two points is not the shortest distance so one may incorrectly assign less weights to closer observations. The question we attempt to answer is how to correctly formulate isotropic smoothing for data on the cortical surface. 
Methods: 

When data lie on a 2D cortical surface, data smoothing must be weighted according to geodesic distance along the surface. One existing approach called diffusion smoothing formulates smoothing as the process of heat diffusion by explicitly solving an isotropic diffusion equation with the given data as an initial condition [1, 2, 3]. The drawback of the diffusion smoothing approach is the complexity of setting up a finite element method and making the numerical scheme stable [4]. To address these shortcomings, we propose a simpler method called heat kernel smoothing and its extension called geodesic kernel smoothing.  The heat kernel smoothing is formulated as  iterated convolutions between the data and a heat kernel. It can be proven that smoothing with a large bandwidth is equivalent  to  iterative smoothing with a smaller bandwidth [3]. Furthermore, for a small bandwidth the heat kernel converges locally to a Gaussian kernel. Extending the heat kernel smoothing method, we have developed geodesic kernel smoothing.  We first compute the geodesic distance on the cortex using the dynamic programming. Then the geodesic kernel is constructed by assigning weights as a function of the geodesic distance and appropriately normalizing the kernel. This approach avoid the necessity of choosing a small bandwidth so the smoothing can be performed efficiently with less number of iterations and a larger bandwidth.
Results:
Heat kernel smoothing on actual cortical thickness data was performed for illustration. The figure shows smoothing with bandwidth s=1 and 20, 100 and 200 iterations.

Conclusions: 
Both heat kernel and geodesic kernel smoothing are effective cortical surface data smoothing techniques.
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Figure 1. Heat kernel smoothing on actual cortical thickness data. The bandwidth ( = 1 was used with 20, 100 and 200 iterations.
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