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Abstract. The ensemble average propagator (EAP) describes the 3D
average diffusion process of water molecules, capturing both its radial and
angular contents, and hence providing rich information about complex
tissue microstructure properties. Bessel Fourier orientation reconstruc-
tion (BFOR) is one of several analytical, non-Cartesian EAP reconstruc-
tion schemes employing multiple shell acquisitions that have recently
been proposed. Such modeling bases have not yet been fully exploited in
the extraction of rotationally invariant q-space indices that describe the
degree of diffusion anisotropy/restrictivity. Such quantitative measures
include the zero-displacement probability (Po), mean squared displace-
ment (MSD), q-space inverse variance (QIV), and generalized fractional
anisotropy (GFA), and all are simply scalar features of the EAP. In this
study, a general relationship between MSD and q-space diffusion signal is
derived and an EAP-based definition of GFA is introduced. A significant
part of the paper is dedicated to utilizing BFOR in a clinical dataset,
comprised of 5 multiple sclerosis (MS) patients and 4 healthy controls, to
estimate Po, MSD, QIV, and GFA of corpus callosum, and specifically,
to see if such indices can detect changes between normal appearing white
matter (NAWM) and healthy white matter (WM). Although the sample
size is small, this study is a proof of concept that can be extended to
larger sample sizes in the future.

1 Introduction

The aim of diffusion-weighted imaging (DWI) is to non-invasively estimate in-
formation about the diffusion of water molecules in biological tissues. The most
common form of DWI is diffusion tensor imaging (DTI) [4], which is a good
model of diffusion-weighted signal behavior at low levels of diffusion weighting.
Rotationally invariant measures can be derived from the eigenvalues of the diffu-
sion tensor, including fractional anisotropy (FA) and mean diffusivity (MD) [5],
that have proven clinical value. However, DTI is limited by the Gaussian assump-
tion, which is invalid at higher levels of diffusion weighting (b > 2000 s/mm2)
and its inability to resolve multiple fiber orientations within a voxel [12].

In order to recover complex white matter (WM) geometry, high angular res-
olution diffusion imaging (HARDI) [12], which reduces the diffusion signal sam-
pling to a single sphere (i.e. single level of diffusion weighting) within q-space,
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was proposed. Many HARDI techniques [7, 11] seek to extract the orientation
distribution function (ODF), a probability density function describing the an-
gular distribution of water molecules during diffusion. However, the ODF only
retrieves the angular content of the diffusion process.

The ensemble average propagator (EAP) provides the full information about
the diffusion process in the tissue because it captures both the radial and angular
information contained in the diffusion signal. The ODF is simply an angular
feature of the EAP. Unlike the diffusion tensor, the EAP profiles illustrate and
recover crossing fibers. The significance of the EAP in diffusion MRI has led to
many reconstruction algorithms being proposed, some numerically based such
as diffusion specturm imaging (DSI) [13] and hybrid diffusion imaging (HYDI)
[16], and some analytically based such as diffusion propagator imaging (DPI)
[9], spherical polar Fourier imaging (SPFI) [3,8], and Bessel Fourier orientation
reconstruction (BFOR) [10].

With respect to analytical EAP reconstruction methods, one valuable though
overlooked use is in extracting rotationally invariant quantitative measures from
them. High angular resolution analogues of quantitative DTI indices such as gen-
eralized fractional anisotropy (GFA) [11] & mean squared displacement (MSD)
[2, 16] and other q-space metrics like zero-displacement probablity (Po) [2] &
q-space inverse variance (QIV) [17] are all scalar features of the EAP. Analytical
representations of the EAP (and hence diffusion signal) facillitate either analytic
computation of such features or numerical efficiency in estimating them. HYDI
has already been used to numerically estimate Po, MSD, and QIV [17].

In this paper, we derive analytical expressions for Po, MSD, & QIV using
BFOR, and introduce an EAP-based definition of GFA. These quantitative mea-
sures are then utilized in a HYDI-acquired clinical dataset, comprising a healthy
control group and multiple sclerosis (MS) patients, to see if they detect any
differences in the corpus callosum between the normal appearing white watter
(NAWM) of MS patients and healthy WM.

2 Theory

Let P (p) and E(q) be the EAP and normalized q-space diffusion signal, respec-
tively. We denote q = q u(θ, φ) and p = p r(θ′, φ′), where u and r are 3D
unit vectors. Under the narrow pulse assumption, E(q) and P (p) are Fourier
Transform (FT) pairs [6]:

P (p) =

∫
E(q)e−2πiq·pd3q (1)

The BFOR signal basis and EAP are, respectively,

E(q, t) =

N∑
n=1

R∑
j=1

Cnje
−α2

nl(j)
t

τ2 jl(j)(
αnl(j)q

τ
)Yj(u) (2)
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and

P (p, t) = 2τ
√
2π3

N∑

n=1

R∑

j=1

(−1)
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−α2
nl(j)

t

τ2 Yj(r)

√
αnl(j)Jl(j)−1/2(αnl(j))jl(j)(2πτp)(

4π2p2 − α2
nl(j)
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) ,

(3)

where e
−α2

nl(j)
t

τ2 is the smoothening term, Cnj are the expansion coefficients, and
αnl(j) is n

th root of lth order spherical Bessel function of first kind jl [10].

2.1 Rotationally Invariant Quantitative q-Space Indices

Po = P (p = 0) is the probability density of water molecules that minimally dif-
fuse within the diffusion time [2,16], and hence a measure of restricted diffusion.
In a healthy adult brain, Po is greater in white matter (WM) than gray matter
(GM) because WM has more restricting barriers including multi-layer myelin
sheaths, axonal membranes, and microtubules. Several studies have shown Po
to be sensitive to brain pathology, and suggesting that changes in myelin are the
primary mechanism for differences in Po [1, 18].

Po can be evaluated either numerically or analytically. The authors in [17]
computed Po by numerically summing the normalized diffusion signal E(q) over
all diffusion measurements in q-space, and then correcting the sum by the sam-
pling density. Analytical formulations of Po were derived for the SPFI and DPI
signal bases [8, 9]. The BFOR Po can be computed analytically by evaluating
Eq. (3) at p = 01:

Po = 2
√
πτ3

N∑
n=1

Cn1
(−1)n+1

α2
n0

(4)

The MSD, which we will denote as 〈p2〉, is simply the second moment of the EAP
[16]: 〈p2〉 = ∫

p2P (p)d3p. It is related to the MD, which in the case of Gaussian
diffusion is given by the well-known Einstein relation 〈p2〉 = 6(Δ−δ/3)MD. Thus
far, an analytical formulation of MSD exists only within the DTI framework. It
is calculated numerically in q-space imaging, either by extracting the full width
at half maximum of the EAP [2] or taking the geometrical mean of the diffusion
signal over all directions on a HYDI shell [17]

A general relationship between the MSD and q-space diffusion signal has not
yet been formulated to the authors’ knowledge. Such a relationship is derived in
the Supplementary Section:

〈p2〉 = −1

4π2
�2 E(q)|q=0 (5)

According to Eq. (5), DPI, which models the diffusion signal as �2E(q) = 0,
predicts the MSD to be zero which is unrealistic. Using Eq. (5), an analytic MSD

1 For all derivations, see http://brainimaging.waisman.wisc.edu/~ameer/Suppl.pdf
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expression can be computed for BFOR because the BFOR signal basis, Eq. (2),
is an eigenfunction of the Laplacian operator. Hence, it can be shown that

〈p2〉BFOR =
1

8π
5
2 τ2

N∑
n=1

Cn1α
2
n0 (6)

The MSD measure is quite sensitive to noise [16]. The authors in [17] proposed
an alternative measure to MSD called the QIV, which is a pseudo-diffusivity

measure. Mathematically, the QIV is defined as QIV =
[∫

q2E(q)d3q
]−1

. The
QIV is not an arbitrary meausre, but related to the EAP in a manner analogous
to which the MSD is related to the diffusion signal-in Suppl. Section, we will
show that QIV −1 = −1

4π2 �2 P (p)|p=0. The QIV within the BFOR framework is

QIVBFOR =
1

2
√
πτ5

∑N
n=1(−1)nCn1

(6−α2
n0)

α4
n0

(7)

Tuch in [11] introduced the concept of GFA and defined it as std(ODF)/
rms(ODF). Since ODF is only a feature of the EAP, the subsequent GFA map
is derived soley from the angular content of the diffusion profile. Incorporating
both the angular and radial contents of the diffusion profile into the definition of
GFA will result in a radial dial of GFA maps, illustrating how anisotropy varies
with diffusion displacement p. Therefore, we define a new GFA:

GFA(p = po) =
std [P (p = po, r)]

rms [P (p = po, r)]
(8)

Another advantage of Eq. (8) is that it is better suited for multiple diffusion
weighted MR experiments, unlike Tuch’s definition, which is HARDI-based.

3 Materials and Methods

The in vivo dataset uses a hybrid, non-Cartesian sampling scheme [16], shown
in Table 1. Since EAP reconstruction is sensitive to angular resolution, the num-
ber of encoding directions is increased with each shell to increase the angular
resolution with the level of diffusion weighting. The number of directions in the
outer shells were increased to better characterize complex tissue organization.

HYDI was performed on five MS patients and four healthy volunteers using
a 3.0 T GE-SIGNA whole body scanner. MR parameters were TE = 99 ms, TR
2300 ms, FOV = 24 cm, matrix = 96 x 96, voxel size = 2.5 x 2.5 mm2, 15 slices
with slice thickness = 5 mm, and scan time = 10 min. Diffusion parameters were
Δ = 45 ms, δ = 34 ms, field of view of the diffusion displacement space FOVp

= (1/Δq) = 71.4 μm, and resolution of the diffusion displacement space Δp =
(1/2qmax) = 7.1 μm [6].

DTI analysis was performed using the data in the second HYDI shell, in
order to obtain the FA and MD, with the FSL software package [15]. BFOR
was then used to compute Po, MSD, QIV, and GFA, with model parameters
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(a) T2W (b) Po

Fig. 1. Axial slice of T2W and corre-
sponding BFOR Po map illustrating cor-
pus callosum ROI (red) and MS lesion
(red arrow).

Table 1. HYDI Encoding Scheme for Hu-
man Dataset

Shell Ne q (mm−1) Δq (mm−1) b (s/mm2)

2 0 0

1st 6 14 14 260

2nd 21 28 14 1040

3rd 24 42 14 2340

4th 24 56 14 4160

5th 50 70 14 6500

set to {L = 4, N = 6, τ = 84 mm−1, λl = 10−6, λn = 10−6, t = 0}. Using
the T2W (b = 0 volume) and BFOR Po maps as references, ROIs of the genu
and splenium of corpus callosum were then manually drawn for each subject,
as shown in Fig. 1, which were also applied to the other quantitative maps. An
unpaired two-sample t-test (one-tailed), assuming unequal variances, was then
used to test whether the mean value of each index in the corpus callosum for
the NAWM group was lower (FA, GFA & Po) or higher (DTI/BFOR MSD &
QIV) than those from control group at 0.05 level.

4 Results

Fig. 4 displays axial slices of the BFOR computed Po, QIV, & MSD indices.
Note that the QIV exhibits GM/WM contrast, unlike MSD. Within the CSF
regions in QIV map, some voxels were zeroed out because they blew up upon
the division operation in computing QIV. Fig. 3 shows axial slices of the GFA
estimated at p = 5, 10, and 15 μm, illustrating how the anisotropy of different
WM regions, such as the corpus callosum and capsules, varies with diffusion
displacement p. CSF regions in the GFA map at p = 15 μm are more noisy than
at 5 & 10 μm.

Fig. 2 displays the mean and standard deviation of GFA, MSD, QIV, Po,
FA, and DTI MSD for each subject. The t-test yielded a statistically significant
p-value between the mean value of each index in NAWM and healthy WM at
0.05 level for GFA(5) & GFA(10) and Po, implying a reduction in GFA and
Po of NAWM in corpus callosum with respect to controls. Such findings are
consistent with previous DTI [14] and q-space [1] MS studies that showed signif-
icant reductions in FA and Po of NAWM with respect to controls, respectively.
Although the DTI FA was also statistically significant, the p-values for GFA(5)
& GFA(10) are much smaller than for FA, suggesting that GFA may be more
sensitive to pathologically induced changes in WM than normal FA. The BFOR
MSD was not a statistically significant indicator of pathological changes in WM,
which goes against the results of [1,14] that showed MD/MSD to be significantly
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(a) GFA(5); p-value=0.0018
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(b) GFA(10); p-value=4.8e-5
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(c) Po; p-value=0.0011
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(d) BFOR MSD; p-value=0.13
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(e) QIV; p-value=3.0e-4
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(f) DTI FA; p-value=0.020
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(g) DTI MSD; p-value=0.035

Fig. 2. Mean and stdv. of measures in corpus callosum for each subject, with the
p-value of the unpaired two-sample t-test (one-tailed)
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Fig. 3. Axial slices of BFOR GFA maps at p = 5, 10, and 15 μm for a control

(a) Po (b) MSD (c) QIV

Fig. 4. Axial slices of BFOR estimated Po, MSD, and QIV maps for a control

higher in NAWM with respect to controls. The DTI MSD, however, was found
to be statistically significant, and the disparity in results between the DTI and
BFOR MSD may be due to the high b-value (BFOR) MSD being very sensitive
to noise [16]. The QIV, however, was found to be significantly higher in NAWM
with respect to controls, and both it and GFA(10) had the highest statistical
significances among all metrics. In general, the BFOR computed measures vali-
date the main finding of [1], being that q-space indices suggest abnormalities in
the MS brain are not only confined to hyerintense lesions visible in T2 images,
but may also affect the surrounding NAWM.

5 Conclusion

This is the first study to date to utilize an analytical, hybrid, and non-Cartesian
EAP framework for the computation of rotationally invariant quantitative mea-
sures in a clinical dataset. Although the study was limited by the small sample
size, it demonstrates the potential that EAP-derived q-space indices have in as-
sessing brain pathology. In the future, the same study should be repeated using
a larger sample size, with measurements being made in other WM regions in
addition to the corpus callosum. Future work also includes estimating the axial
and radial diffusivities using an analytical EAP framework.
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