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ABSTRACT

Topological data analysis (TDA) extracts hidden topological
features in signals that cannot be easily decoded by standard
signal processing tools. A key TDA method is persistent ho-
mology (PH), which summarizes the changes of connected
components in a signal through a multiscale descriptor such
as the persistent landscape (PL). A recent development in-
dicates that statistical inference on PLs of scalp electroen-
cephalographic (EEG) signals produces markers for localiz-
ing seizure foci. However, a key obstacle of applying PH to
large-scale clinical EEGs is the ambiguity of performing sta-
tistical inference. To address this problem, we develop a uni-
fied permutation-based inference framework for testing sta-
tistical indifference in PLs of EEG signals before and during
an epileptic seizure. Compared with the standard permutation
test, the proposed framework is shown to have more robust-
ness when signals undergo non-topological changes and more
sensitivity when topological changes occur. Furthermore, the
proposed new method drastically improves the average com-
putation time by 15000 folds.

Index Terms— EEG, persistent homology, persistence
landscape, exact permutation test

1. INTRODUCTION

Topological data analysis (TDA) extracts topological and geo-
metric features in complex data that cannot be easily decoded
by standard analytic tools [1]. A key TDA algorithm is persis-
tent homology (PH), which reveals the topological changes of
connected components and holes in the data through a multi-
scale descriptor such as the persistent landscape (PL). Recent
development indicates that statistical indifference in PLs of
scalp electroencephalographic (EEG) signals before and dur-
ing seizure could help localize seizure foci [2]. This is quanti-
fied through a permutation test where labels of each frequency
in the signals are permuted under the null hypothesis of iden-
tical distributions of the PLs before and during seizure. The
standard permutation test is numerically shown to be robust
under non-topological changes while being sensitive to topo-
logical changes in the signals.

Despite the benefits of detecting true topological changes,
the standard permutation test requires at least 10000 iterations
averaging 5 hours to converge for a 5-minute EEG recording.
Such computational bottleneck is the key obstacle for clinical
implementation, where close to real-time signal detection is
needed. To overcome this computational challenge, we pro-
pose an exact permutation test on the PLs of EEG signals.
The test computes an exact p-value by combinatorially enu-
merating all the possible permutations between two mono-
tone statistics based on areas under the layers of the PLs,
thus avoiding computationally intensive resampling used in
the standard permutation test.

Compared with the standard permutation test, the pro-
posed framework is shown to have more robustness when
signals undergo non-topological changes and more sensitiv-
ity when topological changes occur. Furthermore, the pro-
posed new method drastically improves the average computa-
tion time by 15000 folds. To the best of our knowledge, this is
the first work proposing an exact permutation test to compare
PH features in EEG signals.

2. METHODS

2.1. Denoising with weighted Fourier series

We denoise an EEG signal f(t) recorded at regular time in-
tervals −T = t1 < t1 < · · · < tN = T by estimating the
underlying signal µ(t) in the model:

f(t) = µ(t) + ε(t),−T ≤ t ≤ T, (1)

with the series solution to the linear diffusion equation

∂

∂σ
g(t, σ) =

∂2

∂t2
g(t, σ), σ ≥ 0, t ∈ [−T, T ]. (2)

By treating the observed signal f(t) as the initial condition of
the diffusion equation: g(t, 0) = f(t), we are able to obtain a
unique closed-form solution to (2) - a weighted Fourier series
(WFS) approximation for the signal µ(t):

µ̂(t) =

∞∑
j=0

e−γjσajφj1(t) +

∞∑
j=1

e−γjσbjφj2(t), (3)
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with the eigenvalues γj = (jπ/T )2, the Fourier coefficients

a0 =
1

2T

∫ T

−T
f(t)dt,

aj =
1

T

∫ T

−T
f(t) cos(jπt/T )dt,

bj =
1

T

∫ T

−T
f(t) sin(jπt/T )dt,

and the cosine and sine basis functions φj1 and φj2, j ≥ 0.
The degree-k representation of (3) is

µ̂k(t) = a0+

k∑
j=1

e−(jπ/T )2σ[aj cos(jπt/T )+bj sin(jπt/T )],

(4)
where the degree k determines the highest frequency [k/T ]
to be included in the representation and bandwidth σ tunes
smoothness by controlling the rate of the decay of the weights
corresponding to higher frequencies. In this paper, we use
k = 499 and σ = 0.0005 for T = 5 unless otherwise stated.

2.2. Persistence landscape

PH tracks the changes of connected components in the sub-
level set of µ̂k, and a barcode is a collection of intervals with
endpoints being the birth and death times of the connected
components as the horizontal threshold λ increases (Figure 1
top). The PL is a PH feature proposed in [3] for the purpose
of establishing a statistical framework on PH. The easiest way
to construct a PL is through its corresponding barcode. Given
a bar (λi1, λi2) in a barcode {(λ1i, λ2i)}Ni=1, we can define
the piecewise linear bump function h(λ1i,λ2i) : R→ R by

h(λ1i,λ2i)(λ) = max(min(λ− λ1i, λ2i − λ), 0). (5)
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Fig. 1. Persistent homology, barcode and persistence land-
scape of a denoised EEG signal.

The PL ν of the barcode {(λ1i, λ2i)}Ni=1 is then defined as a
multi-valued function with the `th value being

νl(λ) =

{
l-th largest value of {h(λ1i,λ2i)(λ)}Ni=1 1 ≤ l ≤ N,

0 l > N.
(6)

Figure 1 (bottom right) shows the PL of the barcode (bottom
left). The main technical advantage of PL is that, as a random
variable with values in a Banach space, it obeys a strong law
of large numbers and a central limit theorem, in contrast to
the barcode [3].

2.3. Exact permutation test on areas under PL layers

We propose the exact permutation test proposed in [4] to com-
pare the PLs of two EEG signals:

{
ν1
}

and
{
ν2
}

, e.g. be-
fore and during seizure. For each group i = 1, 2, we define
the statistic Ai` as the value of the area under the PL layer `,
which is the reversely ordered layer number (Figure 2). Note
that it reverses the defined order of PL layers in (6) from the
most prominent to the least prominent layer.

The exact permutation test is then applied to A1
` and A2

` ,
` = 1, . . . , L, for comparison. The PL with a smaller number
of layers is padded with zeros in the vectors of areas. Under
the null hypothesis of equivalence of the two PLs, two PLs ν1

and ν2 are assumed to have identical distribution. Thus, we
test the statistical difference between the areas

A1
1, . . . , A

1
L

and
A2

1, . . . , A
2
L

under the reversely ordered layers of ν1 and ν2:

H0 : A1
` = A2

` ,

for all ` = 1, . . . , L.
As pointed out by [5], permutation test is not assumption-

free. The assumption is that whatever feature or structure is
permuted should be exchangeable under the null hypothesis.
Here the proposed permutation test is built on the assump-
tion that the layers in the PLs representing two groups are
exchangeable. This is plausible because the null assumption
is that there is no statistical difference between PLs before
and during seizure and so the layers of the PLs do not differ
significantly.

A1
2
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Fig. 2. Areas under the layers of a persistence landscape.

1126

Authorized licensed use limited to: University of Wisconsin. Downloaded on December 19,2020 at 05:55:45 UTC from IEEE Xplore.  Restrictions apply. 



Note thatA1
1 ≤ · · · ≤ A1

L andA2
1 ≤ · · · ≤ A2

L. We define
the corresponding monotone step functions ψ1(t) and ψ2(t):

ψ1(t) =

 0 if t < A1
1,

` if A1
` ≤ t < A1

`+1, 1 ≤ ` < L,
L if t ≥ A1

L.

and

ψ2(t) =

 0 if t < A2
1,

` if A2
` ≤ t < A2

`+1, 1 ≤ ` < L,
L if t ≥ A2

L.

Then we have the test statistic

D(ψ1, ψ2) = sup
t
|ψ1(t)− ψ2(t)|.

The exact p-value of an observed value d of the test statistic
D is combinatorially given by

P (D ≥ d) = 1− A(L,L)

C(2L,L)
,

where A(L,L) is the iteratively computed as

A(u, v) = A(u− 1, v) +A(u, v − 1)

with the boundary condition

A(0, L) = A(L, 0) = 1

within domain |u− v| < d, and

C(2L,L) =
(2L)!

L!L!

is the total number of combinations of choosing L out of 2L
[4]. Figure 3 displays a schematic for the exact permutation
test on 3-layer PLs.

Areas under Layers of PL 1

Areas under Layers of PL 2

Permuted Layers

Permuted Layers
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A1
2<latexit sha1_base64="7jJCNp9N0IVNle0K8nhVFW3lfQ4=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHqhePFdy20K4lm862odnskmSFUvobvHhQxKs/yJv/xrTdg7a+EHh4Z4bMvGEquDau++0U1tY3NreK26Wd3b39g/LhUVMnmWLos0Qkqh1SjYJL9A03AtupQhqHAlvh6HZWbz2h0jyRD2acYhDTgeQRZ9RYy79+9Hq1XrniVt25yCp4OVQgV6NX/ur2E5bFKA0TVOuO56YmmFBlOBM4LXUzjSllIzrAjkVJY9TBZL7slJxZp0+iRNknDZm7vycmNNZ6HIe2M6ZmqJdrM/O/Wicz0VUw4TLNDEq2+CjKBDEJmV1O+lwhM2JsgTLF7a6EDamizNh8SjYEb/nkVWjWqp7l+4tK/SaPowgncArn4MEl1OEOGuADAw7P8ApvjnRenHfnY9FacPKZY/gj5/MH3fiODQ==</latexit><latexit sha1_base64="7jJCNp9N0IVNle0K8nhVFW3lfQ4=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHqhePFdy20K4lm862odnskmSFUvobvHhQxKs/yJv/xrTdg7a+EHh4Z4bMvGEquDau++0U1tY3NreK26Wd3b39g/LhUVMnmWLos0Qkqh1SjYJL9A03AtupQhqHAlvh6HZWbz2h0jyRD2acYhDTgeQRZ9RYy79+9Hq1XrniVt25yCp4OVQgV6NX/ur2E5bFKA0TVOuO56YmmFBlOBM4LXUzjSllIzrAjkVJY9TBZL7slJxZp0+iRNknDZm7vycmNNZ6HIe2M6ZmqJdrM/O/Wicz0VUw4TLNDEq2+CjKBDEJmV1O+lwhM2JsgTLF7a6EDamizNh8SjYEb/nkVWjWqp7l+4tK/SaPowgncArn4MEl1OEOGuADAw7P8ApvjnRenHfnY9FacPKZY/gj5/MH3fiODQ==</latexit><latexit sha1_base64="7jJCNp9N0IVNle0K8nhVFW3lfQ4=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHqhePFdy20K4lm862odnskmSFUvobvHhQxKs/yJv/xrTdg7a+EHh4Z4bMvGEquDau++0U1tY3NreK26Wd3b39g/LhUVMnmWLos0Qkqh1SjYJL9A03AtupQhqHAlvh6HZWbz2h0jyRD2acYhDTgeQRZ9RYy79+9Hq1XrniVt25yCp4OVQgV6NX/ur2E5bFKA0TVOuO56YmmFBlOBM4LXUzjSllIzrAjkVJY9TBZL7slJxZp0+iRNknDZm7vycmNNZ6HIe2M6ZmqJdrM/O/Wicz0VUw4TLNDEq2+CjKBDEJmV1O+lwhM2JsgTLF7a6EDamizNh8SjYEb/nkVWjWqp7l+4tK/SaPowgncArn4MEl1OEOGuADAw7P8ApvjnRenHfnY9FacPKZY/gj5/MH3fiODQ==</latexit><latexit sha1_base64="7jJCNp9N0IVNle0K8nhVFW3lfQ4=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHqhePFdy20K4lm862odnskmSFUvobvHhQxKs/yJv/xrTdg7a+EHh4Z4bMvGEquDau++0U1tY3NreK26Wd3b39g/LhUVMnmWLos0Qkqh1SjYJL9A03AtupQhqHAlvh6HZWbz2h0jyRD2acYhDTgeQRZ9RYy79+9Hq1XrniVt25yCp4OVQgV6NX/ur2E5bFKA0TVOuO56YmmFBlOBM4LXUzjSllIzrAjkVJY9TBZL7slJxZp0+iRNknDZm7vycmNNZ6HIe2M6ZmqJdrM/O/Wicz0VUw4TLNDEq2+CjKBDEJmV1O+lwhM2JsgTLF7a6EDamizNh8SjYEb/nkVWjWqp7l+4tK/SaPowgncArn4MEl1OEOGuADAw7P8ApvjnRenHfnY9FacPKZY/gj5/MH3fiODQ==</latexit>

A1
3

<latexit sha1_base64="SGzxVZJ8C4tZRDI4kPfFPU2hvnU=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2VdBj1YvHCm5baNeSTadtaDa7JFmhLP0NXjwo4tUf5M1/Y9ruQVtfCDy8M0Nm3jARXBvX/XYKK6tr6xvFzdLW9s7uXnn/oKHjVDH0WSxi1QqpRsEl+oYbga1EIY1Cgc1wdDutN59QaR7LBzNOMIjoQPI+Z9RYy79+9Lrn3XLFrbozkWXwcqhArnq3/NXpxSyNUBomqNZtz01MkFFlOBM4KXVSjQllIzrAtkVJI9RBNlt2Qk6s0yP9WNknDZm5vycyGmk9jkLbGVEz1Iu1qflfrZ2a/lWQcZmkBiWbf9RPBTExmV5OelwhM2JsgTLF7a6EDamizNh8SjYEb/HkZWicVT3L9xeV2k0eRxGO4BhOwYNLqMEd1MEHBhye4RXeHOm8OO/Ox7y14OQzh/BHzucP33yODg==</latexit><latexit sha1_base64="SGzxVZJ8C4tZRDI4kPfFPU2hvnU=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2VdBj1YvHCm5baNeSTadtaDa7JFmhLP0NXjwo4tUf5M1/Y9ruQVtfCDy8M0Nm3jARXBvX/XYKK6tr6xvFzdLW9s7uXnn/oKHjVDH0WSxi1QqpRsEl+oYbga1EIY1Cgc1wdDutN59QaR7LBzNOMIjoQPI+Z9RYy79+9Lrn3XLFrbozkWXwcqhArnq3/NXpxSyNUBomqNZtz01MkFFlOBM4KXVSjQllIzrAtkVJI9RBNlt2Qk6s0yP9WNknDZm5vycyGmk9jkLbGVEz1Iu1qflfrZ2a/lWQcZmkBiWbf9RPBTExmV5OelwhM2JsgTLF7a6EDamizNh8SjYEb/HkZWicVT3L9xeV2k0eRxGO4BhOwYNLqMEd1MEHBhye4RXeHOm8OO/Ox7y14OQzh/BHzucP33yODg==</latexit><latexit sha1_base64="SGzxVZJ8C4tZRDI4kPfFPU2hvnU=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2VdBj1YvHCm5baNeSTadtaDa7JFmhLP0NXjwo4tUf5M1/Y9ruQVtfCDy8M0Nm3jARXBvX/XYKK6tr6xvFzdLW9s7uXnn/oKHjVDH0WSxi1QqpRsEl+oYbga1EIY1Cgc1wdDutN59QaR7LBzNOMIjoQPI+Z9RYy79+9Lrn3XLFrbozkWXwcqhArnq3/NXpxSyNUBomqNZtz01MkFFlOBM4KXVSjQllIzrAtkVJI9RBNlt2Qk6s0yP9WNknDZm5vycyGmk9jkLbGVEz1Iu1qflfrZ2a/lWQcZmkBiWbf9RPBTExmV5OelwhM2JsgTLF7a6EDamizNh8SjYEb/HkZWicVT3L9xeV2k0eRxGO4BhOwYNLqMEd1MEHBhye4RXeHOm8OO/Ox7y14OQzh/BHzucP33yODg==</latexit><latexit sha1_base64="SGzxVZJ8C4tZRDI4kPfFPU2hvnU=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2VdBj1YvHCm5baNeSTadtaDa7JFmhLP0NXjwo4tUf5M1/Y9ruQVtfCDy8M0Nm3jARXBvX/XYKK6tr6xvFzdLW9s7uXnn/oKHjVDH0WSxi1QqpRsEl+oYbga1EIY1Cgc1wdDutN59QaR7LBzNOMIjoQPI+Z9RYy79+9Lrn3XLFrbozkWXwcqhArnq3/NXpxSyNUBomqNZtz01MkFFlOBM4KXVSjQllIzrAtkVJI9RBNlt2Qk6s0yP9WNknDZm5vycyGmk9jkLbGVEz1Iu1qflfrZ2a/lWQcZmkBiWbf9RPBTExmV5OelwhM2JsgTLF7a6EDamizNh8SjYEb/HkZWicVT3L9xeV2k0eRxGO4BhOwYNLqMEd1MEHBhye4RXeHOm8OO/Ox7y14OQzh/BHzucP33yODg==</latexit>

A1
3

<latexit sha1_base64="SGzxVZJ8C4tZRDI4kPfFPU2hvnU=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2VdBj1YvHCm5baNeSTadtaDa7JFmhLP0NXjwo4tUf5M1/Y9ruQVtfCDy8M0Nm3jARXBvX/XYKK6tr6xvFzdLW9s7uXnn/oKHjVDH0WSxi1QqpRsEl+oYbga1EIY1Cgc1wdDutN59QaR7LBzNOMIjoQPI+Z9RYy79+9Lrn3XLFrbozkWXwcqhArnq3/NXpxSyNUBomqNZtz01MkFFlOBM4KXVSjQllIzrAtkVJI9RBNlt2Qk6s0yP9WNknDZm5vycyGmk9jkLbGVEz1Iu1qflfrZ2a/lWQcZmkBiWbf9RPBTExmV5OelwhM2JsgTLF7a6EDamizNh8SjYEb/HkZWicVT3L9xeV2k0eRxGO4BhOwYNLqMEd1MEHBhye4RXeHOm8OO/Ox7y14OQzh/BHzucP33yODg==</latexit><latexit sha1_base64="SGzxVZJ8C4tZRDI4kPfFPU2hvnU=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2VdBj1YvHCm5baNeSTadtaDa7JFmhLP0NXjwo4tUf5M1/Y9ruQVtfCDy8M0Nm3jARXBvX/XYKK6tr6xvFzdLW9s7uXnn/oKHjVDH0WSxi1QqpRsEl+oYbga1EIY1Cgc1wdDutN59QaR7LBzNOMIjoQPI+Z9RYy79+9Lrn3XLFrbozkWXwcqhArnq3/NXpxSyNUBomqNZtz01MkFFlOBM4KXVSjQllIzrAtkVJI9RBNlt2Qk6s0yP9WNknDZm5vycyGmk9jkLbGVEz1Iu1qflfrZ2a/lWQcZmkBiWbf9RPBTExmV5OelwhM2JsgTLF7a6EDamizNh8SjYEb/HkZWicVT3L9xeV2k0eRxGO4BhOwYNLqMEd1MEHBhye4RXeHOm8OO/Ox7y14OQzh/BHzucP33yODg==</latexit><latexit sha1_base64="SGzxVZJ8C4tZRDI4kPfFPU2hvnU=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2VdBj1YvHCm5baNeSTadtaDa7JFmhLP0NXjwo4tUf5M1/Y9ruQVtfCDy8M0Nm3jARXBvX/XYKK6tr6xvFzdLW9s7uXnn/oKHjVDH0WSxi1QqpRsEl+oYbga1EIY1Cgc1wdDutN59QaR7LBzNOMIjoQPI+Z9RYy79+9Lrn3XLFrbozkWXwcqhArnq3/NXpxSyNUBomqNZtz01MkFFlOBM4KXVSjQllIzrAtkVJI9RBNlt2Qk6s0yP9WNknDZm5vycyGmk9jkLbGVEz1Iu1qflfrZ2a/lWQcZmkBiWbf9RPBTExmV5OelwhM2JsgTLF7a6EDamizNh8SjYEb/HkZWicVT3L9xeV2k0eRxGO4BhOwYNLqMEd1MEHBhye4RXeHOm8OO/Ox7y14OQzh/BHzucP33yODg==</latexit><latexit sha1_base64="SGzxVZJ8C4tZRDI4kPfFPU2hvnU=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2VdBj1YvHCm5baNeSTadtaDa7JFmhLP0NXjwo4tUf5M1/Y9ruQVtfCDy8M0Nm3jARXBvX/XYKK6tr6xvFzdLW9s7uXnn/oKHjVDH0WSxi1QqpRsEl+oYbga1EIY1Cgc1wdDutN59QaR7LBzNOMIjoQPI+Z9RYy79+9Lrn3XLFrbozkWXwcqhArnq3/NXpxSyNUBomqNZtz01MkFFlOBM4KXVSjQllIzrAtkVJI9RBNlt2Qk6s0yP9WNknDZm5vycyGmk9jkLbGVEz1Iu1qflfrZ2a/lWQcZmkBiWbf9RPBTExmV5OelwhM2JsgTLF7a6EDamizNh8SjYEb/HkZWicVT3L9xeV2k0eRxGO4BhOwYNLqMEd1MEHBhye4RXeHOm8OO/Ox7y14OQzh/BHzucP33yODg==</latexit>

A1
2<latexit sha1_base64="7jJCNp9N0IVNle0K8nhVFW3lfQ4=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHqhePFdy20K4lm862odnskmSFUvobvHhQxKs/yJv/xrTdg7a+EHh4Z4bMvGEquDau++0U1tY3NreK26Wd3b39g/LhUVMnmWLos0Qkqh1SjYJL9A03AtupQhqHAlvh6HZWbz2h0jyRD2acYhDTgeQRZ9RYy79+9Hq1XrniVt25yCp4OVQgV6NX/ur2E5bFKA0TVOuO56YmmFBlOBM4LXUzjSllIzrAjkVJY9TBZL7slJxZp0+iRNknDZm7vycmNNZ6HIe2M6ZmqJdrM/O/Wicz0VUw4TLNDEq2+CjKBDEJmV1O+lwhM2JsgTLF7a6EDamizNh8SjYEb/nkVWjWqp7l+4tK/SaPowgncArn4MEl1OEOGuADAw7P8ApvjnRenHfnY9FacPKZY/gj5/MH3fiODQ==</latexit><latexit sha1_base64="7jJCNp9N0IVNle0K8nhVFW3lfQ4=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHqhePFdy20K4lm862odnskmSFUvobvHhQxKs/yJv/xrTdg7a+EHh4Z4bMvGEquDau++0U1tY3NreK26Wd3b39g/LhUVMnmWLos0Qkqh1SjYJL9A03AtupQhqHAlvh6HZWbz2h0jyRD2acYhDTgeQRZ9RYy79+9Hq1XrniVt25yCp4OVQgV6NX/ur2E5bFKA0TVOuO56YmmFBlOBM4LXUzjSllIzrAjkVJY9TBZL7slJxZp0+iRNknDZm7vycmNNZ6HIe2M6ZmqJdrM/O/Wicz0VUw4TLNDEq2+CjKBDEJmV1O+lwhM2JsgTLF7a6EDamizNh8SjYEb/nkVWjWqp7l+4tK/SaPowgncArn4MEl1OEOGuADAw7P8ApvjnRenHfnY9FacPKZY/gj5/MH3fiODQ==</latexit><latexit sha1_base64="7jJCNp9N0IVNle0K8nhVFW3lfQ4=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHqhePFdy20K4lm862odnskmSFUvobvHhQxKs/yJv/xrTdg7a+EHh4Z4bMvGEquDau++0U1tY3NreK26Wd3b39g/LhUVMnmWLos0Qkqh1SjYJL9A03AtupQhqHAlvh6HZWbz2h0jyRD2acYhDTgeQRZ9RYy79+9Hq1XrniVt25yCp4OVQgV6NX/ur2E5bFKA0TVOuO56YmmFBlOBM4LXUzjSllIzrAjkVJY9TBZL7slJxZp0+iRNknDZm7vycmNNZ6HIe2M6ZmqJdrM/O/Wicz0VUw4TLNDEq2+CjKBDEJmV1O+lwhM2JsgTLF7a6EDamizNh8SjYEb/nkVWjWqp7l+4tK/SaPowgncArn4MEl1OEOGuADAw7P8ApvjnRenHfnY9FacPKZY/gj5/MH3fiODQ==</latexit><latexit sha1_base64="7jJCNp9N0IVNle0K8nhVFW3lfQ4=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHqhePFdy20K4lm862odnskmSFUvobvHhQxKs/yJv/xrTdg7a+EHh4Z4bMvGEquDau++0U1tY3NreK26Wd3b39g/LhUVMnmWLos0Qkqh1SjYJL9A03AtupQhqHAlvh6HZWbz2h0jyRD2acYhDTgeQRZ9RYy79+9Hq1XrniVt25yCp4OVQgV6NX/ur2E5bFKA0TVOuO56YmmFBlOBM4LXUzjSllIzrAjkVJY9TBZL7slJxZp0+iRNknDZm7vycmNNZ6HIe2M6ZmqJdrM/O/Wicz0VUw4TLNDEq2+CjKBDEJmV1O+lwhM2JsgTLF7a6EDamizNh8SjYEb/nkVWjWqp7l+4tK/SaPowgncArn4MEl1OEOGuADAw7P8ApvjnRenHfnY9FacPKZY/gj5/MH3fiODQ==</latexit>

A1
1<latexit sha1_base64="xXVfiphQsbtqAA8qss5MopaPyjk=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6rXjxWMG2hjWWz3bRLN5uwOxFK6G/w4kERr/4gb/4bt20O2vrCwsM7M+zMG6ZSGHTdb2dldW19Y7O0Vd7e2d3brxwcNk2SacZ9lshEt0NquBSK+yhQ8naqOY1DyVvh6HZabz1xbUSiHnCc8iCmAyUiwShay79+9Hper1J1a+5MZBm8AqpQqNGrfHX7CctirpBJakzHc1MMcqpRMMkn5W5meErZiA54x6KiMTdBPlt2Qk6t0ydRou1TSGbu74mcxsaM49B2xhSHZrE2Nf+rdTKMroJcqDRDrtj8oyiTBBMyvZz0heYM5dgCZVrYXQkbUk0Z2nzKNgRv8eRlaJ7XPMv3F9X6TRFHCY7hBM7Ag0uowx00wAcGAp7hFd4c5bw4787HvHXFKWaO4I+czx/cdI4M</latexit><latexit sha1_base64="xXVfiphQsbtqAA8qss5MopaPyjk=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6rXjxWMG2hjWWz3bRLN5uwOxFK6G/w4kERr/4gb/4bt20O2vrCwsM7M+zMG6ZSGHTdb2dldW19Y7O0Vd7e2d3brxwcNk2SacZ9lshEt0NquBSK+yhQ8naqOY1DyVvh6HZabz1xbUSiHnCc8iCmAyUiwShay79+9Hper1J1a+5MZBm8AqpQqNGrfHX7CctirpBJakzHc1MMcqpRMMkn5W5meErZiA54x6KiMTdBPlt2Qk6t0ydRou1TSGbu74mcxsaM49B2xhSHZrE2Nf+rdTKMroJcqDRDrtj8oyiTBBMyvZz0heYM5dgCZVrYXQkbUk0Z2nzKNgRv8eRlaJ7XPMv3F9X6TRFHCY7hBM7Ag0uowx00wAcGAp7hFd4c5bw4787HvHXFKWaO4I+czx/cdI4M</latexit><latexit sha1_base64="xXVfiphQsbtqAA8qss5MopaPyjk=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6rXjxWMG2hjWWz3bRLN5uwOxFK6G/w4kERr/4gb/4bt20O2vrCwsM7M+zMG6ZSGHTdb2dldW19Y7O0Vd7e2d3brxwcNk2SacZ9lshEt0NquBSK+yhQ8naqOY1DyVvh6HZabz1xbUSiHnCc8iCmAyUiwShay79+9Hper1J1a+5MZBm8AqpQqNGrfHX7CctirpBJakzHc1MMcqpRMMkn5W5meErZiA54x6KiMTdBPlt2Qk6t0ydRou1TSGbu74mcxsaM49B2xhSHZrE2Nf+rdTKMroJcqDRDrtj8oyiTBBMyvZz0heYM5dgCZVrYXQkbUk0Z2nzKNgRv8eRlaJ7XPMv3F9X6TRFHCY7hBM7Ag0uowx00wAcGAp7hFd4c5bw4787HvHXFKWaO4I+czx/cdI4M</latexit><latexit sha1_base64="xXVfiphQsbtqAA8qss5MopaPyjk=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6rXjxWMG2hjWWz3bRLN5uwOxFK6G/w4kERr/4gb/4bt20O2vrCwsM7M+zMG6ZSGHTdb2dldW19Y7O0Vd7e2d3brxwcNk2SacZ9lshEt0NquBSK+yhQ8naqOY1DyVvh6HZabz1xbUSiHnCc8iCmAyUiwShay79+9Hper1J1a+5MZBm8AqpQqNGrfHX7CctirpBJakzHc1MMcqpRMMkn5W5meErZiA54x6KiMTdBPlt2Qk6t0ydRou1TSGbu74mcxsaM49B2xhSHZrE2Nf+rdTKMroJcqDRDrtj8oyiTBBMyvZz0heYM5dgCZVrYXQkbUk0Z2nzKNgRv8eRlaJ7XPMv3F9X6TRFHCY7hBM7Ag0uowx00wAcGAp7hFd4c5bw4787HvHXFKWaO4I+czx/cdI4M</latexit>

Fig. 3. Schematic of the exact permutation test on 3-layer
persistence landscapes.

3. SIMULATIONS

We present two simulation studies to show the robustness and
sensitivity of the exact test on PLs, compared with the stan-
dard permutation test in [2] and the paired t-test on local vari-
ance.

3.1. Study 1: Testing robustness.

This study shows the robustness of the proposed test under
frequency scaling, a non-topological change, of the underly-
ing signals. We simulate four signals y(ti) at regular time
intervals 0 ≤ t1, . . . , t500 ≤ 2π:

y(ti) = ti cos(ωti), (7)

where ω takes on four values: 1) ω = 1; 2) ω = 2; 3) ω = 5;
4) ω = 10. In each simulation, independent Gaussian noises
N(0, 22) are added to the signals at 0 ≤ t1, . . . , t500 ≤ 2π:

y(ti) = ti cos(ωti) + εi,

where εi ∼ N(0, 22). Results in Table 1 show that the
paired t-test on local variance is sensitive to frequency scal-
ing, whereas the permutation tests are robust to the non-
topological changes at the 5% significance level.

3.2. Study 2: Testing sensitivity.

This study shows the sensitivity of the proposed test to certain
topological changes in the underlying signals. We simulate
four pairs of signals y1(ti) and y2(ti), at regular time intervals
0 ≤ t1, . . . , t500 ≤ 2π:

y1(ti) = t cos(ωti),

y2(ti) =


y1(ti) 0 ≤ ti ≤ 0.4π,

y1(ti)− 200 0.4π < ti ≤ 0.96π,
y1(ti) + 200 0.96π < ti ≤ 1.04π,
y1(ti)− 200 1.04π < ti ≤ 1, 6π,

y1(ti) 1, 6π < ti ≤ 2π,

where ω takes on one of four values: 1) ω = 1; 2) ω = 2; 3)
ω = 5; 4) ω = 10. In each simulation, independent Gaussian
noiseN(0, 502) are added to the signals at 0 ≤ t1, . . . , t500 ≤
2π. Since the discontinuities in y2 introduce topological tear-
ing to the signals, we test weather y1 and y2 have different
PLs. Results in Table 1 show that all three tests are fairly
sensitive to the topological tearing in the signals at the 5%
significance level.

Study 1 ω = 1 vs 2 ω = 1 vs 5 ω = 1 vs 10
Variance 14.7% 79.8% 99.9%
Standard 0% 0% 0.1%

Exact 0% 0% 0%
Study 2 ω = 1 ω = 5 ω = 10
Variance 92% 90% 93%
Standard 90% 93% 100%

Exact 100% 100% 100%

Table 1. Percentages of p-values < 0.05 in 1000 simulated
datasets by paired t-test of local variance and the standard and
exact topological permutation tests. Computing time of one
simulation with the exact test is on average 15000 folds faster
than the standard test.
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4. APPLICATION TO EPILEPTIC EEGS

Epilepsy is a neurological disorder marked by sudden recur-
rent episodes of sensory disturbance, loss of consciousness,
or convulsions, associated with abnormal electrical activity in
the brain. Refractory epilepsy affects one third of epilepsy pa-
tients worldwide, and the surgical treatment to help eliminate
the condition depends on accurate localization of the seizure
foci [6]. One of the important methods of treatment of refrac-
tory epilepsy is to remove the seizure foci after identifying
that location in brain. Multiple approaches are used in deter-
mining the seizure foci. Here we apply the proposed exact
permutation test of PLs to localize seizure foci.

4.1. Data.

EEG signals are sampled at the rate of 100 Hz from 8 chan-
nels (C3, C4, Cz, P3, P4, T3, T4, T5) in the central, temporal
and parietal regions of the brain of a female patient [7, 8, 2].
Due to a lesion located on the cortical surface of the patient
below the T3 channel, epileptic seizures are more likely to ini-
tiate from the left temporal lobe and abnormal electrical fluc-
tuations are expected in EEG signals from channels around
T3. During the entire EEG recording of 32,680 time points,
a seizure initiates approximately halfway at the left tempo-
ral site (T3 channel). The raw and denoised EEG signals are
shown in Figure 4. In subsequent analysis, the first and sec-
ond phases of 16,340 time points in the EEG recording are
designated as ’before’ and ’during’ seizure.

C3
C4
Cz
P3
P4
T3
T4
T5

C3
C4
Cz
P3
P4
T3
T4
T5

Fig. 4. Raw and denoised EEG signals.

4.2. Results.

Figure 5 shows the areas under the PLs Ai` for i = 1, 2 before
and during seizure for denoised EEG signals. Consistent with
results of the standard permutation test, the p-values of topo-
logical indifference reflect the spatial location of the seizure
foci (T3, T5) as well as sites that may indicate seizure propa-
gation (T4).
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Fig. 5. The plot of areas under PLs before (BF) and during
(DR) seizure for the 8 channels of EEG signals.

Standard Test Exact Test Variance
C3 0.0001 0.0087 10−11

C4 0.0014 0.1218 10−11

Cz 0.0001 0.0019 10−11

P3 0.0020 0.0282 10−11

P4 0.0001 0.0338 10−11

T3 0.0960 0.9999 10−11

T4 0.0228 0.4662 10−8

T5 0.1522 0.4755 10−11

Table 2. Summary of p-values computed with all three tests.
The p-values of the topological permutation tests consistently
above the Bonferroni threshold of 0.05/8=0.0063 are shaded
in gray.

5. DISCUSSION

We have shown the exact topological permutation test has
much higher computing performance compared to the stan-
dard test. The current framework can be easily generalized
to multi-trial EEG signals across patients to test the hypoth-
esis that topological indfference marks the seizure foci and
possible pathway of seizure propagation. Although the pro-
posed method is motivated by seizure localization with EEG
signals, the framework is widely applicable to other types of
signals and application context such as semi-online detection
of changes in local field potential (LFP) and functional mag-
netic resonance imaging (fMRI) signals in studies on induced
stroke in rats, induced seizure, and cognitive studies on learn-
ing.
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