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Similarity measures

• Correlation based

• Statistical (goodness-of-fit)

• Information theoretic (mutual information)

• Geometric (kappa index)



Correlations

• Pearson correlation
• Rank correlation
• Partial correlation
• Multiple correlation
• Partial multiple correlation
• Canonical correlation



Pearson product moment
correlation coefficient

Given paired measurements 1 1 2 2( , ),( , ), , ( , )
n n

X Y X Y X YL , the Pearson product-moment 

correlation coefficient (Fisher, 1915) is a measure of association given by 
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where X  and Y are the sample mean of 1 2, , ,
n

X X XL  and 1 2, , ,
n

Y Y YL respectively. 



Inference on correlation
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T-statistic with n-2 degrees of freedom

Under normality,



If we can not assume
normality,
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Fisher transform:

: standard normal

Note: under the null hypothesis, this term vanishes.



Correlation vs. GLM

 

Are there any relationship between correlation analysis and GLM ?



Slope of regression vs. correlation
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If (X,Y) are bivariate normal, 

Under normality, correlation analysis = linear regression



What correlation really measures?

Data

Linear regression fit

Slope=correlation=0! 
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Correlation only measures linear dependency.
It does not measure nonlinear dependency.

Quiz: using correlation, is it possible to measure
nonlinear dependency?



Application: length measurements
are obtained semi-automatically by
two people



Checking consistency of manual measurements

 

 

Person 1

Person 2

Under H0, measurements will pass through y=x line

Correlation will not
differentiate this case



Consistency for 4 measurements
Example: mouse breast cancer

Four line probe measurements that measures
the amount of cancer
Question: Are they consistent?



One way ANOVA
(it can be formulated as GLM)



Correlation mapping technique
CT intensity values for 8 particular regions
in mouse breast cancer study

Sorted correlation map
can be used to display the
pairwise correlation

MATLAB:
Save correlations into
matrix format and display
using “imagesc” command

Regions denoted by numbers



Correlation mapping technique
(anatomical connectivity analysis)



Partial correlation

Measure of dependency while
removing the effect of other variables.

Y1                          Y2

X1                           X2

Dependency of interest

Dependency between Y1
and Y2 is influenced by
other variables X1 and X2



Case study:
 
We are interested in relation between
Y1 = cortical thickness
Y2 = behavioral measure

Fact: 
•Cortical thickness related to age (X1)
•Cortical thickness related to brain size (X2)

What we want:
Corr(Y1,Y2) while accounting for X1 and X2



Covariance matrix:

Partial covariance of Y given X:! 

Y = (Y
1
,Y
2
),X = (X

1
,X

2
)

Under normality, 
this is equivalent to the conditional covariance: 

                                      Cov(Y|X)



Correlation of emotion recognition response time and
cortical thickness while accounting for age and brain size



Multiple correlation
Measure of dependency between one
variable and remaining multiple
variables.

Y1                          X1

X2                           X3

Dependency of interest

Possible scenario: correlating a reference fMRI time series
(amygdala) to fMRI time series in other regions



Definition of multiple correlation

•Given X1,X2,X3, consider weighted
average

•The multiple correlation is defined as

Meaning: linear combination of maximal
correlation
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Computing multiple correlation

•No need for numerical optimization

•Multiple correlation can be obtained
from multiple linear regression analysis
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Coordinated growth of vocal
tract and other anatomy

 

Source: S. Wang, H. Vorperian

How anatomical parts develop together ?



Canonical correlation
Measure of dependency between two
vectors of unequal size

Y1                            X1

                              X2

Y2                             X3

Dependency of interest

Possible scenario: network modeling, anatomical
and functional connectivity in brain



Computing canonical correlation
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Eigenvalues are
identical. The principal
engienvalue is the
canonical correlation



Application to anatomical shape
analysis (Cootes, 2006 MMBIA)

Ventricle surface in brain

•Surface coordinates are
taken as a vector data
x=(x1,x2,…xn) of size 93.

•The vector data is
canonically correlated with
the surface coordinates of
other anatomical objects.



Canonical correlation map showing
pairwise correlation



Set theoretic similarity measures

•Possible motivation: validation study on
image segmentation

•Kappa index measures the proportion of
areal overlap:

manual segmentation   gold standard



Range of Kappa index

S1

S2

•Minimum is obtained
when there is no
intersection:
a1=0, k(S1,S2) =0

•Maximum is obtained
when every points
intersect:
a1=a2=a3, k(S1,S2)=1



Comparing different segmentation techniques

Thin plate spline (TPS) 
segmentation

Neural network 
segmentation

Source: PhD work of X. Xie



Automatic vs. manual (NIH gold standard)

TPS segmentation                           manual segmentation



Correlation vs. Kappa index

Pearson correlation is not a good measure for binary output 



Other set theoretic similarity measures
• Willams’ index (Bouix et al., 2005)
• Housdorff distance
• Other measures:

Jaccard

Simple matching:

Volume similarity:

Source:NA-MIC



Performance analysis of brain
image segmentation algorithms

K-nearest 
neighbor

MNI
Neural network

FSL
Hidden Markov

SPM
Gaussian mixture

Watershed

Classical
Gaussian 
mixture

Source:NA-MIC



Geometric similarity measures
• Measure of surface/curve similarity
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Staib (1996)

Requires surface correspondence Source: L. Vigneron



Application of geometric similarity measures

Deformable surface modeling: surface-to-surface registration

Source
surface

Target
surface

Surface deformation



Deformable surface modeling

Surface-based image
similarity measures
have been used in
surface segmentation,
registration

Source: L. Vigneron



Application of surface
similarity measure

Sulcal pattern matching and brain shape analysis

BrainVisa (J.-F. Mangin) output



Information theoretic
similarity measure

•Entropy: thermodynamic concept of
measuring the amount of chaos in a system

•Shannon (Bell lab, 1948) introduced it as
the measure of complexity in information

•Kullback used it in defining the distance
between two random variables



Kullback-Leibler divergence

• For probability density f and g, the
Kullback-Leibler divergence (or KL
distance) is defined as

Equality is obtained when 

H is called relative entropy



Computing KL-distance

• In practice, we estimate the distribution
of a random variable via the empirical
distribution (histogram).

• Discretization: 

ln ln



DTI connectivity via KL-distance

 

Source: PhD work of J.E. Lee

-1/log scale

KL-distance is computed within a small window around each voxel



KL-distance in DTI

 

Null model            Alternate model

Significance of connectivity can be also tested.



Other use of KL-distance

•Registration cost function for locally
varying image intensity histogram

MRI                     CT

Widely used similarity measure in multimodal image registration
(SPM cosine-basis approach)

Source: Zollei (assigned paper)



KL-distance as image similarity

•Image intensities f1, f2 are sorted
•Sorted image intensities are ploted in 2D
•KL-distance measures the dispersion of 2D histogram

Source: Mangin



Mutual information
• Let f be the joint density of f1 and f2. The

mutual information of f1 and f2 is defined as

• If f=f1f2, two random variables are
independent. If random variables are
independent, I(f1,f2)=0.

Note: If two random variables are independent,
corr(f1,f2)=0. So mutual information behaves
like correlation.



•Image registration is done by maximizing
mutual information (minimizing joint entropy)

Source: Mangin


