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Motivation: consider a mild cognition impairment (MCI) imaging study. The
main research problem is if it is possible to predict the state of MCI purely based
on imaging biomarkers such as cortical thickness. We can address this particular
problem using a simple logistic regression analysis.

1 Logistic regression

Supposep regressorsX1, · · · , Xp are given. These are both imaging and non-
imaging biomarkers such as local area, cortical thickness,gender, age, education
level and memory test score. Letxi1, · · · , xip denote the measurements for the
i-th subject. Let the response variableYi be the clinical state of thei-th subject
modeled as

Yi ∼ Bernoulli(πi).

Yi = 0, 1 indicates the subject belongs to the elderly normal control(group 0)
or mild cognition impairment group (group 1) respectively.πi is the likelihood
(probability) of a subject belong to the group 1, i.e.πi = P (Yi = 1).

Now consider linear model

Yi = x
′

iβ + ǫi,

wherex
′

i = (1, xi1, · · · , xip) and β ′ = (β0, · · ·βp). We may assumeEǫi =
0, Vǫj = σ2. In this case, the above linear model is no longer appropriatesince

EYj = πi = x
′

iβ
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but x′

iβ may not be in the range[0, 1]. This inconsistency is caused by trying to
match continuous variablesxij to categorical variableYi directly. To address this
problem, we introduce thelogistic regression functiong:

πi = g(xi) =
exp(x′

iβi)

1 + exp(x′

iβi)
.

Then using thelogit function, we can write this as

logit(πi) = log
πi

1 − πi

= x
′

iβi.

The unknown parametersβ are estimated via the maximum likelihood estima-
tion (MLE). The likelihood function is

L(β|y1, · · · , yn) =

n∏

i=1

πyi

i (1−πi)
1−yi =

n∏

i=1

[ exp(x′

iβi)

1 + exp(x′

iβi)

]yi

n∏

i=1

[ 1

1 + exp(x′

iβ)

]1−yi

.

The loglikelihood function is given by

log L(β) = const.+
n∑

i=1

yi log πi + (1 − yi) log(1 − πi) (1)

= const.+
n∑

i=1

yix
′

iβ + log(1 − πi) (2)

and its maximum is obtained when

∂ log L(β)

∂β
=

n∑

i=1

xi(yi − πi) = 0.

In simplifying the expression, we used the following identities

∂πi

∂β0
= πi(1 − πi)

and
∂πi

∂β1

= xiπi(1 − πi).

Since the logistic regression functionπ is in complicated form, the maximum
is obtained numerically. Define theinformation matrixto be
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I(β) = −
∂2 log L(β)

∂β ′∂β
−

n∑

i=1

πi(1 − πi)xix
′

i.

Then the Newton-Raphson algorithm is used to find the MLE in aniterative fash-
ion. Starting with an arbitrary initial vectorβ0, we estimate iteratively

βj+1 = βj + I(βj)−1∂ log L(β)

∂β
(βj).

2 Statistical inference

Although we do not have the explicit formulas for the MLE, using the asymptotic
normality of the MLE, the distributions of the estimators can be approximately
determined. For large sample sizen, the distribution ofβ̂ is approximately multi-
variate normal with meansβ with the covariance matrixI(β̂)−1.

Consider following full model:

logit(πi) = β0 + β1x1 + β2x2 + · · ·+ β3xp.

Let β(1) = (β0, · · · , βq)
′ andβ(2) = (βq+1, · · · , βp)

′. β(1), which corresponds
to the parameters of thereduced model. Then we are interested in testing

H0 : β(2) = 0.

Define thedevianceD of a model asD = −2 log L(π̂) which is distributed asymp-
totically asχ2

n−p−1. Let π̂(p) andπ̂(q) be the estimated success probabilities for the
full and reduced models, and letDp andDq be the associated deviances. Then the
log-likelihood ratio statistic for testingβ(2) = 0 is

2[log L(π̂(p)) − log L(π̂(q))] = Dq − Dp ∼ χ2
p−q.

Most statistical data analysis packages such as R and MATLABhas built-in rou-
tines for doing logistic regression.

3 Logistic discrimination

Discriminant analysis resulting from the estimated logistic model is calledlogistic
discrimination. We classify thei-th subject according to aclassification rule. The
simplest rule is to assign thei-th subject as group 1:

P (Yi = 1) > P (Yi = 0).
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This statement is equivalent toπi > 1/2. Depending on the bias and the error
of the estimation, the value1/2 can be adjusted. For the fitted logistic model,
we classify thei-th subject as group 1 ifx′

iβi > 0 and as 0 ifx′

iβi < 0. The
planex

′

iβ = 0 is the classification boundarythat separates two groups. The
performance of classification technique is measured byerror rate γ, the overall
probability of misclassification.

Cross-validationis used to estimate the error rate. This is done by randomly
partitioning the data into the training set and the testing set. In theleave-one-out
scheme, the training set consists ofn − 1 subjects while the testing set consists
of one subject. Suppose thei-th subject is taken as the test set. Then using the
training set, we determine the logistic model. Using the predicted model, we test
if the i-th subject is correctly classified. It is classified correctly if yi

The error rate obtained in this fashion is denoted ase−i. Note thate−i = 0 if
the subject is classified correctly whilee−i = 1 if the subject is misclassified. The
leave-one-out error rateis then given by

γ̂ =
1

n

n∑

i=1

e−i.

For reference on logistic regression, just open any textbook on multivariate
analysis.
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