Stat 311-Lecture 06, Expectation

Sept 22, 2005 6. TheoremE(aX + b) = aEX +b.

1. The expected valuef a discrete random variable 7.
X is defined a&X =} _szp(z).

For X ~ Binomial(n,p), EX = np.

EX(X —1) =n(n—1)p?

2. Problem. A man withn keys wants to open his
door and tries the keys at random. Exactly one key
will open the door. Find the expected number of
trials until he opens the door if unsuccessful keys
are eliminated.
solution. Let X be the number of trials. Then
PX =1) =1 pPX =2 =211 =

8. Problem.Find a value: that minimizesE (X — c)?
for a discrete random variable X.
solution.Let f(c) = E(X —¢)? = ¢? — (2EX )c+
EX2. Then f(c) is minimum at a point where
f'(c) =0. f'(c) =2¢—2EX = 0. Soc = EX

n n—1 will give the minimum.
%7...’]3()(:”):”T_l...%:%.Theran- g
dom varialbleX is said to bauniformlydistributed 9. The variance of random variahl€ is

(or a discrete uniform random variable).
EX = Z =

3. Geometric distribution.Toss a coin until the first
head is obtained. LeX be the number of tosses.
The probability function ofX is given byP(z) =
(1 —p)®'p. This is called the geometric distribu-

VX =E(X —EX)? =EX? — (EX)%

n 2 2

x 1

V(aX +b) = a®VX.
10. A man withn keys wants to open his door and tries
the keys at random. Exactly one key will open
the door. Find the mean and the variance of the
number of trials if unsuccessful keys aret elim-

tion.EX = 1/p.

. Two playersA and B flip a biased coin alternately
and the first player to obtain a head wins. The
probability of obtaining a head is > 0 at each
toss. If A flips first, find the expected number of
tosses thatl must make beforel wins.

solution. Let X be the number of tosses makes
until the game terminates.A wins the game if
H, TTH,TTTTH,--- occur. Then the probabil-
ity distribution for X is p(x) = (1 — p)?*2p,z =

1,2,---. So the expection iEX = > 2, z(1 —
p)¥*~2p. Letqg =1 — p. Then
EX =

o0
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2qdg\1—¢*/  p(2-p)*
. The expected value of functidri = h(X) is

> yP(h(X) =
= > h(z)P(h(X) =
= Y W@)P(X =)=

Eh(X) =

inated.

solution Let X be the number of trials until he
opensthe door. Note th&(X = 1) = 2, P(X =
2) = =1L p(X = 3) = (=1)2L In general,
P(X = i) = (&=1)711 SoX is a geometric

random variable witrp L The expectation
EX == =n.VarX =

n
:nQ—n.
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