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1. The cumulative distribution ofX is defined as
F (x) = P (X ≤ x). F (−∞) = 0, F (∞) = 1.

2. Problem. ForX ∼ Binomial(n, p),

F (x) =
i∑

y=0

(
n

y

)
py(1− p)n−y

for integeri ≤ x ≤ i + 1.

3. Problem. For positive integer valued discrete ran-
dom variableX, show

EX =
∞∑

x=1

P (X ≥ x).

Note
∑∞

x=1 P (X ≥ x) =
∑∞

x=1

∑∞
y=x P (y) =∑∞

y=1

∑y
x=1 p(y) =

∑∞
y=1 yp(y) = EX.

4. The constantπ is usually computed by summing
up infinite series, i.e.

π = 4
(
1− 1

3
+

1
5
− 1

7
+ · · ·

)
= 3.141592 · · · .

The convergence for computing this series is very
slow. There is a radially different way to compute
the digits ofπ based on the theory of probability.
Let A be the area of a unit circle bounded by a unit
squareB. Suppose we throw darts at the square at
random. Let(X, Y ) be the coordinates of the dart.
It is a pair of random variables.X is continuously
defined at every point of the continuous domainA.
This type of random variable is called acontinu-
ous random variable. Now define binary random
variableZ = 1 if a dart hitsA andZ = 0 if it hits
B/A. Now we defineZi similarly for thei-th dart
thrown. Then we can show

lim
n→∞

∑n
i=1 Zi

n
→ π.

The computer code MATLAB to simulate
1,000,000 dart throwing experiment.

x=rand(100000,1);
y=rand(100000,1);
rsquare=x.ˆ2+y.ˆ2;

accept=find(rsquare <1);
>> accept’
ans =

2 3 4 5 6 7 8 10 11 15 ...
plot(x(accept),y(accept),’.’)
>>4* size(accept,1)/1000000
ans =

3.1336

5. Formally, X is a continuousrandom variable if
there is nonnegative functionf , called probability
density, such that

P (X ∈ B) =
∫

B
f(x) dx.

for everyB ⊂ R. Let B = [a, b]. Then

P (a ≤ X ≤ b) =
∫ b

a
f(x) dx.

By lettinga = b,

P (a ≤ X ≤ a) =
∫ a

a
f(x) dx = 0.

By lettinga = −∞ andb = ∞,

1 = P (−∞ ≤ X ≤ ∞) =
∫ ∞

−∞
f(x) dx = 0.

6. Let X have the probability density function
f(x) = c|x| for −1 < x < 1 andf(x) = 0 oth-
erwise, where|x| denotes the absolute value ofx.
Find the valuec. solution. To findc, we integrate

∫ 1

−1
c|x| dx =

∫ 0

−1
−cx dx +

∫ 1

0
cx dx = 1.

Soc = 1.


