Stat 311-Lecture 12 Other Continuous Random Variables

Oct 27, 2005

1. Exponential random variableX ~ exp()\). Den-

sity function: f(z) = Xe ™,z > 0. c.df
F(z) =1—exp(—Az),z > 0. EX" = JEX" 1,

EX =5, VX = 3.

>l

. Problem. The density function of an exponential
random variableX is f(z) = e ¥/ for z > 0.
Assume that the mean value &f is 1. (a) Find
the cumulative distribution function of and plot
its graph. (b) Derive the probability density func-
tion of Y = 2X using the cumulative distribution
function of X.

. Problem. LetX have the probability density func-
tion f(z) = ce ™ forl <z < ocandf(zx) =0
otherwise.

(a) Find the value.

Solution. [ ce ™ dx = —ce *|* = ce”! = 1.
Soc=ce.

(b) Find the cumulative distribution function of
and plot its graph.

Solution. Integrating f, we getF(z) = 0 for
r<landF(zx) =1—-e"®forz > 1. Fis
a nondecreasing function aft{co) = 1.

(c) FindP(—1 < X < 3|X > 3).

Solution. P(~1 < X < 3|X > 3) = 3555 =

0 since the probability that a continuous random
variable taking a single point is zero.

. Gamma random variabl&X ~ Gamma(a, \).

)\efz\x(Ax)afl

,x > 0.

Note the gamma function

(a) = /OOO A 022 da = (a—1)T(a—1).
For integer valued; (o) = (o — 1)1

EX =S vx =2,

)\2

> Q

Special cases. Gamma(1,\) ~ exp(\) and
Gamma(%,3) ~ x2, chi-squared distribution
with n degrees of freedom. 1¥; ~ N(0,1),

5. Problem. The lifetime (in hours) of an electronic

component is a random variable with density func-
tion given by

flz)=¢"" z>0.

Four of these components operate independently
in a piece of equipment. The equipment fails if at
least two of the components fail. Find the proba-
bility that the equipment will operate for at least 2
hours without failure.

Solution. The probability of single component
lasting more than 2 hours js = f2°° e dr =
e~2. Then we are seeking

(5)r2a =2+ ()rra-n+ (3ot

. If X andY are continuous random variables with

joint c.d.f. F(x,y), expressP(a < X < b,c <
Y < d) usingF.

Solution. Draw {a < X < b,c <Y <

R2, ThenP(a < X < be <Y < d) =
F(b,d) — F(a,d) — F(b,c) + F(a,c) using the
factthatP(AUB) = P(A)+ P(B) — P(ANB).

. Suppose that the joint probability density function

fof X andY is
2
f(z,y) = { b 0+ v)

Find the value k¥ and the marginal density
functions. Are X and Y independent random
variables? Justify your answer.

for0<a2<1,0<y<2
otherwise.

Solution. [*°_ [*_ f(z,y) dedy = f02 fol k(z? +
y) dady = [ k(% +y) dy = 5k =1.Sok = £.

2
fx(@) = [ Sy

3(22+1) foro<z <
0 otherwise
8

Since f(0,1) # fx(0)fy (1), they are not inde-
pendent.

! [
fy(y)z/o 3 2—|—y)dx:{ g(1+3y) for0<y<:

0 otherwise



