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1. The conditional probability mass functionof Y
givenX = x is given by

p(y|x) =
p(x, y)
pX(x)

.

The conditional expectation ofY givenX = x is
then

E(Y |X = x) =
∑

y

yp(y|x).

If X andY are independent,E(Y |X = x) = EY .

2. Problem. SupposeX,Y ∼ Binomial(n, 1
2) and

they are independent. FindE(X|X + Y = z).
Solution.We need to compute the conditional dis-
tribution first. Note

Z = X + Y ∼ Binomial(2n,
1
2
).

Then the conditional probability mass function is
given by

p(x|z) =
P (X = x, Y = z − x)

P (X + Y = z)

=

(
n
x

)(
n

z−x

)
(
2n
z

) .

This is a hypergeometric distribution.

E[X|X + Y = z] =
z∑

x=0

xp(x|z)

=
z∑

x=0

x

(
n
x

)(
n

z−x

)
(
2n
z

) =
z∑

x=0

n
(
n−1
x−1

)(
n

z−x

)
2n
z

(
2n−1
z−1

) =
z

2
.

3. The conditional probability densityof Y given
X = x is given by

fY |X(y|x) =
f(x, y)
fX(x)

.

Theconditional expectationof Y givenX = x is

E(Y |X = x) =
∫ ∞

−∞
yfY |X(y|x) dy.

4. Problem. Givenf(y1, y2) = 1
y1

for 0 ≤ y2 ≤
y1 ≤ 1 and 0 otherwise, determineP (Y2 >
1
4 |Y1 = 1

2) = 1
8 . P (Y1 ≥ 1

2 |Y2 = 4) = 1
2 .

5. Let X1, X2 be i.i.d. Uniform(0,a) and letY1 =
min(X1, X2), Y2 = max(X1, X2). Find the joint
probability density ofY1 andY2.
solution. First note that0 < y1 < y2 < a is the
domain for the joint density. The joint c.d.f. ofY1

andY2 is

FY1,Y2(y1, y2) = P (Y1 ≤ y1, Y2 ≤ y2)
= P (Y2 ≤ y2)− P (Y1 > y1, Y2 ≤ y2)
= P (X1 ≤ y2)P (X2 ≤ y2)

−P (y1 < X1 < y2)P (y1 < X2 < y2)

=
(y2

a

)2
−

(y2 − y1

a

)2
, 0 < y1 < y2 < a.

Then the joint density isfY1,Y2(y1, y2) =
∂2

∂y1∂y2
FY1,Y2(y1, y2) = 2

a2 , 0 < y1 < y2 < a.
So it is a uniform distribution over a triangle0 <
y1 < y2 < a.


