Stat 311-Lecture 14 Correlation

Nov 22, 2005

1. The covariance betweeX andY is

2.

4,

5. Suppose thatX and Y are identically distributed

Cov(X,Y) = E(X — pa) (Y — py),

whereyu, = EX, u, = EY. It measures the relation-
ship between two random variables.

Correlation coefficienis given by

Cov(X,Y)
Var(X)Var(Y)

p(X,Y) =
. Itis the normalized version of the covariance.
Cov(aX +b,¢Y +d) = acCov(X,Y).

Cov(X,X)=VX.
p(aX +b,cY +d) = p(X,Y).

Suppose that the joint distribution &f andY” is a uni-

form distribution overr? + y* < 1. Determine the cor-

relation coefficient ofX andY’.
Solution. The joint density isf (z,y) = L .for (z,y) €

{(z,y)|x? + y* < 1} and 0 otherwise. The marginal

density is
Vi—z? 5
1 2v1 —
fX(x):/ —dy=Y—T 1<a<i.
/12 T s

Sincefx (z) is an even function f x () is odd so from
symmetry,EX = 0. Similarly, EY = 0. Also you
should be able to sholl(XY') = 0. Thereforep = 0.

Bernoulli random variables with parametex p < 1

such thatCov(X,Y) = 0. Show thatX andY are in-
dependent.

solution. The conditionCov(X,Y) = 0 is equivalent
toP(X =1,Y =1) = P(X = 1)P(Y =1) = p°

Then it followsP(X = 1,Y =0) = P(X = 1) —

PX=1,Y=1)=p(l-p)=PX=1)PY =0)

and similarly for other cases. So we ha¥X =

i,Y =j)=P(X =i)P(Y =j)foralli,j =0,1.

6. For random variableX andY’, prove or disprove thaX and

Y —

E(Y|X) are correlated.

Solution.

cov(X,Y —E(Y|X))
E{X(Y - E(Y[X))} - E(X)E{Y — E(Y[X)}

CLet Xy,..., X, “R* N(p,0?%). Then areX and X; — X

independent?

solution. X ~ N(u, %2). SinceX; — X is a linear combi-
nation of X;’s, it is also distributed as normal. Any uncorre-
lated normal distributions are independent. So we only need
to check ifCov (X, X; — X) = 0.

COV(X,XJ—X)
1 n 1 n
= Cov(-Y X, X, — =S X

1 — 1 —
= - Cov(X;,X,)— — Cov(X;, X
n; ov (X, X;) = — “; ov(X;, X)

= V() - iwx»

= V() - S V(X) =0

Note. 1. The second midterm exam result: mexn2 +
8.6. max 40, min 5. 12 students above 30. 18 students be-
tween 20 and 30. 11 students below 20.

41

31

26

]

21

e—

0 10 20 30 a0 50

Figure 1: Number of students (vertical) below the given exam
score (horizontal).

Note. 2. The final homework problem will be posted in
the TA's class website by this Thursday. Solve 9 problems in
Chapter 6 and 7. Due date: December 15 (Thursday).

E(XY) - E{XE(Y|X)} — E(X)E(Y) + E(X)E{E(Y|X)}
E(XY) - E{E(XY|X)} — E(X)E(Y) + E(X)E(Y) =0



