Stat 311-Lecture 14 Moment generating functions

Dec 5, 2005

1. Forrandom variabl&’, the moment generating function
of X is a function oft given by

MX (t) = EetX

for any |¢t| < ¢. This function can be used in determin-
ing anyn-th moment automatically. The Taylor expan-
sion ofe!X is

tX t2 2 t3 3
Taking the expectation on the both side, we have

t2 t3
Mx(t) = 1+tIEX+§IEX2+§IEX3--~ .

Hence the series expansion of the moment generating

function consists of the moments &f. By differentiat-
ing the moment generating function and letting- 0,
we have

Mx(0) = EX,

M¥%(0) = EX?.

So the variance can be obtained as

VX = MY (0) - (M (0))

2. For X; ~ Bernoulli(p), the moment generating func-
tion is given byMy, (t) = 1 — p + pe'.

3. Foriid X1, Xs,- -+, X,, the moment generating func-
tions of S,, = X1 + X2 4+ --- + X, is given by

M, (1) = Be! X1 HXa 400 = 0 (),

Using this property, the moment generating for ~
Binomial(n, p) is given byMx (t) = (1 — p + pet)™.
Note thatM’% (t) = n(1 — p + pe')""'pet. SOEX =
M (0) = np.

4. Random variablesY andY have the same distribu-
tion if Mx(t) = My (t) for all possible values of

t. This property can be used to show that the sum

of independent binomial distributions is again bino-
mial. Consider independeit ~ Binomial(ny,p) and

Y ~ Binomial(ns,p). The moment generating func-
tions areMx (t) = ((1 — p + pe")™ and My (t) =
((1 — p + pe*)™2. The moment generating function for
X+Yis

Mx v (t) = Mx () My (t) = (1—p+pe")™ (pe'+q)"*.

Since this is the moment generating function of

Binomial(n; + nq,p), X + Y must be distributed as
Binomial(n; + ne, p).

5. Suppose thaK andY are independent and identically

distributed random variables whose density is of the
1l

form fx(z) = %, a > 0,z > 0. Evaluate the

(@)
n—th moment ofX and find the density ok + Y.
solution. X andY are gamma distributions. Directly

we can compute

e <] xaflefz
EX" = / " ——dx
0 I'(a)

L(n+a) [ antale®
T(a) / Tnta) = T

Using the moment generating function method, we have

0 e~ le—x 0 x(y—le—(l—t)w
M (t :/ etwidm:/ T
X0 =) ) . T

Lety = (1 —t)z. Then
/'O0 ( y )O{*l e_y dy
o \l—t MNa)l—t
1 /°° Yy lev 1
= dy = .
(1=t)*Jo T(a) (I—1t)*

SinceX andY are i.i.d. . Mx vy (t) = Mx(t)My(t) =
W, indicating that the density ak + Y should
have the same form as the density6fwith different

parameteRa. Hence,

Mx(t)

fX+Y(U) = TTv/o.\

The sum of independent gamma distributions are
gamma.

. Forindependenk,Y ~ N (u,o?), proving the normal-

ity of X + (Y is similar to the previous example.



