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1. For random variableX, the moment generating function
of X is a function oft given by

MX(t) = EetX

for any |t| ≤ c. This function can be used in determin-
ing anyn-th moment automatically. The Taylor expan-
sion ofetX is

etX = 1 + tX +
t2

2!
X2 +

t3

3!
X3 · · · .

Taking the expectation on the both side, we have

MX(t) = 1 + tEX +
t2

2!
EX2 +

t3

3!
EX3 · · · .

Hence the series expansion of the moment generating
function consists of the moments ofX. By differentiat-
ing the moment generating function and lettingt = 0,
we have

M ′
X(0) = EX,

M ′′
X(0) = EX2.

So the variance can be obtained as

VX = M ′′
X(0)− (M ′

X(0))2.

2. For Xi ∼ Bernoulli(p), the moment generating func-
tion is given byMXi(t) = 1− p + pet.

3. For iid X1, X2, · · · , Xn, the moment generating func-
tions ofSn = X1 + X2 + · · ·+ Xn is given by

MSn(t) = Eet(X1+X2+···+Xn) = Mn
X1

(t).

Using this property, the moment generating forX ∼
Binomial(n, p) is given byMX(t) = (1 − p + pet)n.
Note thatM ′

X(t) = n(1 − p + pet)n−1pet. SoEX =
M ′

X(0) = np.

4. Random variablesX and Y have the same distribu-
tion if MX(t) = MY (t) for all possible values of
t. This property can be used to show that the sum
of independent binomial distributions is again bino-
mial. Consider independentX ∼ Binomial(n1, p) and
Y ∼ Binomial(n2, p). The moment generating func-
tions areMX(t) = ((1 − p + pet)n1 and MY (t) =
((1 − p + pet)n2 . The moment generating function for
X + Y is

MX+Y (t) = MX(t)MY (t) = (1−p+pet)n1(pet+q)n2 .

Since this is the moment generating function of
Binomial(n1 + n2, p), X + Y must be distributed as
Binomial(n1 + n2, p).

5. Suppose thatX andY are independent and identically
distributed random variables whose density is of the
form fX(x) = xα−1e−x

Γ(α) , α > 0, x > 0. Evaluate the
n−th moment ofX and find the density ofX + Y .
solution. X andY are gamma distributions. Directly
we can compute

EXn =
∫ ∞

0

xn xα−1e−x

Γ(α)
dx

=
Γ(n + α)

Γ(α)

∫ ∞

0

xn+α−1e−x

Γ(n + α)
dx =

Γ(n + α)
Γ(α)

.

Using the moment generating function method, we have

MX(t) =
∫ ∞

0

etx xα−1e−x

Γ(α)
dx =

∫ ∞

0

xα−1e−(1−t)x

Γ(α)
dx.

Let y = (1− t)x. Then

MX(t) =
∫ ∞

0

( y

1− t

)α−1 e−y

Γ(α)
dy

1− t

=
1

(1− t)α

∫ ∞

0

yα−1e−y

Γ(α)
dy =

1
(1− t)α

.

SinceX andY are i.i.d.,MX+Y (t) = MX(t)MY (t) =
1

(1−t)2α , indicating that the density ofX + Y should
have the same form as the density ofX with different
parameter2α. Hence,

fX+Y (v) =
v2α−1e−v

Γ(2α)
, 0 < v.

The sum of independent gamma distributions are
gamma.

6. For independentX, Y ∼ N(µ, σ2), proving the normal-
ity of αX + βY is similar to the previous example.


