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Concepts

1. The conditional probability densityf Y given

X = zis defined as

Frixtole) = 58,

Theconditional expectationf Y given X = x is

Ewm:m:/

[e.e]

yfyx (ylz) dy.

. The covariance betweex andY is
Cov(X,Y) = E(X — o) (Y — 1),

wherey, = EX, p, = EY.

Example. Mathematical achievement test scores
(z;) and calculus gradeg,| for 10 college fresh-
men?

X||39,43,21,64,57,47,28,75, 34,52

y||65, 78, 52,82,92,89, 73,98, 56, 75

We will assumep(x;, y;) = 0.1 andp(z;, z;) = 0
fori # j.

> x<-¢(39,43,21,64,57,47,28,75,34,52)
> y<-c(65,78,52,82,92,89,73,98,56,75)
> sum(x *y)/10-mean(x) *mean(y)
[1] 189.4

. Correlation coefficients given by
B Cov(X,Y)
~ /Var(X)Var(Y)

p(X.Y)

> mean(x"2)-mean(x) 2

[1] 247.4

> mean(y"2)-mean(y) 2

[1] 205.6

> 189.4/(sqrt(247.4) *5qrt(205.6))
[1] 0.8397859

> cor(x,y)

[1] 0.8397859
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Figure 1: Left: calculus grade example showing pos-
itive correlation. Right: missing homework example
showing negative correlation.

Example. Negative correlation. The number of
times you miss submitting homeworks;) and
the final gradey;)?

x]|03,04, 01,02, 01, 00, 00,07, 08, 05

y||70, 75, 80, 75, 85, 95, 90, 70, 50, 60

> x<-c(03,04, 01,02,01,00,00,07,08,05)
> y<-¢(70,75,80,75,85,95,90,70,50,60)
> cor(x,y)

[1] -0.8938321

4.
Cov(aX +b,¢Y +d) = acCov(X,Y).
Cov(X,X) =VX.
plaX +b,cY +d) = p(X,Y).
Problems

1. Suppose that the joint distribution &f andY is a
uniform distribution over:?2 4-3? < 1. Determine
the correlation coefficient ok andY'.

Solution. The joint density isf(z,y) = i,for
(z,y) € {(z,y)|z® + y* < 1} and O otherwise.



The marginal density is
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Since fx (z) is an even functionz fx (z) is odd
so from symmetryEX = 0. Similarly, EY = 0.
Also you should be able to sho®(XY) = 0.
Thereforep = 0.

2. Suppose thak andY are identically distributed
Bernoulli random variables with parameter<
p < 1 such thatCov(X,Y) = 0. Show thatX
andY are independent.
solution. The conditionCov(X,Y) = 0 is
equivalent toP(X = 1,Y = 1) = P(X =
)P(Y = 1) = p% Then it follows P(X =
LY=0=PX=1)-PX=1Y=1)=
p(1 —p) = P(X = 1)P(Y = 0) and similarly
for other cases. Sowe hay® X =i,Y = j) =
P(X =4)P(Y =j)foralli,j =0,1.

3. For random variableX andY’, prove or disprove that
X andY — E(Y'|X) are correlated.
Solution.

cov(X,Y —E(Y|X)) = E{X(Y — E(Y|X))} — E(X)E{Y — E(Y|X)}
— E(XY)-E{XE(Y|X)} - E(X)E(Y) + E(X)E{E(Y|X)}
= E(XY)-E{E(XY|X)} - E(X)E(Y) + E(X)E(Y) = 0

Assigned Problems:Please read Chapter 5. Exercise
5.32., 5.36. Second midterm is tentatively scheduled
to be on April 5th. It will cover from Lecture 1.



