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Concepts

1. Random variablesX1, · · · , Xn form a random sampleif they are independent and identically distributed
(i.i.d.). A statisticis a function of the random sample, i.e.h(X1, · · · , Xn). The distribution of the statistic
is called thesampling distribution.

2. SupposeEXi = µ,VXi = σ2. ThenEX̄ = µ,VX̄ = σ2/n. This can be shown from the fact that
E(

∑n
i=1 Xi) =

∑n
i=1 EXi,V(

∑n
i=1 Xi) =

∑n
i=1VXi.

3. If a random sampleXi ∼ N(µ, σ2), thenX̄ ∼ N(µ, σ2/n).

4. Central limit theorem.Consider a random sampleX1, · · · , Xn with meanµ and varianceσ2. For sufficiently
largen, X̄ ∼ N(µ, σ2/n). The larger the value ofn, the better the approximation. SimilarlyZ = X̄−µ

σ/
√

n
∼

N(0, 1).

Problems

1. Let X1, . . . , Xn
i.i.d.∼ N(µ, σ2). Then areX̄ andXj − X̄ independent?

solution. X̄ ∼ N(µ, σ2

n ). SinceXj − X̄ is a linear combination ofXi’s, it is also distributed as normal.
Any uncorrelated normal distributions are independent. So we only need to check ifCov(X̄,Xj− X̄) = 0.

Cov(X̄, Xj − X̄) = Cov(
1
n

n∑

i=1

Xi, Xj − 1
n

n∑

k=1

Xk)

=
1
n

n∑

i=1

Cov(Xi, Xj)− 1
n2

n∑

i,k=1

Cov(Xi, Xk) =
1
n
V(Xj)− 1

n2

n∑

i=1

V(Xi)

=
1
n
V(Xj)− 1

n
V(Xj) = 0

2. The service times for customers coming through a checkout counter in a retail store are independent random
variables with mean 2 minutes and variance 5. (Hint: Apply the central limit theorem to answer the following
questions)
(a) Approximate the probability that 100 customers can be served in less than 3 hours of total service time.
(b) Find the maximum number of customers that can be served in less than 3 hours with probability 0.9.
(c) Approximate the probability that 100 customers can be served in between 3 hours and 3 hours 40 minutes.

Assigned Problems:Exercise 5.48. Exercise 5.50. Exercise 5.90.Homework 4 due on March 17th. 9:30AM.
Solve assigned problems in Lecture 11-14. Please read Chapter 6.


