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Concepts

. Given random sampleXy, - -- , X, the likeli-
hood functionis given as the product of proba-
bility or density functions, i.e.

L(0) = f(x1;0) f(x2;0) - f(n;0).

Themaximum likelihood estimataté 6 is an es-
timate that maximized.(6). If we denoted =
0(x1,--- ,x,) to be the maximum likelihood es-
timate, themaximum likelihood estimat¢MLE)
of Qish = 0(X1, -, Xp).

. Exponential distributionX is an exponential dis-
tribution with parameteh if the density function
is f(x) = Ae™ for z > 0. It can be shown that

X =1, VX = 4. Then MLE of A is A = X.

. Loglikelihood. Maximizing L(#) is equivalent
to maximizingln L(#) sinceln is an increasing
function.

Example. This technique is best illustrated by
finding the MLE of parameters itV (u, o).

- X,

=
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are the MLE ofu, ando? respectively. Note that
62 is not un unbiased estimator of.
. (Invariance Principle) I is the MLE's of pa-
rameter then the MLE ofh () is h(f) for some
functionh.
Proof. Consider likelihood functio.(9). f satis-
fies2l?) — (. Lets = h(6). Then the likelihood
function for ¢ = h(#) is given by L(h=1(¢)).
Differentiating the likelihood with respect to,
we have

L(h™'(¢)) dL(0)d6 dL(9) 1

do do d¢ — do h'(0)

=0.

5. Asymptotic unbiasnes¥Vhen the sample size is

large, the maximum likelihood estimator éfis
approximately unbiased. The MLE éfis ap-
proximately the MVUE of). This is why it is the
most widely used estimation technique in statis-
tics. For the previous example,
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Problems

Let X, X, be a random sample fromw (0, 1/6).
Note that the sample size is 2 and the density
function for X; is

0 exp(—027/2).

V2r

Find the likelihood function and use it to obtain
the maximum likelihood estimator &f
Solution.The likelihood function is

L(0) = 0/(27) exp ( — (2 + a;g)/2>.

flzi) =

Now get log-likelihood function
In L(6) = const +1n6 — 6(x? + 23)/2.
Differentiate with respect t we get

dln L(6 1 1

Solving the equation, we get

0 =2/(2? +23).

Assigned problems. 6.20., 6.30. HW 5 due April
14th.



