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1. A Markov chain Monte-Carlo (MCMC) method for the
simulation of a distribution π is any method producing
a Markov chain Xi whose invariant distribution is π.

2. Metropolis-Hastings Algorithm (M-H). For given distri-
bution π and conditional density q(y|x) called instru-
mental or proposal distribution, define

α(x, y) = min
(π(y)

π(x)

q(x|y)

q(y|x)
, 1

)

.

Then we generate Markov chain Xi by
1. Initialize chain X0 and i = 0.
2. Generate Y ∼ q(y|Xi).
3. Generate U ∼ Unif(0, 1).
4. If U ≤ α(Xi, Y ), Xi+1 = Y

else Xi+1 = Xi.
5. Set i = i + 1 and goto step 2.
Note that 0 ≤ α(Xi, Y ) ≤ 1 so the step 4 is equiva-
lent to take Xi+1 = Y with probability α(Xi, Y ) and
Xi+1 = Xi with probability 1 − α(Xi, Y ). q should be
easy to simulate from to be able to use M-H algorithm.

3. The transition kernel of the resulting chain Xi is pxy =
q(y|x)α(x, y) if y 6= x and pxx = 1 −

∑

u6=x pxu =
1−

∑

u6=x q(u|x)α(x, u). In this case it is trivial to show
that

π(x)pxy = π(y)pyx (HW 4).

This is called the detailed balance condition of a
Markov chain. Then it can be shown that π is the
invariant distribution and the chain is reversible, i.e.
pxy = pyx.
Proof.

∑

y∈S π(y)pyx =
∑

y∈S π(x)pxy = π(x). From
Lecture 20, this is equivalent to the invariant condition
in matrix form π′ = π′

P.
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4. The stationary of π is established for any conditional
distribution q. This shows the universality of M-H algo-
rithm. Based on M-H algorithm and the ergodic theo-
rem, then we can estimate Eπg ≈ 1

n−m

∑n
i=m+1

g(Xi),
where the initial chain X0 and the conditional distribu-
tion q do not really matter.

5. For large m, Xm, Xm+1, · · · produces a dependent sam-
ple distributed from π (see Lecture 20 for detail). Let’s
generate 10000 Cauchy numbers from normal distribu-
tion using MCMC. Note that they will not be indepen-
dent. Let π(x) = 1

1+x2 (no need to specify the normal-
izing constant) and q(y|x) ∼ N(x, 1)

n=10000;
x(1)=0;
str=’exp(-(x-mu)ˆ2/2)’;
snrpdf=inline(str,’x’,’mu’);
cauchypdf=inline(’1/(1+xˆ2)’);
for i=2:n
y=x(i-1) + snrnd(1);
alpha=min([1,snrpdf(y)/snrpdf(x(i-1))
*snrpdf((x(i-1),y)/snrpdf(y,x(i-1))]);
u=rand;
if u <= alpha

x(i)=y;
else

x(i)=x(i-1);
end

end


