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1. Global inference. As one application of Karhunen-
Loève expansion, we show how we do a simple in-
ference on random fields. Assuming simple addi-
tive model

Y (x) = µ(x) + ε(x), x ∈ Ω

where ε is true unknown signal while ε is a zero
mean Gaussian field with isotropic covariance func-
tion R. We are interested in seeing if

H0 : µ(x) = 0 for all x ∈ Ω.

The alternate hypothesis is

H1 : µ(x) 6= 0 for some x ∈ Ω.

Assuming the continuity of signal µ, the null hy-
pothesis is equivalent to the following hypothesis:

H ′

0 :

∫

Ω

µ2(x) dx = 0.

So under H0, our simple test statistic is
∫

Ω

Y 2(x) dx =

∫

Ω

ε2(x) dx.

We can come up with different test statisticss but
their distribution might be very hard to compute an-
alytically.

From Karhunen-Loève expansion, we have

ε(x) =

∞
∑

j=0

εjφj(x)

with independent εj ∼ N(0, σ2
j ) and σ2

j and φj are
i-th eigensystem for covariance function R with re-
spect to domain Ω. Then

∫

Ω

ε2(x) dx =

∫

Ω

[

∑

j

εjφj(x)
]2

dx

=

∫

Ω

∑

i,j

εiεjφi(x)φj(x) dx

=
∑

i,j

εiεj

∫

Ω

φi, φj dx

=

∞
∑

j=0

ε2
j

This is the infinite sum of i.i.d. scaled χ2 random
variable with different degrees of freedom. There is
no close form of the distribution so we will approx-
imate the distribution with a single scaled χ2 distri-
bution by matching the moments. See F.E. Satterth-
waite, An approximate distribution of estimates of
variance components, Biometrics 2:110-114, 1946
for details. Approximately

∞
∑

j=0

ε2
j

D
∼ cχν .

Note that

E

∞
∑

j=0

ε2
j =

∞
∑

j=0

σ2
j < ∞

and

Var

∞
∑

j=0

ε2
j =

∞
∑

j=0

Varε2
j = 2

∞
∑

j=0

σ4
j .

To see this we compute the higher order moment
of Gaussian random variable Zi ∼ N(0, σ2) via
decomposition

E[Z1Z2Z3Z4] = E[Z1Z2]E[Z3Z4] + E[Z1Z3]E[Z2Z4]

+ E[Z1Z4]E[Z2Z3].

Now let Z1 = Z2 = Z3 = Z4. Then EZ4
j = 3σ4.

The corresponding mean and variance of cχν are
cν and 2c2ν. Matching the mean and variance, we
have cν =

∑

σ2
j and c2ν =

∑

σ4
j . Solving equa-

tions, c =
∑

σ4
j/

∑

σ2
j and ν = (

∑

σ2
j )

2/
∑

σ4
j .

Based on this approximate distribution, the infer-
ence can be performed1

Problem 23. Suppose we have a model for a vec-
tor field Y (x) = µ(x) + ε(x), x ∈ Ω where ε is

1As pointed out by Prof. Tsui, the higher order moment of zero
mean Gaussian random variable can be performed by differentiating
the moment generating function e

−t2/2 which yields the Hermite
polynomials.



a n-dimensional zero mean Gaussian vector field.
Perform hypothesis testing on null hypothesis H0 :
µ(x) = 0 for all x ∈ Ω.

Homework 3. Solve Problems 13-23 by March 1
11:00am. Solve as many problems as you can.
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