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Theorem.If Z ~ N(0,1), wherezq is now a point that gives local maximum of
om VarY (z).
EZ"™"=1-3-5---(2m —1). Problem 8. Using the Fourier transform and its in-

verse transform, implement 2D Gaussian kernel smooth-
ing in computer. INMATLAB, you can perform finite
fourier transform.

Proof. (Prof. Tsui) For densityf(x) = \/%e—:ﬂ/?,

f'(x) = —z f(x). From integration by parts

, © Solution. (Partial solution given by Shijie Tang) We de-
/x "f(z) dz = —/ =" fi(z) dz fine Fourier integral transfori#F such that
= (2m-1) /$2(ml)f(x) dx. Fflw)= fla)e 2w gy
Rn

2m __ o 2(m—1) .
EZ = (2777, 1)EZ . .F_lf(l‘) _ f(w)e%rz(x,w) duw.
R

Solve this with initial conditiolEZ% = 1. O

Problem 6. Is the variance of signal smaller after See Folland’s Real Analysis for details. Férg <
smoothing? Come up with interesting inequality involv- L(R), F~1(Ff) = F(F~'f) = f almost everywhere.

ing variances. Note thafar/i(t) = R(t,t). Then it can be shown that
Partial solution. For stochastic signdl’ (z) = u(x) +
¢(z). We showed that the covariance functionfof Y F(f*g9)=Ff-Fy.
iS
Hence
Reg) = [ [ Kalo—a)Koly — )Ry (a',y)) da'dy KovY — FUFK, Y W

= Ky Ky %y Ry (z, : is i
v Ko vy Ry (2,9) Gaussian kernel of the forni (z) = e~ 7lI*I* is in-

wherex, andx, indicate convolution with respect to ar- variant under the Fourier transform. Théf,(z) =
gumentr andy respectively. Letr = y and we have (Qﬂ)i/%_nK ( \/;—W) It can be shown that for an invert-
ible linear transforn¥’

Var[K, x Y (z)] = K s, * VarY (z).

_ _ F(foT)=|detT| ' FfoT .
Consider heat equation

10f

— L = Af

o do FKy(w) = K/ 2mow) )
for nonnegative functiorf < 0. Supposex is the point
that gives local minimum of (z, o) at fixedo. Then it
is trivial to show thatA f(z0, o) < 0. Hencel < o.
Hence solution to the heat equation is decreasing, at
with increasings. Since the solution of heat equation is
also a Gaussian kernel smoother,

So

In MATLAB we implement Gaussian kernel smoothing
using discrete fourier transforfaFT2 and its inverse
IFFT2 which are implemented as the Riemann sum of
the integral operators. There is a way to speed things up
using the fast fourier transform.

K s, * VarY (zo) < VarY (z)



