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1. Curve data.Both curve and surface modelling fol-

lows the same mathematical framework of spatially
correlated noise with thgeometricallyconstructed
covariance function. See Chuegal. (2003) Neu-
rolmage paper to find out the major issues in the

closed surface modelling. For closed curve data see -

Hoffmannet al. (2004). This lecture gives estima-
tion part of the solution t&roblem 25

Letp, = (x;, y;) be thei-th pixel of a corpus callo-
sumof2 segmented by the level set algorithm (Read
Sethian and Osher).

the corpus callosum and all pixels are connected by

The level set segmentation ..
gives the binary representation of the boundary of ..

either vertically, horizontally or diagonally. We as-
sume that there an@ pixels and indexed in clock-
wise direction such thap; and p;+; are neigh-
boring pixels. Thern(pi,--- ,p;,) form a discrete

Figure 1. Top left: normalized corpus callosum closed
boundary curve based on = 171 points. Top right:
arc length function\ given as a function of the vertex

chain of a closed curve topologically equivalent to index. Bottom left: arc length parameterization :of
a circle (Figure 1). In Figure 1, the gap in the ros- component. Bottom right: arc length parameterization

trum of CC indicates starting poipt; and ending
pointp,,.

One of the major problem is the curvature estima-
tion that has been used as a morphometric measure
(Hoffmannet al,, 2004). There are many different
ways to estimate the curvatures. Let us review some
basic curve geometry.

. Parameterization.The simplest way to parameter-
ize 02 is to map the whole closed discrete chain to
a unit circleS! such that

f:pi— (COS@,SiH@).
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This mapping maps: pixels that define the corpus
callosum boundary ten equal spaced points in a
unit circle. Let us denot&f, a smooth mapping of
f such that the inverse mact) ! is well defined.
There are many ways to smooth the parameteriza-
tion. Use either kernel or spline smoothing. Define
a new mapping such that

g: 0 — (cosf,sinb).

of y-component.

Then the parameterization 6f) by parameteé <
[0, 27) is given by

X(0) = (Kf)~' o g(8).

The arc-length element is given KX’ - X/)'/2. It
measures the length of the corpus callosum bound-
ary with respect to the unit length in parameter
space|0, 27). Note that the arc length of the cor-
pus callosunds? is given by

A(O) = /Oe(x’ - X2 dp

and the total arc length is(2). It will be used as a
global morphometric just like the total surface area
has been used as a global morphometric in Chung
et al. (2004). Another important local metric other
than the arc length element is the curvature.

The curvature is given by
IX" x X"

TP

(1)



Note that it will not be invariant under parame-
terization. To make it invariant, it is necessary to
have arc length parameterization, iX(\) where

A € [0,\(27)). In this case, equation (1) simplifies

tor = VX7 X"
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This measures the amount of bending of the cor-

pus callosum boundary. Usually this curvature is
positive but we can gave signs to indicate the con-
vexity. However this additional information is re-
dundant since curvature functiancan completely
characterize the original curve itself. The curvature
will be positive if the corpus callosum boundary is
locally concave and negative if convex. In this way
this curvature function can give more information
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about the geometry of the corpus callosum bound-Figure 2: Top left: The horizonal component Xf via
ary. The global measure of total bending can bethe finite difference without arclength parameterization.

measured by computing so callbending energy

21
K = / k%(6) df.
0

Top right: The horizontal component &’ via the fi-
nite difference with arclength parameterization. Bottom
left: The horizontal component &” via arclength pa-
rameterization. Bottom right: Curvature functief\).

Similar approach has been taken in measuring theshyping’s method gives the almost identical result.

amount of bending of white fibers in diffusion ten-
sor images (Poupoet al, 2000). In Chunget

al. (2003), the thin-plate spline energy functional
which is the sum of the squared principal curva-
tures of the cortex is used for measuring the amount
of surface bending. For the detailed treatment of
the geometry of curves and surfaces, read Kreyszig,
Differential Geometry (1964).

. Curvature estimatioWe show how to estimate it
without the use of the parametric representation
X. By definition the curvature at point; € 9N
is the reciprocal of the radius of the largest circle
that touchegp; without crossing the boundan?.
Three-points estimation uses the fact that a unique
circle can pass through given three non collinear
points. For verticep;_1, p:, Pir1, the curvature
is given by
_ 4A(pi-1,Pi, Pit1)

|Pi—1 — Pil|Pi — Pit+1||Piv1 — Pi—1]
whereA(p;_1, pi, pi+1) is the area of triangle with
verticesp;—_1, pi, pi+1 (Shubing Wang). However

this estimation is based on very constrained geo-
metric shape and will cause a lot of singularities.
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Due the partial volume effects, we relax the def-
inition a little bit and estimate a circle that pass
through neighboring vertices aroupd = (x;, y;)

in the least squares sense. For the vertices

{Pi—2,Pi—1, Pi, Pi+1, Pi+2 }, We solve the equation
of a circle

(z—a)®+ (y —b)* = (z; — a)* + (g — b).

4.

Simplifying the equation, we get
2a(w; — 7) + 20(ys — ) = F — 2 + 4 — 7,

Substituting the coordinates for the neighboring
vertices into the above equation, we get a matrix
equation of the formAB = C"

2 2 2 .9
Ti— Ti—o Yi — Yi-2 Ty —Xi_o+Y; —Yi_a
2 .2 2 9
o | Ti ~Ti-1 Yi— Yi1 a\ |z —x 1ty —yi 4
o . b 2 x2 a2 g2
Ti — Ti+1l  Yi — Yi+l i —Tip1 7Y, —Yina
2 .2 2 9
Ti — Tive Yi — Yit2 TP — X9 T Y — Yito

The least squares estimationscohndb are given
by the generalized invers& = (A’A)~1A'C.
Then the curvature at each verteyp; is

(-2 + @ -02) "

k(pi) =
A slightly different method is to do the least squares
fit of polynomialy = ag + oz + anz? locally for
horizontal curve sections and= ag + o1y + asy?

for vertical curve sections on 5 vertices (Tulaya
Limpiti).

Curvature estimation via acrlength parameteriza-
tion. This is somewhat trivial. The first derivatives
X’()) are estimated via the finite difference and the
second derivative follows similarly. Finite differ-
ence for non regular grid is

JA+AN) - f(N)
AN

f') =



and

FOFAM)—FA) _ F)=F(A=AN2)

" o AN Alg
f ()\) - AN ‘5A>\2

load CCcurve.data
CCcurve=[CCcurve;CCcurve(1,)];
x=CCcurve(:,1);

y=CCecurve(:,2);

dx=diff(x); dy=diff(y);
di=sqrt(dx.”2 + dy."2);

%arclength function
for i=1:171

[(i)=sum(dI(1:i))
end;

%fist difference
Dx=dx./dI(1:171);
figure;plot(l,Dx,’linewidth’,2);
Dy=dy./dI(1:171);

%second difference

DDI= (dI(1:170)+dl(2:171))/2;
DDx = diff(Dx)./DDI,

DDy = diff(Dy)./DDI,

L= (I(1:170)+I(2:171))/2;

kappa=sqrt(DDx."2 + DDy."2)
figure;plot(L,kappa,’linewidth’,2);

Problem 38. For triangular mesh data of the brain, first
estimate the Riemannian metric tengatia the parame-
terization to unit sphers?. The principal curvatures are
defined as the eigenvalues @f Estimate the principal
curvatures. Read lecture MATLABcode for reading
data. Hint: There are a couple of ways of doing this.
One suggestion, if you have no clue, is to fit local poly-
nomialsz = ap +a1@ + ey + azzy + agw? + asys. In

two of the previous lectures, Riemannian metric tensors
are defined.

Homework 5. Solve problems 33-40 and any other
previous problems where complete solutions are not
given. Due April 14 Wednesday 11:00am.



