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Data a added to x = (x1, x2, · · · , xm−1) such that xa = (x1, · · · , xm−1, a).
Let ν(x) =

∑m−1
j=1 xj . Then

ν(xa) = ν(x) + a.

If data changed from xa to xb. Then we have

ν(xb) = ν(xa)− a+ b.

Similarly, let

ω(x,x) =

m−1∑
j=1

(xj − ν(x)/(m− 1))2 =

m−1∑
j=1

x2j − ν(x)2/(m− 1).

Then

ω(xa,xa) =

m−1∑
j=1

x2j + a2 − ν(xa)
2/m

Similarly, we obtain

ω(xb,xb) =
m−1∑
j=1

x2j + b2 − ν(xb)
2/m.

Thus,
ω(xb,xb) = ω(xa,xa)− a2 + b2 +

(
ν(xa)

2 − ν(xb)
2)/m.

Let’s extend the result to the covariance. Suppose data c added to y = (y1, y2, · · · , ym−1)
such that yc = (y1, · · · , ym−1, c). Suppose data changed from yc to yd. Then let’s



see how the covariance between xa and yc changed to the covariance between xb

and yd.
Define

ω(x,y) =

m−1∑
j=1

(xj −
ν(x)

m− 1
)(yj −

ν(y)

m− 1
) =

m−1∑
j=1

xjyj −
ν(x)ν(y)

m− 1
.

Following the similar method as before, let’s compute

ω(xa,yc) =
m−1∑
j=1

xjyj + ac− ν(xa)ν(yc)

m
.

Similarly,

ω(xb,yd) =

m−1∑
j=1

xjyj + bd− ν(xb)ν(yd)

m
.

Thus, for covariance, we use the following update scheme:

ν(xb) = ν(xa)− b+ a

ν(yd) = ν(yc)− c+ d

ω(xb,yd) = ω(xa,yc) + bd− ac− ν(xb)ν(yd)− ν(xa)ν(yc)

m
.

For transposition between the twins, the above general formula should be used.
For the transposition within twin, a simpler formula can be derived since c = b and
d = a:

ω(xb,ya) = ω(xa,yb) +
ν(xa)ν(yb)− ν(xb)ν(ya)

m

= ω(xa,yb) +
(b− a)(ν(x)− ν(y))

m

= ω(xa,yb) +
(b− a)(ν(xa)− a− ν(yb) + b)

m
= ω(xa,yb) + (a− b)2/m+ (b− a)(ν(xa)− ν(yb))/m
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