Lecture 14: Multivariate mgf’s and chf’s

Multivariate mgf and chf

For an n-dimensional random vector X, its mgf is defined as

Mx(t) = E(e), te%"
and its chf is defined as

ox(t) = E(e'X),  tex"
Simple properties of mgf’s and chf’s
@ Myx(t) is either finite or e, and Mx(0) = 1.

|

@ The chf ¢x(t) is a continuous function of t € #" and ¢x(0) = 1.

@ For any fixed k x n matrix A and vector b € Z*, the mgf and chf of
the random vector AX + b are, respectively,

Max.b(t) = €”Mx(A't) and ax.p(t) = ePox(A't), te %

In particular, if Y is the first m components of X, m < n, then the
mgf and chf of Y are, respectively,

MY(S) = Mx((S,O)) and ¢Y(S) = ¢X((S7O))7 Se %m, 0ez™ ™
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Calculation of moments
If X =(Xi,...,Xn) and Mx(t) is finite in a neighborhood of 0, then
E(X{"--- X is finite for any nonnegative integers 1, ..., , and
9Nt My (1)
ot ---oty

E(X]" - XE) =

t=0
In particular, EX)
aI\/IX(I.) _ E(X) _ : 1
at | E(.)(n)
and
E(X?) E(XiXo) -+ E(Xi1Xp)
92Mx (1) _ E(XX') = E(XeX1) E(XZ) - E(X2Xn)
ator |,
- ECGX) ECXe) - E()

When the mgf is not finite in any neighborhood of 0, then we can use
the chf to calculate moments.
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Suppose that E|X;" --- X]"| < = for some nonnegative integers ry,...,
withr=ri+---+n,.

. o
—_ er1f1 ,“Xlineti

Since r it X
‘ J'et <|X{1-'-X£"|

ot ---otyr
which is integrable, we can switch integration and differentiation to get

I Ox(t)  _ re(yn o nitX

and

arq)X(tL) .r r It
— =i"E(X]" - X").
8t{1"‘at,£" —i ! ( 1 k)
In particular,
Iox(t)| . Pox(t)| /
at | IEX, ot |y E(XX")

|

Theorem M1.

If the mgf Mx(t) of an n-dimensional random vector X is finite in a
neighborhood of 0, then the chf of X is ¢x(t) = Mx(it), t € Z2".
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Proof (we need a proof because Mx(t) may not be finite for all f)

We first prove this for a univariate X.

If Mx(t) is finite in a neighborhood of 0, (—8,8), 0 < 6 < 1, then Mx(t)
is differentiable of all order in (—38,8), E|X|" <o forall r=1,2..., and

- Ky 1k
Mx(t) =Y E()li!)t :

Using the inequality

te(-4,9)

n (: k n+1
isx | aitx (itx) < |t
© [e ,§0 Ki “—(n+1)! hSEL
we obtain that
n iktk ’ tn+1EXI7+1
ox(s+t)— Y 7E(X"esx) < H(n+|1)‘|’ t| <8, seZ
& k! .

which implies that

w (k) S tk
¢X(s+t):z¢xlfl) |t| <6, se#
k=0 -
where g¥)(s) = d¥g(s)/ds".
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Setting s = 0, we obtain that
k)tk = E(X)it)"

(k) o ok
ox(t) = Z Ox ( L Z X o = Mx(it) t]<8
k=0 k=0 k=0 ’
For |t| < 6 and |s| < 6,
o 4(K) k = JE(Xsi—k
ox(s+t) - ¥ 2O Ztlzi’ (X)s
= kK Kl K)!
tksf K > IE(X)(s+t)

o j
= L LB =

ox(s) = Mx(is),  [s[ <26
Continuing this process, we can show that ¢x(s) = Mx(is) for |s| < 39,
|s| < 44,..., and hence, ¢x(t) = Mx(it) for t € %.

Consider now an n-dimensional X.
From the proof result for the univariate case, we have
ox(1) = E(e") = gux(1) = Myx(i) = Mx(it),  te%".
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Theorem M2 (uniqueness)
(i) Random vectors X ~ Y iff the chf’s ¢x(t) = ¢y(t) for t € Z".

(i) If the mgf’s of random vectors X and Y satisfy Mx(t) = My(t) < oo
for t in a neighborhood of 0, then X ~ Y.

Proof
It is clear that the distribution of X determines its mgf and chf.
Part (i) follows from the following multivariate inversion formula: for any
A= (a1,by) x -+ x (an, bp) such that the distribution of X is continuous
at all points in the boundary of A,

e-itiai _ g-itib;

P(X € A) —nm/ / Ox(t,. —° .

C—re0 ln 27‘[ = 1 t,'

To establish (ii), we use the relationship between mgf and chf shown in
Theorem M1.
If the mgf’s Mx(t) = My(t) < « for t in a neighborhood of 0, then

Ox(t) = Mx(it) = My(it) = ¢y(t), teZ#"
Then by (i), X and Y have the same distribution.
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Similar to the univariate case, convergence of chf’s and cdf’s are
equivalent and convergence of mgf’s implies convergence of cdf’s.
We introduce the following result without giving proofs.

Theorem MS3.
Suppose that X1, X, ... is a sequence of k-dimensional random vectors
with mgf’s My (t) and chf’s ¢x (1), t € Z*.

(i) Iflimp_e Mx (t) = Mx(t) < o for all ¢ in a neighborhood of 0,
where Mx(t) is the mgf of a k-dimensional random vector X, then
limp—e Fx,(X) = Fx(x) for all x where Fx(x) is continuous.

(i) A necessary and sufficient condition for the convergence of
Fx (x)'s in (i) is that limp, ... ox (t) = ¢x(t) for all t € #*, where
¢x(t) is the chf of a k-dimensional random vector X.

(iii) In (i), if limp_. 0x, (1) = g(t) for all t € 2% and g(t) is a continuous
function on %, then g(t) must be a chf of some k-dimensional
random vector X and the result in (ii) holds.

Note that Theorem M3(ii) gives a necessary and sufficient condition,

while the converse of Theorem M3(i) is not true in general.
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The next result concerns the relationship between independence and
chf’s and mgf’s.
Theorem M4.

Let X and Y be two random vectors with dimensions n and m,
respectively.

(i) X and Y are independent iff their joint and marginal chf’s satisfy
Px,v) (1) = ox(t)py (L) forall t = (4, &), 1 € 2", b € Z™.

(i) If the mgf of (X, Y) is finite in a neighborhood of 0 € 2™, then X
and Y are independent iff their joint and marginal mgf’s satisfy
Mx v(t)=Mx(t)My(t2) for all t=(t;, &) in the neighborhood of 0.

Proof.

Because of Theorem M1, (ii) follows from (i).

The only if part of (i) follows from Theorem 4.2.12A.
It remains to show the if part of (i).

Let F(x,y) be the cdf of (X, Y), Fx(x) be the cdf of X, and Fy(y) be
the cdfof Y, x e 2", y e #™.
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Defi -
eine E(x.y)= Fx()Fy(y), XX, yea™

It can be easily shown that F is a cdf on 2™,

There exist random vectors )N(N(n-dimensional) and Y (m-dimensional)
such that the cdf of (X, Y) is F(x,y).

From the form of [—' we know that X and Y are independent, X ~ Fy
with chf ¢x, and Y ~ Fy with chf ¢y.

Hence the chf of F must be ¢x(t)oy (L), t; € Z", to € Z™.

If ocx,v)(t) = dx(t1)dy(f2) for all t = (t, ), ty € Z", to € Z™, then, by

uniqueness, F(x,y) = F(x,y) = Fx(x)Fy(y) forall x e Z", y € #™.
This proves that X and Y are independent.

As an example, we now consider the mgf’s in a family of multivariate
distributions that is an extension of the univariate normal distribution
family.

n-dimensional multivariate normal distribution

Let u € 2", ¥ be a positive definite n x n matrix, and |X| be the

determinant of .
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The following pdf on %",
_ 1 (x—p)= " (x—p)
0= gapeeee ("
is called the n-dimensional normal pdf and the corresponding

distribution is called the n-dimensional normal distribution and denoted
by N(u,x).

), xXeR",

Using transformation, we can show that f(x) is indeed a pdf on Z".
If X~ N(0,X), then, for any t € 2",

_ 1 Fx xX'Ex
MX(t) = WW/@ne eXp <— 2 dX

el'xt/2 X—YtYrY(x—xt

!
— of'Tt/2

If X ~ N(u,X), an application of the property of mgf and the previous
result leads to

My (t) = e tH>1/2 te 2"
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From the property of mgf, we can differentiate Mx(t) to get
dMx(t)

E(X) = — (u+Ef) e T2y
It o t=0
9°Mx (1) J
E XX/ 3 ut+t>:t/2
e T T R TA G o
_ {Zeu’tﬂ"it/z_i_(u_i_Zt)(u_i_Zt)/eu’tth’Zt/Z}
t=0
=T 4pup
Therefore,

Var(X) = E(XX') — E(X)E(X') = ¥

@ Like the univariate case, u and X in N(u,X) are respectively the
mean vector and covariance maitrix of the distribution.

@ Another important consequence from the previous result is that
the components of X ~ N(u,X) are independent iff X is a diagonal
matrix, i.e., components of X are uncorrelated.
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We now study properties of the multivariate normal distribution.

The bivariate normal distribution is a special case of the multivariate
normal distribution with n = 2.

Bivariate normal distributions

First, we want to show that the definition for the general multivariate
normal distribution with n = 2 is consistent with the early definition of
the bivariate normal distribution.

Letus € Z, uo € #Z, 01 >0, 0o >0, and —1 < p < 1 be constants, and

#:<“1> Z:< 012 PG102> X:<X1)
12 po10y  OF X

LS 22 22 2 _ 2 2 2
x| = oy0; —p“oioy = o70;5(1—p°)
y-1_ 1 < 022 —p0Oi102 >
FETA N o o

- 1/ x—w \( o2 —poio Xy — [
VS () — (X h >< 5 102 1— My
(x—p) (x—n) \Z|< Xo — Up —pGy0> 612 Xo — Up
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_ 1< X1 — My >l< 0% (X1 — 1) — pO102(X2 — U2) )
IZI\ xe—z )\ —poroa(xs — 1)+ 02 (X2 — o)
0% (X1 — 111)? — 2p 01 02(X1 — Wy ) (X2 — pi2) + 62 (Xp — pi2)?
c205(1—p?)
_ Oa—m)? 2p(a — )0 —p) | (X — p2)?
02(1—p?) oy105(1 —p2) o5(1-p?)
Thus, when n= 2,

o (x— )" (x—p)
) = e (-
(q—w)? | pa—p)Oe—p) _  (Xo—pp)?
S S (T o R (=)

2161024/ 1 —p2
which is the same as the bivariate normal pdf defined earlier.

Transformation and marginals

If X is an n-dimensional random vector ~ N(u,X) and Y = AX + b,
where A is a fixed k x n matrix of rank kK < nand b is a fixed
k-dimensional vector, then Y ~ N(Au + b, AXA').
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This can be proved by using multivariate transformation, or the mgf.
We showed that the mgf of X ~ N(u,X) is

My (t) = e 11>/ te #"
From the properties of mgf, Y = AX + b has mgf
My (t) = et My(A't) = el AD+HANT(AD/2 _ o(Autb) L (ATA)Y/2
which is exactly the mgf for N(Au + b, AZA’), noting that (AZA")~"
exists since A has rank kK < nand ¥ has rank n.

The result seems still hold even if AL A’ is singular, but we have not
defined the normal distribution with a singular covariance matrix.

If we take A= (Ix 0), where I is the identity matrix of order k and 0 is
the k x (n— k) matrix of all 0’s, then AX is exactly the vector containing
the first kK components of X and, therefore, we have shown that

@ If Y is multivariate normal, then any sub-vector of Y is also
normally distributed.

Is the converse true? That is, if both X and Y are normal, should the

joint pdf of (X, Y) be always normal?
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A counter-example
Consider

f(x,y) = *<X2+y 2[4 g(x,y)],  (x.y) € %>

where
xy 1<x<t, 1<y <A
9(x.y) = { 0 otherwise

Then f(x,y) > 0. (Is it a pdf?)

/_Z f(x,y)dy = 2171 U_ e (4% /Qdy+/ —(ty )/Zg(x,y)dy]

1
= 2177[642/2 [/weyz/zdy+xl(|x| < 1)/1yey2/2dy]

_ Lefx2/2

Vern
i.e., the marginal of X is N(0, 1) (which also shows that f(x, y) is a pdf).
Similarly, the pdf of Y is N(0,1).

However, this f(x,y) is certainly not a bivariate normal pdf.

v
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Other joint distributions may not have the property that the marginal
distributions are of the same type as the joint distribution.

Uniform distributions
A general n-dimensional uniform distribution on a set A ¢ 2" has pdf
[ 1/C  xeA .

f(x)_{o ey C_/Adx

For n=1 and A= an interval, C is the length of the interval.
For n=2, C is the area of the set A.
Consider for example n=2 and A is the rectangle

A=[ab]x[c,d]={(x,y) e #?: a<x<b, c<y<d}

where a, b, ¢ and d are constants.
In this case, the two marginal distributions are uniform distributions on
intervals [a, b] and [c, d], since, when x € [a, b],

|t ‘/"d 1/dd 1
ST = YT b—ad—ol Y b-a
and [%_f(x,y)dy =0 when x & [a, b].
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However, if A is a disk
A={(x,y) e Z#?: X>+y><1}
then C = & and, when x € [-1,1],
V1-x2 1 2./1 — x2
/ f(x,y)dy = / ——
1x2717 T

and [%_f(x,y)dy =0 when x ¢ [-1,1].
This shows that the marginal distributions are not uniform.

y=+l—-x

y=—Il—-x

2
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