Lecture 8: Linear mixed effects models

Adding random effects

A linear model is of the form Y = XB + &, where X is a fixed matrix,
is a parameter vector, and & is an unobserved random error.

In many applications we need to add a random-effect term, which
leads to the linear mixed effects model
Y=XB+Za+&
where Z is a fixed matrix and « is an unobserved random effect
(vector).
The following are two main reasons for adding random effects.
@ We want to model the correlation among the errors.

@ Random effects present unobserved variables of practical
interests.

It is typically assumed that both a and & have mean 0 and finite
covariance matrices, and they are independent; thus,
E(Y)=Xp and Var(Y) = ZVar(o)Z' + Var(&)
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Example: One-way random effects model

The one-way random effect model

Yi=u+A+ej, j=1,..n,i=1,..,m,
discussed in the last lecture is a special case.
We can derive the MLE’s under the one-way random effects model
with A; ~ N(0,02) and e; ~ N(0,02).

Using the notation previously defined and the form of V—', we obtain
m

(Y = p1n) VUY = 1) =Y (Yi— 1) (0% + 0510 15) 7 (Vi — 1)
i=1

éngY “)2

sl Y- sE- 2

I1] 1G2+n,Ga
SSE ni(Yi. —n)?
= 4F ,SSE (Yi—
L e SE=L L0 7)

Since V is block diagonal,

m
’V’:H|62/’7,+Ga1n/1n|_1—16 e (62+n1632)
i=1
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We obtain the likelihood function
2 2\ exp{—%(Y—‘[ﬂn)’Vq(Y—lﬂn)}
L, 0%, 05l Y) = (2m) 2| V[1]2

SSE 1mn(\7 )2

e 1 i(Yii—H

exp{ 202 2, 1 624 n;02 }
=

(277:)”/20'” mH 02+n, )1/2
i=1
Let 6 = (u,02,02) and (fi,52,652) be the root of dlogL(8]Y)/d6 = 0.

Then we have the foIIowing score equations:

’;:x

— / _
,-; (62 +ni6%)> ; 62+ ;65
There is no explicit formula for this solution.
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If 63 > 0, then (i, 62,62) is the MLE of (u,0?,02).
If 52 < 0, then the MLE of o2 is 0, and substituting 67 = 0 in the first
two score equations we obtain the MLE of ,u is Y. and the MLE of 62 is

1SSE+Zn,Y Y.)? ZZ Y- Y.)?
/1/

In the balance case where n; = ng for all i, we have shown that the
MLE of pis Y...
Also, the 3rd score equation becomes
m
~2 ~2_ o VIRVAY.
n =— Yi—Y.
G~ + N0y m /;( i )
and because of the 3rd equation, the 2nd score equation becomes
.o SSE
62—

n—m
Then m
1 - - SSE
=2 L . 2 _ —
Ga— m/;(yl Y) no(n—m)
The MLE of (u,02,62) in the balanced case is (Y., 52, max(62,0)).
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The restricted maximum likelihood (REML) estimators

To introduce the idea, let’s first consider the example of
X =(Xi,...,Xp), where X;’s are iid N(u,c?) so that the likelihood is

1 1 ¢

2 2

Hite |X):(27r62)”/26)(p{_262 LX) }
=

1 (X—p)? (n-1)&
~ (2mo2)n/2 exp{— 262/n 202 }
= Ly(ulX,0%)Lo(0?|S?)

where X 2
< C (X—pu)
2y _ M1 _
Li(u|X,0%) = Gexp{ 2621 }

Lo(0%8%) = — 22 exp {—(”_1)32 }

o—(n—1) 202
and Cq and C, are constants not depending on parameters.
Maximizing Ly over u we obtain the maximum i = X and maximizing
L, we obtain the maximum 62 = S2.
The REML estimator of (u,6?) is (X, S?).

The MLE of (u.c2) is (X.(n—1)S?/n).
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REML estimators in balanced one-way random effects model

From the previous derivation we know that the likelihood under the
balanced (n; = ng for all /) one-way random effects model is

SSE SSA n(Y.—p)?
L Y exp{_@ B 2(0‘2+f706§) ((()'2+I70C)7 ) }
(1,0%,0a]¥) = (2m)"/261-m(62 4 ngo3)™/2
where mo
SSA =Y ni(Yi—Y.)?
A i=1
Maximizing

Ly(ulY.,0% 05 { }
1(:“" o Ga) (62+n6 1/2 62+noGa)

we obtain that the REML estimator of u is i = maximizing
_SSE__ SSA }

ex {
> 9 . 202 2(02+myoE)
Lo(0°,04|SSE,SSA) = o7 M (2 § 1yo2) M)/

we obtain that the REML estimators of 62 and o2 are, respectively,
= SSE . - . SSA SSE
62=—""— and &2=max(62, 0), &2= —
n—m n—ny no(n—m)
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In fact, 2 is the popular ANOVA estimator, although it may take
negative values.
Comparing the MLE derived previously with the REML estimators, we
find that the MLE and REML estimators of 1 and ¢ are the same, but
the estimators of o2 are the positive parts of two different estimators,

.o SSA SSE > SSA SSE

05 = - and &5 = -

n  ng(n—m) n—ny no(n—m)

The difference is in the denominator of the first term.
Consider the expectations of these two estimators.

First, since

m n; _ m

SSE=Y Y (V- V2 =Y (m—1)SF
i=1 j=1 i=

where S; is the sample variance based on Yi, ..., Yin,,

E@) = E (25 ) = 5 (A DESH) = 22 Ym—1) = o

n—m 1= 1 =

Hence, the MLE or REML estimator of 62 is unbiased (UMVUE).
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Note that
Y. = u+A+ Zg,le(uGa-i-n 162)

When n; =ng forall i, Y., ..., Ym. are iid from N(u, o2 +ny 62) and,

no(m—1)  m—1 ;(V’“_Y‘)Z

is the sample variance of Ys.,..., Y. and

2
E SSA _E _ S5A :Ga2+(i
n—no ng(m—1) Mo
This implies

SSA SSE o2 o%?
2\ _ — 2 _ — 2
E(Ga)_E<n—no> E<no(”—m)> @ Oa

i.e., the ANOVA estimator &2 is unbiased (UMVUE).
On the other hand,

E(63) = E(
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Thus, 62 is biased and the bias is
noz o

2272 2
Eloa) o= =

This bias becomes a serious issue when m is not large.

REML estimators in unbalanced one-way random effects model
For the unbalanced case, the previously derived likelihood is
SSE (Y —u)?
exp{ 262 22 62+ ;02 }
L(w,0%,05|Y) = o
(277:)”/26”_’"1—1 02+n-02)1/2
i=1
SSE_ 1V (Yi—p)? ni(fi—u)
exp{ 202 2 &~ (If2+n o2 22 oi2+n o3 }

(Zn)”/ZG”*mH(GZ +njo3)1/2
i=1
where

- Z 62+n,6a Z 62+n,6a
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For each fixed (62, 62),
—1
m n:
i~N(u,t?), 2= S
pon(ue). 2= (s
and i maximizes

1 O i — p)?
L Y 02 0%)= ——  ex AR TR
1(ou'| , O 7Ga) (2 )1/27 p{ 2 162+n10'a
Let
exp{—gsg 1y Ayky
c 4 0%+n;o4
Ly(02,62|SSE, V. —fi,i=1,....m)= =1
(27‘[)(” 1)/2gn— mH(O'2+n62)1/2’E—1
i=1
Then

L(ﬂ,62,6a2| Y) = L1 (“|ﬁ76236§)L2(627G§|SSE3 \_/I _.ELJ: 17"'a

Note that the second factor in the product depends on fi, due to
unbalancedness.

m)

UW-Madison (Statistics) Stat 610 Lecture 8 2016

10/15



Like the MLE, the REML estimators have to be calculated iteratively.

At each iteration, first treat the previously calculated estimates of 6?2
and o2 as known and calculate i (it is a WLSE).

Then treat fi as known and calculate MLE of (62, 62) by maximizing
Ly(6%,62|SSE, Y. —fi,i=1,....m)

This step needs iteration, since no explicit solution exists due to

unbalancedness.

Also, we need to restrict the estimate of 62 to [0, ).

The transformation approach to derive REML estimators
The matrix form of the one way balanced random effects model is

Y=plp+Za+&

h
AL 1, 0 -~ 0 A4
- R T I
0 0 - g A.m
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Note that H,, = I, — n~ 1 n17,is an nx n projection matrix of rank n—1.
Let H,, be the (n— 1) x n matrix obtained by deleting the first row of H,

and
_( 1
o=( )

Because H, is of rank n—1 and
Holp=(lh—n" "1 )1,=1,—1,=0
we know that H,1, =0 so that C is of rank n and observing Y is
equivalent to observing CY.
The first component of CY is
Y.=n 1Y
:u+n*11’Zoc+n*11’é"

=M+ ZnoA +- ZZSI/

/1/

2
~N</,L, o +nn00a>
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Because H,1, =0, the last n— 1 component of CY is
H,Y = Hy,Zo+ Hp& ~ N(O, HpZVar(a)Z'H., + o2 H,HY)
which does not involve u, and Y. and A, Y are independent.
Hence, the entire likelihood can have the decomposition
L(u,02,62Y) = Ly(u|Y.,0%,62)La(c?,62|HyY)
where the second factor actually depends SSE and SSA only.

MLE in a general linear mixed effects model

Consider a general linear mixed effects model
Y=XB+Za+&

as defined in the beginning.

We assume that the matrix X is of rank = the dimension of 3 and
denote Vi = Var(a) and V = Var(Y) = ZV,Z' + 62,

Assuming that a and & are independently normal, and letting
By=X'V X)XV 'y
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we obtain the likelihood as
exp {_ (Y—Xﬁ)’V;(Y—Xﬁ) }

L(B,02, VulY) =

(2m)n/2|v|1/2
=6 {_(YXEV_1)'\/21(YXBV_1) (B- ﬁv1)X’ “X(B-B,-1)|

(Zﬂ)n/2| V|1/2
because
(Y=XBYV (Y =XB) = (Y= XBy+) V(Y= XBy-1)
BB XVIX(B-By)
since, by the definition of 1,
(Y =XBy-1)VIX(B—By1) =YV ' X—B, X'V 'X(B—By1)=0
Hence, the MLE of B and V should be By = Em and Vi, where Var
is the solution to

1 (Y = XBy ) V(Y = XBy1)
m3x4977§exp = 5
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REML estimators in a general linear mixed effects model

The REML estimator of V is the solution to

1 (Y = XBy— ) V(Y = XBy1)
max V2 XTV—TX|1/2 exp{ 5

In view of

Byt ~N(B, (XV X))

the REML estimator is the MLE with adjustment factor | X'V~ X|'/2,
which accounts the estimation of § when we estimate V.

In general, both ML and REML estimators do not have explicit forms,
and we can iterate between the estimation of  and V.

We usually need some information about V,, = Var(«) so that the
function to be maximized can be simplified.

The one way random effects model is an example.

As we discussed in the last lecture, if X(X'X)~' X'V is symmetric,
which is equivalent to X(X'X)~' X'V, is symmetric, then

qu =(X'X)'X'Y = ﬁ is the LSE and has an explicit form not
depending on estimators of V.
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