Lecture 11: Uniformly most power tests

We first show some examples of applying the Neyman-Pearson
lemma.

Example 8.3.14
Let X ~ binomial(2,0) with & = } or 3, ©9 = {3}

Note that

fs(0) 1 (1) 3 fs(2) 9

hO) -4 K1) 4 K@) 4
If we choose 2 < ¢ < 2, the Neyman-Pearson Lemma says that the
test rejecting Hy iff X = 2 is the UMP test of size ac = Py (X =2) = 1.

|

If we choose § < ¢ < 2, the Neyman-Pearson Lemma says that the test
rejecting Hy iff X =1 or 2 is the UMP test of size o = P%(X >1)= %.

Choosing ¢ < § or ¢ > ? yields the UMP test of size 1 or 0.

What happens if we choose ¢ = 3?

v
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If c= 3, Theorem 8.3.12 tells us that the UMP test rejects Hy when
X =2 and accepts Hy when X = 0, but leaves our action undetermined
on{X=1}= {f%(X) = cf%(X)}, an event with a positive probability.
When X = 1, we must either reject (then we get the UMP test of size %
as above) or accept (then we get the UMP test of size % as above).

Example.

This example shows that the event {X : fy, (x) = cfy,(X)} may have a
positive probability even when X is continuous.

Let X ~ uniform(0,6) with 6 = 6y or 61 (6 < 61), ©g = {6p}.

() & 0<x<6 b (0 e 0<x<6
X) = X)=
g 0 otherwise o 0 otherwise

If c < 6y/61, then

{x: fo, (x) > cfgy(x)} = (0, 64)
and the UMP test always rejects Hy and has size 1 (not desirable).
If we choose ¢ > 6,/64, then
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{x: 1o, (x) > cfoo(x)} =[60,61)  {x:fp(x) < cfo,(x)} = (0,60)
{x : 1o, (x) =cfgy(x)} = C with Pg,(C)= P, (C)=0
Hence the size of the UMP test is
Pgo(f91 (X) > Cf@O(X)) = P@O(eo < X< 91) =0
This is not desirable either.
Choosing ¢ = 6,/6; leads to
{x: fo,(X) > cfoy(X)} =[60,61)  {x: o, (x) = cfo,(x)} = (0,6p)
{x :fo,(x) < cfgy(x)} = C with Pg,(C)= Py, (C)=0
Now, we must specify which part of {x : fg, (x) = cfg,(x)} = (0,6p) is in
the rejection region R.
If we put the entire (0, 6y) into R (or R), the size of the UMP is 0 (or
1).
Thus, we should put part of (0, 6p) into R.
Let o be a desired level.
Choosing R = [6p,61) U[6y — 06y, 60) = [6g — @By, O1) gives
the size of the UMP test = Py (6p — 0t < X < 61) = «
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If X is continuous, and fg,(x) and fy, (x) have the same support, then
the event {fy, (X) = cfy,(X)} is typically of probability 0.

Example 8.3.15.
Let X1, ..., X, be iid from N(8,c2) with known 62 and unknown 6 = 6,
or 04, 6y > 64, and (_90 = {90}.

The sample mean X is sufficient for 6.

By Corollary 8.3.13, the UMP test has rejection region

exp(—(x — 61)?/(20?))

exp(—(x — 60)2/(202))
which is equivalent to (under the fact that 6y > 64)

(202logc)/n— 6 + 62
2(61 — 6o)

The right hand side increases from —e t0 « as ¢ increases from 0 to co.
Thus, for any given a, we can choose a ¢ so that the rejection region is
{x < 8o —024/+/n}, which leads to a UMP test of size
PQO(X < 90—6205/\/5) = .
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An interesting phenomenon in Example 8.3.15 is that the UMP test of
size a (for a given «) has rejection region R = {x < 6y — 62, /+/n} that
does not depend on 6;; it depends on 6y and «.

In such a case, the test with rejection region R is in fact a UMP test of
size o for testing Hy : 6 = 6, versus H; : 6 < 6.
Another observation from Example 8.3.15 is that
_ n(6y— 6
PQ(XE R) =Py (X< Qo—GZa/\/ﬁ) = <\/>((_2)—Za>
is decreasing in 6 and hence

SUp Po(X € R)=d(—2z4) =0
6>6o

It means that the test with rejection region R is in fact a UMP test of
size « for testing Hy : 6 > 6y versus H; : 6 < 6.

This gives us a way to extend the result in Theorem 8.3.12 to
hypotheses that are not simple versus simple.

Formally we have the following result.
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Lemma A.
Let ©¢ C © be a subset containing 6y. Suppose that there is a test T.
of size « for testing Hy : 6 = 6, versus Hy : 6 = 6; for every 6; € ©F and
the rejection region R of T, does not depend on 6;.
@ 7. is a UMP test of size « for testing Hy : 6 = 6, versus Hj : 6 € ©F.
Q If Po(X € R) < Py (X € R) for all 6 € ©, then T, is a UMP test of
size o for testing Hp : 6 € ©¢ versus H; : 6 € ©F.

Proof.
First, T, is a test since it does not depend on 6;.

@ Consider testing Hy : 6 = 6, versus H; : 6 € ©§.
For any test T of level «, T is also of level a for testing Hy : 6 = 69
versus Hy : 6 = 6; with any 6; € ©F and, hence, 7.(61) > Br(61).
Since 6y is arbitrary, this proves that T, is a UMP test of size « for
testing Ho : 6 = 6 versus H; : 6 € &F.

@ This follows from the result in the previous part, 6y € ©¢, and

sup Po(XeR) < Pg(XeR)=a
CISSH)
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In the previous discussion, the following are the key conditions for the
success of extending the result in Theorem 8.3.12 to a not simple
versus simple testing problem.
@ The UMP test for Hy : 6 = 6y versus H; : 6 = 6; does not depend
on 04.
@ The parameter 6 is univariate and the hypothesis Hy is of the form
6 > 6y or 8 < 6y; this type of hypotheses are called one-sided
hypotheses.
@ The type | error probability reaches its maximum at 6y, which is
implied by the property that the power function is monotone.
A class of problems having these conditions corresponds to families
having the so called monotone likelihood ratio (MLR) property.

Definition 8.3.16.
A family of pdf’s or pmf’s {fg(x) : 6 € ©} for a sample X with © C # has
a monotone likelihood ratio (MLR) in T(X) (a real valued statistic) if, for
every 6> > 0y, 6, € ©, j = 1,2, fo,(x)/fy,(x) is @ nondecreasing function
of T(x) on the set {t: fg,(x) >0 or fg,(x) > 0}. (¢/0 = if 0 < € < .)
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Many families of distributions have an MLR; for example,
o if fy(x) = h(x)c(8)e"(®)T(X) (one parameter exponential family),
then the family has an MLR in T if w(6) is monotone;
@ the exponential(6,c) with a known c;
@ the uniform(0,6);

An example of a family that does not have MLR is the Cauchy(6,c)}
with a known c.

Example

Let Xi,..., X, be iid from uniform(0, 6) with unknown 6 > 0.
The joint pdf of X = (X, ..., Xp) is fo(x) = 6~")0,6)(X(n)), Where X is
the value of X, and /g 6)(X(n)) is an indicator function.

ror o < te fo, (X) _ 7 lo.65)(X(m))
fo, (X) 63 ho.0,)(X(m))
which is a nondecreasing function of X, for x’s at which at least one
of fg, (x) and fy, (X) is positive, i.e., Xn) < 6s.
Hence the family of distributions of X has MLR in X(,,).
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Lemma B.

Suppose that the pdf or pmf of X is in a family (indexed by a real-
valued 6) with MLR in T(X). If y(t) is a nondecreasing function of ¢,
then g(6) = E»[y(T)] is a nondecreasing function of 6.

The following is the main result for a UMP test in one-sided hypothesis
problems.

Theorem 8.3.17 (Karlin-Rubin).

Let X be a sample with pdf or pmf in a family indexed by 6 € © Cc Z#.
Suppose that the family has MLR in T. Let 6y be a given constant.
For any ¢ € #, the test rejecting Hy iff T > ¢ is a UMP test of size

oc = Pg,(T > c) for testing Hy : 6 < 6y versus H; : 6 > 6p; and the test
rejecting Hp iff T < ¢ is a UMP test of size o = Py, (T < c) for testing
Ho : 6 > 6 versus H; : 6 < 6g.

Proof.

We prove the case for testing Hy : 8 < 6y versus H; : 6 > 6.
Consider the hypotheses 6 = 6, versus 6 = 6; with any 6; > 6.
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A UMP test is given in Theorem 8.3.12 with rejection region
{x: fo,(x) > Clgy(x)}
where fy(x) is the joint pdf or pmf of X.

Since the family has MLR in T, i.e., fg, (x)/fg,(X) is @ nondecreasing
function of T(x), this rejection region is the same as {x: T(x) > ¢}
with a ¢ satisfying satisfying B7(60) = Pg,(T > ¢) = .

Since this region does not depend on 64, it follows from Lemma A that
this is a UMP test of size o for testing Hy : 6 = 6y versus Hy : 6 > 6.

To complete the proof, as we argued earlier, we only need to show that
the power function of the test with rejection region {x : T(x) > c} is
nondecreasing in 6.

Let y(t) = lc)(t), the indicator function of the interval (c, ).

Then Lemma B implies that (0) = E¢[y(T)] = Pe(T > ) is
nondecreasing in 6 for any fixed c.

This completes the proof.
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In view of Corollary 8.3.13, if there is a sufficient statistic T(X), then
we can apply Theorem 8.3.17 with the sample X replaced by T
(treating T as the observation).

Often, the family of pdf’s or pmf’s for T has MLR in T.
The following are some examples.

Example 8.3.18.
Let Xi, ..., X, be iid from N(6,02) with known o2 and unknown 6 € Z.
Consider testing Hy : 6 > 6y versus H; : 6 < 6y with a constant 6;.

Since X ~ N(6,52/n) is sufficient for 6 and the family N(6,52/n) has
MLR in X, an application of Theorem 8.3.17 shows that a UMP test of
size a has the rejection region {X < 6y — 6z, /+/n}.

This test is the same as that derived in Example 8.3.15.

Example 8.2.3.

Let Xi,..., X, be iid from exponential(6,1) with unknown 6 € # and
hypotheses be Hy : 6 < 6, versus H; : 8 > 6, for a fixed constant 6.
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We previously showed that the LRT having rejection region
{X1y=60—n""loga}

is a size o test.
Note that X4, is sufficient for 6 and has pdf

ne "t=9)  t>¢
6(0={ g =
For 61 < 65,
f@z(t) _ 0 0 <t< 6
fo, (1) ef=61) g, <t

is nondecreasing in t.

Hence, Theorem 8.3.17 applies and the LRT is a UMP test of size .

v
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We previously showed that the LRT having rejection region
{X1y=60—n""loga}

is a size o test.
Note that X4, is sufficient for 6 and has pdf

ne "t=9)  t>¢
6(0={ g =
For 61 < 65,
f@z(t) _ 0 0 <t< 6
fo, (1) ef=61) g, <t

is nondecreasing in t.

Hence, Theorem 8.3.17 applies and the LRT is a UMP test of size .

|

Example.

Let X, ..., X, be iid from uniform(0,6), 6 > 0.
Consider the hypotheses Hy : 6 < 65 and H; : 6 > 6.

We have shown that the pdf of Xj, ..., X, is in a family with MLR in X(p,).
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By Theorem 8.3.17, a UMP test of size a rejects Hp when X, > c.
Since X(n) has pdf ne—"x"-1 /(073)(X),

n % c”
a=p(6 :—/ x"lax=1-=
B( 0) 967 c 9(’)7
Hence ¢ = 6y(1 — a)'/".
The power function of this test when 6 > 6y is

n % 05(1 — )

Example.

Let Xi,..., X, be iid from Poisson(6) with unknown 6 > 0.
The pmf of X = (Xj,..., X,) is in a one-parameter exponential family
with T(X) =X X; ~ Poisson(n®).
By Theorem 8.3.17, a UMP test of size o, for Hyp : 0 < 6, versus
Hy : 6 > 6y has rejection region { T > c} with
oo neo j
tp=Pey(T>c)= Y 08 0(.:790)/
j=c+1 U
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Existence of a UMP without monotone likelihood ratio

Let (X1,...,Xn), n> 2, be a random sample from uniform(6,6 + 1),
0eZ.

It can be shown that this family does not have MLR.

For testing

Hy:6<0 versus H;:6>0,
we want to show that, for any o € (0,1), the test T, accepts Hj iff
X1y <1—a'/mand X, < 1is a UMP test of size a.

We can consider tests that are functions of the sufficient statistic

(X1, X(n))-

Since the pdf of (X(1),X(n)) is
fo(x,y)=n(n—1)(y —x)

a direct calculation shows that the power function of T, is

=2 g<x<y<O+1

0 0 <—oal/n
) (6+al/mn —al/"<9<0
pr.(6) = T+a—(1-6)" 0<@<1—oal/n
1 0>1—al/n
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Hence the size of T, is «.
Let B7(0) be the power function of another test T = T (X1, X(n))-
Since Br.(6) =1 when 6 > 1 — /7, it suffices to show that

Br.(6) = Br(6)
for 6 € (0,1 —a'/™).

Define
A:{0<X(1) SX(,,) <1}

B:{G <X(1) SX(,,) < 1}
C:{1 <X(1) SX(n) < 9+1}
Let T.(X(1), X(n)) and T(X1), X(n)) be the indicators of the rejection
regions of T, and T, respectively, and
h(x,y) =n(n—1)(y —x)"?

If 6 € (0,1—a'/"), then
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Br.(6) — Br(6)
LT = Dxy)hxy)axay + [ (T. = T)(x,y)h(x.y)oxay

(.- Txymxnmw+/1— (x,y)h(x, y)dxdy

v

V
\\\

«(X,¥)h(x,y)dxdy — / (x,y)h(x,y)dxdy

«(x,¥)h(x,y)dxdy — / (x,y)h(x,y)dxdy

> «(x,¥)h(x,y)dxdy — / T(x,y)h(x,y)dxdy
= Br.(0) - Br(0)
=a—Bﬂ®,

where the second equality follows from T, =1 when (X(4), X(n)) € C,
the third equality follows from T. = 0 when (X1, X)) € A but

(X(1): X(n)) € B (since 0 < X(1) <6 <1— a'/"), and the second
inequality follows from B C A.

Therefore, if T has level a, then Br.(6) > B(6) for all 6 € (0,1 — /7).
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