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Inverse covariance matrix

0 in X! = conditional independence (X, Xp|all the remaining variables)
= no edge between these two variables (nodes)
Traditionally,
e Dempster (1972): introduced covariance selection. Discovering the
conditional independence.
o Forward search: edges are added iteratively.
o MLE fit (Speed and Kiiveri 1986) for O(p?) different models. But,
the existence of MLE is not guaranteed in general if the number of
observation is smaller than the number of nodes (Buhl 1993)

@ Neighborhood selection with the Lasso (here) : optimization of a
convex function, applied consecutively to each node in the graph.
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Neighborhood

Neighborhood ne, of a node a €T
= smallest subset of '\{a} so that X, Lall the remaining|Xe,

— {be\{a}:(a,b)cE).
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Notations

p(n) = | (n)| = the number of nodes (the number of variables)
n: the number of observartions
Optimal prediction of X, given all remaining variables

02 —arg m|n EX — Z 9ka
kel(n)

Optimal prediction ##* where A C I'(n)\{a}

04 = in  E(X,— 01 Xx)
"y ke T 2
kel (n)

A: active set.

Relation to conditional independence is
g = _z;lnl/zgal'

ne, = {bel(n):0p #0}.
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Neighborhood selection with Lasso

Lasso estimate §2* of 62

A

0o = arg o_rgigo(n-luxa — X0|I” + Al0]l1) (3)

Neighborhood estimate

ey = {b € T(n)|63™ # 0}

presented by Jee Young Moon () High dimensional graphs and variable selectio! Feb. 19 . 2010 5/21



(unavailable) prediction-oracle value

Aoracle = arg mAin E(Xa — Z é\i:)\xk)2
kel (n)

Proposition 1.

Let the number of variables grow to infinity, p(n) — oo for n — oo with
p(n) = o(n") for some v > 0. Assume that the covariance matrices ¥(n)
are identical to the identity matrix except for some pair

(a, b) € T'(n) x I'(n) for which X ,5(n) = Xpa(n) =s for some 0 < s <1
and all n € N. The probability of selecting the wrong neighborhood for
node a converges to 1 under the prediction-oracle penalty

P(riedorsce 2 ne,) — 1 for n — oc.
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= (0, —Kap/Kz2,0,0,...) = (0,5,0,0,...). To be rie} = ne,,
03’\ (0,7,0,0,...) is the oracle Lasso solution for some 7 # 0. Then, it
is the same as

1L.P(3A,7>s:0* =(0,7,0,0,...)) — 0 as n — oo.

and 2. (0,7,0,0,...) cannot be the oracle Lasso solution as long as 7 < s.
1. If 6 =(0,7,0,...) is a Lasso solution, from Lemma 1 and positiviity of
K < X1 —7X0, Xo >> | < Xy —7 X0, X > | Yk eTl(n), k> 2.
Substituting X1 = sXs + W yields

< Wi, Xo> —(1—5) < X, Xo >> | < Wi, Xk > —(7 —5) < Xo, X > |.
Let Ux =< Wi, Xk >. Ux, k =2,...,p(n) are exchangeable. Let

D=<Xp,Xo>— max |<Xp, X>|
ker(n),k>2

It is sufficient to show

P(U»> max Ux+ (7 —s)D)— 0 for n — .
keT (n),k>2
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Since 7 — s > 0,

P(Ux> max U+ (1—s)D)<P(Ux> max Ux)when D>=0.

kel(n),k>2 kel (n),k>2
P(U, > max Ux+ (7 —s)D)<1when D <0.
kel (n).k>2
P(U, > kerrpne;’);(ﬂ U+ (1 —=s)D) < P(Up > kerane)',)i>2 Ux) + P(D < 0)

By Berstein inequality and p(n) = o(n?),
P(D < 0) — 0 for n — oo.

Since Uy, ..., Upy(y) are exchangeable, P(Uz > maxicr(p) k>2 Uk) =

P(Us > maxycr(n) k=253 Uk) = -+ - = P(Up > maxa<—k<p—1 Ux) and sum
of those should be 1. Therefore,

P(Uz > maxycr(n) k>2 Uk) = (p(n) — 1)~ — 0 for n — oco.
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2. (0,7,0,...) with 7 < s cannot be the oracle Lasso solution.

Suppose (0, Tmax, 0,0, ...) is the Lasso solution 62> for some A=\ >0
With Tmax < S. Since Tmax is the maximal value such that (0,7,0,...) is a
Lasso solution, there exists some k € '(n) > 2 such that

|n_1 < X1 — TmaXXQ,XQ > | = |n_1 < X1 —TmaXX2,Xk > | = 5\

For sufficiently small 6\ > 0, a Lasso solution for the penalty X\ — 6\ is
given by

(O,Tmax + 665,603, 0, .. )

From LARS, 60> = §03. If we compare the squared error for these solution

Lsop — Lo = —2(5 — Tmax )00 + 2662 < 0 for any 0 < 66 < 1/2(5 — Tmax)
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Lemma 1

Lasso estimate 624 of §24 is given by

o242 = ' 11X, — X012 + Al19]l1) (10
arg@:GkSOnggA(n 1% |+ All6]l1) (10)

Lemma 1

Given 6 € RP(" let G(A) be a p(n)-dimensional vector with elements
Gp(0) = =207t < X, — X0, Xp > .

A vector § with 0, = 0,Vk € I'(n)\A is a solution to the above

< forall be A,

Gu(0) = —SIgn(Hb))\ in case A # 0

and |Gp(A)| < X in case A, = 0. Moreover, if the solution is not unique and
|Gy(A)] < A for some solution 6, then @, = 0 for all solution of the above.

v
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Proof.

D(6) = subdifferential of (n=1|| X5 — X0|> + \||0]|1) with respect to 6 =
{G(#) + Xe,e € S} where S C RP(" is given by

S = {e e RP(")|e, = sign(fy) if 6, # 0 and e, € [—1,1]}. f is a solution
to the above iff 3d € D() so that dp = 0Vb € A. O
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Assumptions

X ~ N(0,%)

High-dimensionality Assumption 1. There exists v > 0 so that
p(n) = O(n7) for n — oo.

Non-singularity Assumption 2. (a) For all a€ '(n) and n € N,
Var(X,) = 1. (b) There exists v2 > 0 so that for all n € A/ and

a € I'(n), Var(Xa| Xr(m\(a}) = v2.[This excludes singular or nearly
singular covariance matrices.]

Sparsity Assumption 3. There exists some 0 < k < 1 so that
MaX,cr(n) [n€al = O(n™) for n — oo. [restriction on the size of the
neighborhood].

Assumption 4. There exists some ¢ < oo so that for all neighboring
nodes a, b € [(n) and all n € N, [|§>es\Ma}||; < 9. [This is fulfilled if
assumption 2 holds and the size of the overlap of neighborhoods is
bounded by an arbitrarily large number from above. ]
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Magpnitude of partial correlations Assumption 5. There exists a
constant 6 > 0 and some £ > & so that for every (a, b) € E,
|ap| > on~ (17872,

Neighborhood stability S;(b) := >, c .. sign(62"%)9" .
Assumption 6. There exists some ¢ < 1 so that for all a, b € ['(n)
with b & ne,, |S,(b)| < 0.
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Theorem 1: controlling type-I error

Theorem 1

Let assumptions 1-6 be fulfilled. Let the penalty parameter satisfy
Ap ~ dn—(1=9)/2 with some k < € < & and d > 0. There exists some ¢ > 0
so that, for all a € ['(n),

P(rie} C ne,) =1 — O(exp(—cn®)) for n — co.

It means that the probability of falsely including any of the
non-neighboring variables is vanishing exponentially fast. Proposition 3
says that assumption 6 cannot be relaxed.

Proposition 3
If there exists some a, b € ['(n) with b ¢ ne, and |S,(b)| > 1, then

P(rie} C ne,) — 0 for n — .
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Proof of Thm 1
P(rie} C ne,) =1 — P(3b € [(n)\cl, : 627 #0).

Consider the Lasso estimate §2:7¢* which is constrained to have non-zero
components only in ne,. Let £ be the event

Gr(B2m=M) < A
(e | KB

On this event, by Lemma 1, 2" is a solution of (3) with A = I'(n)\{a}
as well as a solution of (10).

P(3beT(n)\ch: 02" #0) <1—P(E)=P( max |[G(67"=*) > \]).
ker (n)\cla

It is sufficient to show there exists a constant ¢ > 0 so that for all
b e '(n)\cl,

P(|Gp(6"**)| = A) = O(exp(—cn‘)).

v
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cont. prof of Thm 1.
One can write for any b € ['(n)\cl,,

Xp = Z gonea X+ Vi,

mene;

where Vj, ~ N(0,02) for some 02 < 1 and V}, is independent of
{Xm|m € cl,}. Plugging this in gradient calculation,

Go(B7m) = — 2071 D 05 < X, — XG0 Xy >

meEne,

—2n7 1 < X, — XG*"eA V) >

By lemma 2, there exists some ¢ > 0 so that with probability
1 — O(exp(—cn®)),

sign(§2"%+*) = sign(62"), Yk € ne,.
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cont. prof of Thm 1.

With Lemmal, assumption 6, we get with probability 1 — O(exp(—cn©))
and some § < 1,

|Gp (027N < A+ 2071 < X, — XB2"eA vy, > |.

Then, it remains to be shown that

P(|2n7Y < X,, Vi, > | > (1 — 6)\) = O(exp(—cn®)).
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Theorem 2

Let the assumptions of Theorem 1 be fulfilled. For A = A, as a in
Theorem 1, it holds for some ¢ > 0 that

P(ne, C rie}) = 1 — O(exp(—cn©)) for n — oc.

Proposition 4 says that assumption 5 cannot be relaxed.

Proposition 4

Let the assumptions of Theorem 1 be fulfilled with ¥ < 1 in Assumption 4.
For a € I'(n), let there be some b € vy(n)\{a} with 7,5, # 0 and
1Ta6] = O(n~(1=€)/2) for n — oo for some & < e. Then

P(b € rie}) — 0 for n — oo.
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Proof of Thm2
P(ne, C rie}) =1 — P(3b € ne, : éZ’)‘ =0)
Let £ be the event )
(e | O < A

As in Thm 1, §2"= is a solution of (3). Then,
P(3b € ne, : 63>, = 0) < P(3b € ne, : 62" = 0) + P(E°).

P(é’c) = O(exp(—cn®)) by theorem 1 and
P(H%"e* = 0) = O(exp(—cn)) by lemma 2.
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Edge set

Ideally, edge set can be given by

E={(a,b):ac ne, Ab € ne,}.

An estimate of the edge set is

EM = {(a,b) : a € rie} A b€ rie)}.

EMY = {(a,b): a € riey Vb e el
Corollary 1

Under the conditions of Theorem 2, for some ¢ > 0,

A

P(E* = E) =1 — P(exp(—cn®)) for n — oo.
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A7

How to choose the penalty?
For any level 0 < a < 1, the penalty

2p(n)?

20,

NG

Ma) = 2226 ).

Theorem 3

Assumptions 1-6 be fulfilled. Using the penalty A(«), it holds for all n € N
that
P(Bacl(n):C)} ¢ C) <

This constrains the probability of (falsely) connecting two distinct
connectivity components of the true graph.
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