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Discussion 9

Review – Power and Sample Size

General formula of the sample size such that a P% confidence interval constructed with margin of error
smaller than M .
Sample size for proportion:

n > (
z∗0.5

M
)2 − 4

where M is the desired margin of error, z* is the critical number from a standard normal distribution
with the area between −z∗ and z∗ as P/100. (For 95%, z∗ = 1.96. For 90%, z∗ = 1.64)

Sample size for a single mean:

n > (
z∗σ

M
)2

where M is the desired margin of error.

The significance level of a test is the probability of rejecting the null hypothesis when it is true and is
denoted α.

The power of a hypothesis test for a specified alternative is 1 − β, which is the probability of make a
rejection when alternative is true.

Practice Problems

We want to know the mean percentage of butterfat in milk produced by a farm by sampling multiple
loads of milk. Previous records indicate the average percent butterfat in milk is 3.35 and the standard
deviation among loads is 0.15. Now we hope to detect a change of the percent butterfat in milk to 3.40
with a power 0.8.

(a) How many loads do we need to sample so that the margin of error for a 90% confidence interval of
the mean percent butterfat is no more than 0.06?

(b) Suppose 100 loads of milk are sampled. Find the 0.975 and 0.025 quantile of the sampling distribution
of X̄ assuming µ = 3.35. Find the rejection region at the significance level α = 0.05. What is the power
of the test for detecting a change of the mean to 3.40?

(c) Suppose the sample size is n. Let a denote 0.975 quantile of the sampling distribution of X̄ assuming
µ = 3.35. Express a as a function of sample size n. (Note that it is just the boundary of the upper
rejection rejection when α = 0.05 with a sample size n.)

(d) Following part (c), if the power is 0.8 when µ = 3.40, then a will also be approximately the 0.2
quantile for the N(3.40, (0.152/n)) distribution. Express a as a function of n.

(e) Set these expressions for a equal to one another and solve n. How large does the sample size need to
be to meet the criteria.
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Solution

(a)z∗ = 1.64, M = 0.06, σ = 0.15. By n > ( z
∗σ
M )2,

n > (
1.64 ∗ 0.15

0.06
)2

which is n > 16.81. Thus the number of loads sampled is at least 17.

(b) The sampling distribution of X̄ is a normal distribution with mean 3.35 and std 0.15/
√

100 = 0.015.
Thus the 0.975 and 0.025 quantile are respectively

3.35 + 1.96 ∗ 0.015 = 3.379

and
3.35 + 1.96 ∗ 0.015 = 3.3206

Thus the rejection region at a significance level α = 0.05 is (− inf, 3.3206) or (3.379,+ inf).

The power under the specified alternative with mean µ = 3.40 is

P (X̄ > 3.379|µ = 3.40) = P (
X̄ − 3.40

0.015
>

3.379− 3.40

0.015
) = P (Z > −1.4) = 0.91

(c) a = 3.35 + 1.96 ∗ 0.15√
n

(d) The 0.2 quantile of a standard normal is −0.84.
Meanwhile, a should also satisfy the equation a = 3.40− 0.84 ∗ 0.15√

n
.

(e) Set 3.35 + 1.96 ∗ 0.15√
n

= 3.40− 0.84 ∗ 0.15√
n

. We derive that
√
n = 0.15∗(1.96+0.84)

0.05 = 8.4.

Therefore n > 70.56. The sample size is at least 71 to detect a change of mean to 3.40 with power 0.8.
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