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Abstract

We consider the problem of interpolating a function on the unit
square from values of the function given on a set (called the "design")
of N discrete points. We obtain some new results on better ways to
distribute these N points so as to minimize the maximum interpolation
error. W. J. Gordon [8, Approximation With Special Emphasis on Spline
Functions, 1. Schoenberg, ed. 1969], showed that an improvement on the
J 2
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tensor product design {(x,y)} = {%-, W

interpolation points could be made by using a design that is the union
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of two tensor product designs: {(x,y)} = %—, 5 ] 2 2 e iniia
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N=2 n3 - n2 since the intersection of these tensor product designs

Talsswpa}ls Here

has n2 points. Gordon showed that where interpolation on the priginal
tensor product design has a convergence rate O(N'p/z) for some.p with
respect to functions with specified smoothness properties, the new

-2p/3y .y

design will have an associated convergence rate of 0(N e

construct the tth design which is the union of 2+1 tensor product designs:

[ :
{(X’Y)} E kU] _1k— , %2_-—'(‘ s i= ]szs---';nks J = 1523---:n2+2-k . Here
= n

- 2n£+1 distinct points, and we show
(N'[(2+1)p/(2+2)]). Some exact

the 2th desian has N = (2+1)n
that the associated convergence rate is O
theorems to this effect are proved for convergence of minimal norm
interpolation in tensor product reproducing kernel Hilbert spaces. An
application to the reduction of X-ray dosage in the reconstruction of
human internal structure from X-ray projections is suggested.
Applications to the desian of certain (other) indirect sensing

experiments are also noted.



1. Introduction

We consider the problem of interpolating a surface on the unit
square from values of the surface given on a set (to be called the
"design") of N discrete points. We obtain some new results on better
ways to distribute these N ppints so as to minimize the interpolation

error.

Let f(x,y) be a function defined on [0,1]x[0,1] with the property
that
aP+q

f(x,y) exists and is continuous (1.1)
axPayd

for 0 < p <2mand 0 < q < 2m. Convergence properties of piecewise
polynomial, including bivariate spline, interpolation are known for

such functions when interpolation is carried out over a tensor product
design. By a tensor product design is meant a set of N = N]N2 '

points in the unit square of the form {(xi,yj) i= 1,2,...,N1,
j=1,&.”J%}WMNaOix]<x2<...<xm_i1,0iy]<...<yN < 1.
See deBoor and Fix [6] Lyche and Schumaker [14]. Specializing to

N] - N2 =n, N= n2, in general one has, with appropriate interpolants %,

= ] 1
T 3 )'f( 3 ) o 0( ) = 0(_')
i?; l (x.y sy )| n2m Nm

as n + o, This is the same rate as is achieveable in univariate
interpolation - if g(z), z € [0,1] has 2m continuous derivatives, then,
for example, local Lagrange (polynomial) interpolation of degree 2m-1
through 2m adjacent points %~, 1513 cees ii%ﬂ:l gives a remainder term
0(;%5), see [12, p.190], and the same rates are obtainable for various

types of spline interpolation (see, e.g. [22]).



It will e convenient here to report our results for functions in
a reproducing kernel Hilbert space (r.k.h.s.) of functions which
satisfy (1.1) for p,q < 2m-1 and the slightly weaker condition

2ty (
—5—— F(x,y))  dxdy < =. 1.2)
0 ax2may2m

O — —

Convergence results for certain types of bivariate spline
. . . . f1 dsn
interpolation on the tensor product design TN,O = {n 5 n}i,j=1’
N = nz, for functions in an r.k.h.s., satisfying (1.2) have been

obtained by Mansfield [17, Eq. (4.2)], who gives

- 1 1
sup f(x,y)-fix,y)| = 0 ) = 0( )
voyelp 13 | “2n-172 =173

and it appears that this is the best possible rate under the given

conditions, for the tensor product design TN 0-

For many years we have been intrigued by W. J. Gordon's results

[8] with the so-called blending function splines. Gordon used designs

of the form
e ¥ &5l
TN,] Tn U Tn
where
. ¥ vk
Jek _ ;£ m 0¥ n
I =k ol ow . (1.3)
n nd gk E=1.n=1
. 152 251 3
The two tensor product desiagns Tn and Tn each have n~ points and
. : 1.2 2.1 - 1,1 _ (& nyn n .
their intersection, Ta. BT 18 T2 = €=, ﬁ%€=1,n=1’ which has
n2 points, so that their union TN 1 has N = 2 n3 - n2 distinct
points. See Figure 1.1, which depicts the designs T;’z, TE’1 and TN 1

for n =5, (thus N=225). Figure 1.2, taken from Gordon, schematically

describes the interpolation of f over part of TN 1° Gordon showed
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theoretically and by numerical example with bicubic spline interpolation,
that interpolation to appropriately smooth functions on the N points
distributed according to the design TN 1 9ave a better approximation

than interpolation on the N points distributed according to the tensor

product design TN,O'

Letting PN,Of and PN,1F be points 1in TN,O and TN,]’ Gordon

showed, loosely speaking, that if

S f(x,¥)-(Py F)(x,y)| = 0(—) =0 1.4
xl:; I (x,y)-( N,0 ) (x,y | np (Np/z) ( )
for some p, then
1 1
sup [F(x,y)}-(Py 1F)(xs¥)| = O(—=) = O(—=—77) . (1.5}
iy’ | N, 1 | 2 2P 3 |

(Here we are using the fact that n = O(NT/(£+2)), L =0,1.)

In practice, if N is large, the difference between (1.4) and (1.5)

can be important. Recently Ylvisaker [28] gave a similar theorem
comparing convergence rates with TN,O and TN,] in the context of
minimal norm interpolation in an r.k.h.s. He observes that
improvements over TN,1 should exist, but apparently are not available.

Spurred on by Ylvisaker's existence conjecture, we began a search

for designs that improve upon the rate 0(—2%730. This search was

N
successful, and in this paper we provide a sequence of designs

TN It £ = 0,1,... with the following property. When the tensor product

design TN o results in a convergence rate of O(J—) = O(—l7§), the design
s np NP

242_, o]

TN o With & fixed, has N = (2+1)n points, and results in the
3

convergence rate



Figure 1.2

Interpolation over part of TN 1
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as n » =, Considerable improvement in some practical problems appears

to be possible as a result.

Later in this paper we suggest how this result might be
used to reduce the X-ray dosage in computerized image reconstruction
while maintaining picture quality. Other potential applications which
come to mind, are patterns of weather balloon releases or other
weather measurements, and patterms of seismic soundings, and ocean

depth measurements.

The designs we have found take the following form:

. ] k
Jsk . E n,n n . .
Let Tn be the tensor product design {;3-, ;E}E=],n=1 defined in
(1.3) and let
g+l . ;
T = g TR, ¢ =0,1,2,... (1.6)
] J‘z'l

The £ = 0 and 2 = 1 designs have already been described. Figure 1.3

shows T;’3, T2’2, Tg’1 and T

n for n =3, N = 189.

N,2

It is easy to see that

3

Joktr Jts,k _ L3,k
n n T = T,

for r,s non-negative integers, and it can be seen, with reference to

the Venn diagram of Fiqure 1.4a, that

L+l . . [) . .
'|" = TJa2+2"J - Z TJ:Q'}"I'J . ('!_7)
N, 2 j=1 0 jep M
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In Figure 1.4, TN,R is outlined boldly, and each set Tg’k is
represented by the rectangle with upper right hand corner in position
j,k. The Venn diagram for TN,] is given in Figure 1.4b. Since
Tﬂ’£+2hj contains n£+2 points and Tg’g+1-j contains n£+1 points,

+ +
w2, 4+

T contains N = (2+1)n points.

N2
The exact convergence theorems we prove are for minimal norm

interpolation in a tensor product reproducing kernel Hilbert space

of functions on [0,1]x[0,1], to be called HK(m)' Properties of

tensor product r.k.h.s. that we need will be reviewed in Section 3.

Let Ném) be the (Sobolev) space of functions on [0,1]:
wém) = {g,: q,g;...,g(m']) abs. cont., g(m)e L2[O,1]}. Then we let

= ylm) (m) - _
H w2 4 N2 , or, slightly more generally, HK( HQ 0 H

m)

K(m) Q’
where HQ is an r.k.h.s. of functions on [0,1] possessing property m to

be defined. Functions in HK(m) will satisfy

f(x,y) continuous, P, 9 < m-1

[ [t f(x,y))" dxdy < =.
00

If (for example) wém) is endowed with the norm

m-1 ; 1
Holl2m = 2 (69002 + [ (¢ w)? au , (1.8)
Ny 3=0 0

(m)

then minimal norm interpolation in Nz is polynomial spline inter-
polation of degree 2m-1 (see [14]) and minimal norm interpolation in
wém) 0 Ném) can be shown to be a form of bi-(2m-1)-ic polynomial

spline interpolation. We argue that our convergence results must
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hold more generally for bivariate spline interpolation (that is,
not necessarily minimum-norm, usually a semi-norm is minimized) but

the proofs are omitted. Our main result is as follows.

Theorem

) (m) - "
Let H W QW (more generally, let HK(m) HQ 8 HQ

K(m) 2 2
where Q possess "property m"), let PN,E be the minimal HK(m) norm

interpolation operator to the points in the design Ty Jiven by (1.6),

+ +
L 2-2n£ T_

hence N = (2+1)n Let |[]], be the norm in Hy = g (m) and

let f € HK' Then, for each fixed ¢ = 0,1,...,
C 2+1)c
sup_[FO6y)-(Py  FY OOV <~ ) IIfHK(Zd+2c4—L—Ln )
x,ye[0,1] (n™" ")
(1.9)
241
—5(m-(1/2))
+
= of(e+2) (51 1.
(1.10)
as n->w
where ¢ and d are two constants depending on Q. If, (loosely)
furthermore f & HK(Bm) and satisfies.some boundary conditions, then
as n » o,
2+1
: —2m-(1/2))
o+
sup [ F(x.y)- (P, F)(x.y)| = 0((2+2)2(5E1) 2 ).(1.11)

X,}’E[O,1]

The ¢ = 0 results correspond to known results for interpolation
on tensor product grids, in particular (1.11) corresponds closely to

Mansfield [17], equation (4.2).

To get a feel for numbers, consider a typical tensor product

grid of N = nxn = 200x200 = 40,000 such as might occur in reconstruction
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of the internal structure of the human body from multiple X-ray
projections. X-ray dosage is proportional to N. (See Section 4
for further details). In the application described in Section 4

it is argued that m = 1 is appropriate, (1.9) holds and ¢ = d.

Letting c = d, 6 = czllfilK in (1.9), the error bound is
(£+1)/2 {2424 £+1), ¢ = 0,1,..., we obtain the error bound for
the tensor product grid TN o s

1
(2+———) = 514285

Consider alternatively the design Tﬁ with n =10, 2 = 2,

+ +
242_, 2+]

N = (2+1)n = 28,000. The error bound becomes

6 3
(Zda) =1, 1360 .
1,00072 110

Thus, one can maintain about the same error bound with a 30%
reduction in N. One of the Gordon designs TN 1 is better than the
tensor product design for example 2 = 1, n = 27 gives N = 39,366,

with a reduction of the error bound to .1146.

In applications where the function to be reconstructed has a
greater degree of smoothness, (i.e. m > 1) the relative improvement

can be very much greater.

In Section 2, we discuss interpolation operators of a fairly
general class, and obtain formulas for the remainder operator I - PN T
where PN . is any interpolation operator of a general class, not

necessarily minimum norm. In Section 3, we review certain properties

of tensor product r.k.h.s..and prove (1.9), (1.10) and (1.17). In Section 4,
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we suggest the possible application of the results to reducing the
X-ray dosage in computerized image reconstruction. In Section 5

we mention another potential application and some related unsolved
problems, and in Section 6, we indicate how certain design problems for

interpolation are equivalent to desian problems for indirect sensing
experiments. |

2. Interpolation Operators, Remainder Formulae

In this section we develop properties of a class of interpolation

operators. The results extend those of Gordon [8,9].

Let {¢?]?=1 be any M real valued functions on [0,1] with the
property
M/i . .
dpslm) =1, 1= E
i‘M_ 0, i+j ° Tsd = 185 M (2.1)
Ny
For f a real-valued function on [0,1]x[0,1], define the operators Px 5
N
2
d b
an Py N .
Ny 1 N i
(P, F)xsy) = § oy (X)F(gmsy) (2.2)
i=1 1
N, Y2 w, :
(Py f)(x.y) = E 45" (Flxpr) (2.3)
Jj=1 4
and
128 () N% N§ M e 20y (2.4)
P f)(x,y) = b5 (X" (NIF(=m) - 2.4
je1 g5 0 by Ny
It is obvious that
N N N N N, ,N
1 2 _ 2 1 _ 1272
PR B B = B . (2.5)
Ny,

f interpolates to f for all (x,y) on the tensor product
. . Ny N

. i 1 2
des1gn {_"‘N]; NJ—2}1=1,j:.|'

and that P
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