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ESTIMATION OF THE COEFFICIENTS IN A
MULTIDIMENSIONAL DISTRIBUTED LAG MODEL!

By GRACE WAHBA

Least squares type estimates of the coefficients b(z), T = 0, + 1, £+ 2,..., in the general
multidimensional distributed lag model
o]
Y= Y bs)X(t —s) + &) t=...-1,01,..)

are considered, where {X(f)} and {Y(t)} are observable random processes, &(f) is an un-
observable noise process. The asymptotic joint distribution of the estimates, conditional
on the observed spectral density of the input X(z), is given, as well as the unconditional first
and second moments, a readily computable confidence ellipsoid, and an approximate
expression for the expected covariance in predicting Y(f) from a new realization of X(z),
using the estimated coefficients.

1. INTRODUCTION
LET

(1.1) Y(t) = i b(s)X(t — s) + €(t) t=...-101,2,..),

where X(s) (column vector) is a P-dimensional covariance stationary random
process, b(t) isa Q x P matrix for each 7, with

Q P ®©
b(r) = {bjk(‘f)a Z Z Z [bjk(s)| < 00} s
j=1k=1s=-0w

and Y(¢) and &(t) are Q-dimensional covariance stationary random processes with
the series {&(f)} independent of the series {X(¢)}. Sample functions of X(¢) and Y(¢)
are observed for t = 1,2, ..., T, and it is desired to estimate b(t) for some of the t.
In this note we give the asymptotic joint distribution of certain least squares
estimates b(t) of b(z), under the assumption that the time series are Gaussian.
A readily computable confidence ellipsoid for the estimates is given, as well as
an approximate expression for the expected covariance in predicting Y(¢) from
a new realization of X(t), using the estimated coefficients. The results allow a test
of the hypothesis b(t) ~ b°(t). Intermediate results can be used to provide a test
of the hypothesis B(w) & B%(w), where B(w) = Y= __ b(t) " is the transfer
characteristic in the frequency domain.

Estimates of the type considered here were introduced by Hannan [3] for the
case P = Q = 1. They are formed from estimates of the auto and cross spectral
densities of the series X(¢) and Y(¢). In a recent paper Hannan [5] obtains a central
limit theorem which gives the asymptotic covariance of the estimates for general
P and Q. His method of proof is different from that presented here. He does not

! This research was supported by the National Science Foundation under grant No. GP-4265
at Stanford University.
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DISTRIBUTED LAG MODEL 399

assume normality of the X(¢) and Y(¢) series, and considers a general class of
windowed estimates for the auto and cross spectral densities where the windows
satisfy some conditions. He assumes that the entries of b(z) are O for all (z) greater
than some q. (See [5] for details.) In this note the effects of b(r) # O for large
are exhibited, and furthermore the results hold for estimates of b(t) for large
provided the length of the record is also long. Let M be the bandwidth parameter
of the windows used for estimation of spectral densities. Loosely speaking the
window is of width 27/M. Hannan requires for his results that M?2/T — 0,
T/M*** - 0, where T is the length of the record, and t is a nonnegative constant
depending on the window type and the parameters of Y(¢). We consider only
aspecial type of estimate of the spectral quantities, that is, averages of appropriately
spaced periodograms.? In return, the asymptotic formulas hold provided only
that (M log M)/T — 0, 1/M - 0.

2. THE ESTIMATES

Let the auto and cross covariance (matrix) functions be defined by
R¥X(1) = EX)X'(t + 1),
(2.1) R¥Y(t) = EX(0)Y'(t + 1),
R (r) = EY®)Y'(t + 7).
We assume that the joint spectral density matrix,
@)  F) = (FXX(“’) FXY(“’)),
FYX (CO) FYY(w)

of the X and Y processes exists and is strictly positive definite, where

Y

FXX(CO) — _1_ Z e—ithXX(T),

2n &,

23) FYw) = 1 Y e i@rR¥Y(7),
2n %

FYY(CO) =_1__ i e—ierYY(T)

2 £ ’

8

Letting
2.4) B)= Y b)er,

it is well known that
2.5 B(w) = (F*¥ ()™ 'F*(w),

2 The periodograms are averaged within a frequency band of width 2n/M.
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and that N
of 1 2 )
(2.6) bM(s) = Y b(s + VM) = — Z B( nv) T2mhsIM (=0, +1,+2,...).
Since, with a finite record, one cannot estimate an infinite sequence of param-
eters, we instead choose an M and estimate the “aliased’’ version b™(s) of b(s)
for |s| <M — 1)/2. If b(s)=0 for |s| > (M — 1)/2, then bM(s) = b(s) for

Is| < (M — 1)/2.
Let
L [ FXY(w)) _ 2w B
2.7 Flw) = (Fyx(w) ) for o= i v=12...,M),

where the elements f(w) of F(w) are estimates of the indicated spectral quantities,
to be identified below, estimated from records of length T.
Estimates b(s) for bM(s) suggested by (2.6) are
2 . M-1
28)  bs) =— Z B( ”v) em2msIM o] <

2 >

where, for convenience, we assume M odd and
(2.9 B(w) = [F*¥w)]™ 'F*(w).

- The reason for calling these estimates least squares estimates is discussed in
Section 6.

3. THE ASYMPTOTIC JOINT DISTRIBUTION OF THE ESTIMATES
We now assume

PROPOSITION A: The random matrices FQ2nv/M), v = 1,2,..., M, satisfy
FQn(M — v)/M) = F*Q2nv/M) where “*” is complex conjugate, and are otherwise
independent, and each has the complex Wishart distribution® W(F(2nv/M), P + Q, n),
[2, 6], with n degrees of freedom, where n =~ T/2M, T, M and n are large.

Proposition A was first suggested by Goodman in 1957 [1]. Define

Axx 2y 1 (v/M)+((n—1)/2) 1 T o T o
(3.121) FX (_) - z ___( Z X(r) e21ur1/T)( Z X(S)e—ZﬂlS}/T) ,

M M - oy Sin- 12 27T\, 54 s=1
T
n~m (V=1,2,...,M).
Similarly define FXY(2nv/M) and FYY(2nv/M). Let F(w) of (2.7) be given by
FXX(@) *xr(ﬂ)
~[27v M M
(1) P77 = v=1,2...,M).
prx[ZmY 2my pYY E’_t_‘i
M M

3 The complex Wishart distribution is a direct complex analogue of the real Wishart distribution.
See (3.5) and the remarks following it for the complex Wishart density.



DISTRIBUTED LAG MODEL 401

That is, the entries of the sample spectral density matrices are formed from non-
overlapping averages of n neighboring periodograms.

The assumption of Proposition A is justified as follows. Using a theorem proved
in Wahba [8] and quoted in the Appendix, it is shown in the Appendix that
if F(w),  =2mv/M, v=1,2,...,M, are estimated as in (3.1), and if b(s), |s]
< (M — 1)/2, are estimated as in (2.8), then there exists

xx(@) ny(zm’)
~[2mv M M
FT/I- = v=12...,M),
prx[ 2 2ny o[ 2 2nv
M M
a suitably constructed family of random matrices satisfying Proposition A, such
27y

that if
~ 1 ¥ ;
(3.2) b(s) = i > B(—M*) e ZHIM s <
v=1

Blw) = [F*™¥ )]~ ' F*(),

M-1
2 9

then
1Bus(s) = Bunls)] _ MlogM 17
e R g SR | 50 M > o,
o) ST T 70 e Mo
1
M_(’Tg_ﬂﬁo (w=1,2,...,P;v=12...,0),

where buv(s) b,w(s) are the p, vth entries of b(s), b(s) respectively, and a(b,“,(s)) is
the standard deviation of buv(s) This result, of course entails convergence in
dlstrlbutlon The proof assumes that F(w) is strictly positive definite, all w, with

® _ . ItlIR(@)| < 6 < oo, where R(1) stands for the &, nth entry of R*¥(z), R"¥()
or Rx Y(7).

THEOREM: Let Proposition A be satisfied and let b(s), |s| < (M — 1)/2 be given
by (2.8). Then:

(i) the conditional distribution of b(s), |s| < (M — 1)/2, given F**Q2nv/M),
v=1,2,..., M, is multivariate normal with

E[b,w(s)] = byi(s), and

(33) 11 X 27\ o (27 i
cov(b,(s), be,(IFX) =—ap ; fe o fum e @rijis=0)M
(lu"é = 152a'--,Q;v,’1 = 1,2,...,P),
where

E(T) = {Buv(t)}a
Fee() = F"() — F™0)(F¥@) "' F"(0) = {f3
(FX¥(@) ™t = {7 ().



402 GRACE WAHBA

(ii) The unconditional mean and covariance of b(s) is

Eb”v(s) = bM(s),

o c0v(b(5), bey0) = IPMZ 3 1 (2“1) “(3\7) o~ Griis- oM.
where
(F*¥(@)™! = {f¥x(®)}.
PROOF: Let

2mv ~yy[2mV ~yx 27V 2nv\\ ., [2ny
FXX FXY =.
Fe ( M ) d ( M) v M M
In what follows the argument 27v/M is suppressed. Part (i) follgws impediately
from an expression given by Khatri [6] for the joint density of F¢, B, F**, when
F is complex Wishart with n degrees of freedom.
Itis
1 |nFee|n—P—Q
FQ(n _ P) |Feein—P

—trFee~1 (nFee)

(3.5) g(nkee, B, nFxXy =

_1_ |’1FXX|Q —tr Fee™ ' (B— BjnFXX(B— B)*
TL'PQ |Fee|P

XX\n—P
1 |nF™7 —tr FXX~ ‘(nFXX)

“Ton) [FP

where I',(n) = ¥ "~ Yrm)(n — 1)...T'(n —r + 1).

It is observed from the form of (3.5) that F°¢ is distributed independently of B
and F¥X_ Furthermore, FXX, being a submatrix on the diagonal of a complex
Wishart distributed matrix, is also complex Wishart distributed, W(F**, P, n).
The third factor in (3.5) is the density function W/(F**, P, n), the distribution
of F¥X Hence, the second factor in (3.5) is the conditional distribution of B, given
FXX The conditional distribution of the entries B,,,, p = 1,2,...,Q,v = 1,2,..., P
of B, given FXX, are seen from the second factor of (3.5) to have the complex
multivariate normal distribution [see 2] with

(3.6)  E[B,|F**]1=B,,
(3.7 cov(B,,, B’g,,lF”) = —fug Y.

Part (i) then follows from (2.6), (2.8), and the independence of the spectral
estimates at distinct frequencies. Part (i) follows from the fact that E(FX¥)~!
= (n/(n — P))(F**)~ 1. (This fact is proved in [7]. Its real analogue seems to be
common knowledge.)
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4. CONFIDENCE ELLIPSOIDS

A joint confidence ellipsoid for b(s), |s| < (M — 1)/2 may be established assuming
Proposition A, and the observation in the proof of the theorem. We indicate the
details for the case P = 2, Q = 1.

Let b; and b ; be the M-dimensional vectors

M -1 M-1
S RS R Lt

- - M -1 ~ ~ M -1
O R T L)

where b (1) al}d b (7) are the jth entries in the 1 x 2 matrices bM(z) and b(z).
Let b and b be the 2M-dimensional vectors,

b= (b,:by),
b= (b,:b,).

Using (3.3), the 2M x 2M conditional covariance matrix of b, conditioned on
FXX(2nv/M), is given by X where

1 (WD“W* WD”W*)

(j=1,2),

4.1 2=—
( ) nM WDZIW* WDZZW*

where W is the M x M unitary matrix with r, sth entry (1/./M)e™2"rs/M D1 jg
the M x M diagonal matrix with r, rth entry f¢Qnr/M)f ¥(2nr/M), v,n = 1,2.
Let

_ WD, W* WD,,W*
@2 S tl=nM ,

WD, W* WD,,W*

where D, is the diagonal matrix with r, rth entry f¥¥(2nr/M)/ f¢(2nr/M). We have
the following lemma.

LEMMA :

@43  Gb-bZ'b-by~2 f t,
s=1

where t, = t,,_, and are otherwise independent F random variables with 4 and 2n
degrees of freedom.

ProOF: A direct calculation shows that
2ns

o w ! (ﬁ)

@49 b-bEb-b=Y ——+
s=1 fee @
[

Arla5e) (R lRR) -5)
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where
2ns 2ns 271s
B|—| = |B{|—], B,| —
) = (=5 =(57))
~[27s ~ [27s\ .+ [27:s
BlZ=2) = it
) = (o5 2:(57))
2ns (M—1)2 .
B.l=—) = Z b(v) e21usv/M
! M v=—(M-1)/2 !
~ [2ms MLz .
Bl=—]| = b(V) estv/M,
M v=—(§—1)/2 !
and
S @ — _____1 FXX @
M fee 2nv M|
M

Since the conditional distribution of (B(27s/M) — B(2ns/M)), conditioned on
FXX(Qnv/M), is complex normal with (complex) covariance {nS(2nv/M)}~!, the
quantity in brackets in (4.4) is distributed as 1/2 times chi-square with 2P = 4
degrees of freedom, independently of f°(2ns/M)/f **(2ns/M), which is distributed

as 1/2n times chi-square with 2n degrees of freedom.

5. PREDICTION ERROR USING ESTIMATED COEFFICIENTS

Suppose the model represents some stationary physical process; one observes
realizations X (t) and Y(¢) and estimates b(s). Later one observes, say, a new realiza-
tion X(t) of the same process and wishes to predict ¥(t) based on X(¢) and b(s). To
avoid uninteresting complications, we assume that |b(s)| = 0 for |s| > (M — 1)/2.

Let the prediction Y(t) of ¥(t) be given by
o= Y beXt-s

Is|< (M- 1)/2

where

Yoo = Y be)X(@ —s) + &)

Is|lS(M—1)/2

and X(¢) and ¥(¢) are new realizations of the {X(¢), Y(t)} processes.

We have the following corollary.

COROLLARY :

(5.1) E(Y@) — Yo)(P() — Y(o)) = (1 + n—_P—P)EE(t)ﬁ'(t),

for M large.
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PROOF:
E(Y(t) — Y)Y (1) — Yoy

=E { Y [0 — beIX( — 1) — &) }
(5.2 rl<(M—1)/2 /
x{ T 5 - IR —s) — z(t)}

Isl<(M—1)/2

= X Eb(r) — bORY¢ — 9)[b(s) - bls))
Irl.ls| < M~ 1)2
+ E&)E(t),
by the presumed independence of 5, X and &

Now, the p, £th element of the matrix sum in the last line of (5.2) is given, using
(3.4), by

(53) n_lp—lﬁgf (2“1) > B (2”1)

vp=1
._1_ Z w’(r _ S) e~ mijr—sN/M
My, 151<Br-1y72
But, for M large,
1 ..
(54) . Z RW’(’. _ s)e—(ZmJ(r—s))/M

M,y 51<ar- 12

M2 1| 2mj
— 1 — = —27ut/M ~2 XX ,
==~ 1)2 { M) Ru(e fom (M)
27j 2nj
(5.5 ( ) X“'( ) P,
vnzlf M
2n M 2mj
5.6 — el > ~ EE (t)ELt),
(56) {M,.; M(M)} 00

giving the result.

6. DISCUSSION

The efficiency of estimates of this type is discussed by Hannan [4, 5].

If we consider the observed values of the process X(¢) as fixed constants, then
the estimates here are approximately the ordinary least squares estimates. We
illustrate this remark with P = Q = 1. Fix M < T, M odd, and consider the model
6.1) Y(t) = > b(s)X(t — s) + &(2).

Is|S(M—1)/2
If we know X(t) for 1 — (M — 1)2) <t < T + (M — 1)/2) and observe Y(z) for
1 <t < T, we may rewrite (6.1) as

(6.2) =5b+e¢
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where Y = (Y(1), Y(2),... Y(T)),b = (b(—(M — 1)/2),...,b(0),...,b(M — 1)/2),
e=(e(1),...,8T)) and Eisthe T x M matrix with X(j — k + (M — 1)/2) + 1)in
the j, kth place, j=1,2,...,T, k=1,2,..., M. Hence BLS, the least squares
estimate of b, is

63)  bis=(EE)EY.

Now let bgy = (bge(—(M — 1)/2),...,bsx0), ..., bgs((M — 1)/2) be the esti-
mate of b defined by (2.8). Letting W be the M x M unitary matrix defined in (4.1),
Dyy be the M x M diagonal matrix with r, rth element f*Y(27r/M), and Dy be
the M x M diagonal matrix with r, rth element f*¥(2nr/M), it is easily checked that
bge(r — s) is the r,sth element of the matrix WDxgiDyyW* = (WDyxW*)~!
W DyyW*, and hence bgy is the (M — 1)/2) + 1)st column of this matrix.

Now let ¥ be the T x M matrix with Y(j — k + (M — 1)/2) + 1) in the j, kth
position, where Y(s) = Y(s + T)fors < 1, Y(s) = Y(s — T)fors > T and let £ be
the matrix gotten from = by replacing X(s) by X(s + T) whenever s < 1 and by
X(s — T) whenever s > T. Then, approximately b, is the (M — 1)/2) + 1)st
column of the matrix
64 (EBTET

Ther, sth element of Z' ¥ is an estimate, say R¥Y(r — s) of R*¥(r — s). (The entries of
E'® depend only on r — s.) Again approximately

6.5 E'P ~ WDy, W*
where Dyy is the diagonal matrix with fXY(2nr/M) in the r,rth position, where
F*¥(w) is defined as
M-1) _
Z RXY(‘L') e iwt

66  T@=p %

This follows by observing that the r, sth element of the right hand side of (6.5) is
given by R¥¥(1) + R¥¥(t + M) + R*¥(x — M), defining R*¥(z) = 0 for |7| > M.
Thus if R¥¥(z) is small for i large, the matrices in (6.5) agree for “most” of their
elements. Similarly (£'2)~' ¥ WDl W*, where Dy, is defined analogously to
Dyy. The terms f*¥(w) and f**(w) are estimates of f¥¥(cw)(f*¥(w) = f11(w)), and
f**(w). Hence, to the extent that the end terms above are negligibleand f XY(27zr/M)
x fXYQrr/M), f¥*¥Qnr/M) = fX*(2nr/M), we have b5 ~ bgy.

University of Wisconsin

APPENDIX

The following theorem is proved in Wahba [8].

THEOREM : Let X(t) and Y(t) be jointly stationary zero mean Gaussian time series possessing a spectral
density matrix F(w) strictly positive definite, all w, with Zj‘; _ |THR()] < 0 < o for each R(1), R(7) being
the &, 3, nth entry of R**(t) or R¥¥(t) or RY¥(x). Let the spectral density matrices FQnv/M), v = 1,2,...,
M, based on arecord of length T, be estimated by non-overlapping averages of n neighboring periodograms,

as given in (3.1), with n ~ T/M. Define, for each T, M,

_[2mv 1 22 2nv
F(-——)=— F(—+2n ) v=12..., M.
M "j=—<§:—1)/z

Then, for each T, M,n ~ T/2M, a family FQ2nv/M), v = 1,2,... M, of complex Wishart matrices,
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FQrv/M) ~ W(F(2nv/M), P + Q,n) independent except that FQQuv(M — v)/M) = F*Q2nv/M), can be
constructed on the sample space of (X(¢t), Y(t),t = 1,2,... T) such that

2 2 2 2 M logM
(A1) EVZ1 Trace (F( ;Iv) - F( "V))(F( ”V) (;Iv)) < c,"T2 Yo Oi

where ¢, and c, are constants depending on 0 and the largest and smallest eigenvalues of F(w), but not n, M
or T.

We remark that F(2nv/M)is an averaged version of F(w) of (2.2) where the averaging takes place over
the same frequencies for which the periodogram is averaged. Note that, since our conditions on R(t)
imply that the entries of F(w) have bounded derivatives, F(2nv/M) » F2rv/M)as n/T ~ 1/2M — 0.

Since the variance of the entries of F(2mv/M) are proportional to 1/n, letting n = T/M, we have, as
1/M - 0, M log M/T — 0, that the M random matrices of (3.2) converge jointly in mean square to
independent complex Wishart matrices. We remark that the nature of the estimates, (3.1), i.e., averages
of appropnately spared periodograms, enters into the proof of the above theorem in the following way :
each entry in F(27v/M) is a quadratic form in the observations, and, except for a constant multiple, the
quadratic forms for distinct v form a family of orthogonal projections. It appears that this fact is required
to obtain results this sharp. Heuristically speaking this corresponds to windowed estimates with non-
overlapping ‘“‘square” windows.

For ease of notation, and without loss of generality, let P = Q = 1; hence b(s), and b(s), and
FXXQnv/ M), F¥*(2nv/M), etc., are one dimensional, where b(s), b(s), are defined as functions of F(w) and
F(w) by (2.8) and (3.2).

Now ) )
5(s) — 5(s) Z ( ( nv) B(—H)) o™ 2T

M
~nl2my 2my
A2 b b(s) . F‘B(—) F“( )
A2 1bls) - Bls)] ;«;AHY = o

where g, is a function of the entries of FQ2ny/M) and F(2nv/M) such that Eg2< constant. Since the
variance o2(b(s)) of b(s) ~ const./nM by (3.4), we have
ﬁAB(@) - FAB(?_’EZ) iS
M M

Elb(s) — Bs)l _ f - {
E(S)) onst Z [F.] AB XY g
:r

< const. \/_[Z ¥ EFAB(znv) F“’(znv)

v=1 A4,B=X,Y M

and it is straight forward to show that

which, by (A.1)

(M log M an)*
< const. |————

T T2

< const. (——-—— + —

MlogM 1\?%
T M
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