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i
AbstractIn the attempt to estimate the temperature history of the earth using the sur-face observations, various biases can exist. An important source of bias is theincompleteness of sampling over both time and space. There have been a fewmethods proposed to deal with this problem. Although they can correct somebiases resulting from incomplete sampling, they have ignored some other signif-icant biases.In this dissertation, a smoothing spline ANOVA approach which is a mul-tivariate function estimation method is proposed to deal simultaneously withvarious biases resulting from incomplete sampling. Besides that, an advantageof this method is that we can get various components of the estimated temper-ature history with a limited amount of information stored. This method canalso be used for detecting erroneous observations in the data base. The methodis illustrated through an example of modeling winter surface air temperatureas a function of year and location. Extension to more complicated models arediscussed.The linear system associated with the smoothing spline ANOVA estimatesis too large to be solved by full matrix decomposition methods. A computa-tional procedure combining the back�tting (Gauss-Seidel) algorithm and theiterative imputation algorithm is proposed. This procedure takes advantageof the tensor product structure in the data to make the computation feasiblein an environment of limited memory. Various related issues are discussed,e.g., the computation of con�dence intervals and the techniques to speed upthe convergence of the back�tting algorithm such as collapsing and successiveover-relaxation.
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1
Chapter 1IntroductionIn this chapter the motivation for the research documented in this dissertation isdiscussed �rst. It is then followed by an outline of the contents of the subsequentchapters.1.1 MotivationAn accurate and easily accessible description of what has happened in earthclimate is always of interest. It is of greater interest especially in recent yearswhen scientists are starting to model the global climate and to use their modelsto predict future climate. From \climate models which include as their centralcomponents atmospheric and oceanic General Circulation Models (GCMs)" to\climate system models which include all aspects of the climate system: theatmosphere, the ocean, the cryosphere, the biosphere and terrestrial ecosystems,other land surface processes, and additional parts of the hydrosphere includingrivers, and all the complex interactions between these components" (Trenberth(1992)), the models get more and more complicated. A more complicated modelis supposed to be closer to the true climate. An important step in getting morecon�dence in these models is to compare their \prediction" of the past climatewith what was actually observed. This is an important reason why an accurateaccount of the past climate is desirable. Another reason for an accurate andeasily accessible description is for the purpose of getting more information,especially graphical patterns, out of the data.Temperature is certainly one of the most important variables in the climate.



2It is also the most intensively recorded variable so far. For a long time, we haveonly surface station temperature records. Therefore, we have to reconstructthe whole temperature history over the sphere using these records scattered inboth time and space. Various biases exist such as the relocation of a surfacestation, the change of instrument, etc. Another important source of bias isthe incomplete time and space coverage. All these potential biases make theseemingly easy summarization job complicated. Many people have used di�erentapproaches to avoid biases. See, e.g., Hansen and Lebede� (1987), Jones et. al.(1986), and Vinnikov et. al. (1990). Some have also studied the e�ect ofincomplete sampling on the estimates of the climate history. See Madden et.al. (1993) and Karl et. al. (1994). See also Hurrell and Trenberth (1996)for a comparison of monthly mean surface temperatures with those of globalMicrowave Sounding Unit (MSU) 2R temperatures for the period of 1979-1995.Despite the many advantages previous studies have, there are also somecommon inherited biases existing in them, due to the fact that while all of themhave considered the variation of mean temperatures, none of them has takeninto consideration the variation of temperature change at di�erent places whencorrecting the bias resulting from the spatial sampling di�erence,We propose a smoothing spline method to deal simultaneously with thesebiases resulting from incomplete data coverage. Computational demand is hugeif we want to solve the linear system associated with the smoothing splinemethod using decomposition methods for full matrices. There are many ways tosave computing time and space in di�erent contexts. Approximate computationis one way that may save computing space or time in many cases. See Luoand Wahba (1997) for such an example. Another way is to make use of thespecial structures of the speci�c data at hand. An example is the back�ttingalgorithm used in �tting additive models (Buja, Hastie and Tibshirani (1989)).One purpose of our study here is to explore the possibility of making use ofthe (space-time) tensor product structure in our data. This kind of structureexists in many climate, environmental and other studies, hence the methodsdescribed in this dissertation may be of wider interest than just in the study ofglobal surface temperature data.



31.2 OutlineIn Chapter 2, we discuss a computational procedure for �tting the smooth-ing spline ANOVA models to data sets of a tensor product structure, with anexample of modeling global winter mean surface temperature. This exampleis the primary model considered in Chapter 3. The computational procedurecombines the back�tting (Gauss-Seidel) algorithm with an iterative imputationprocedure in order to take care of the situations of incomplete tensor productstructure.We introduce smoothing spline ANOVA models �rst in Section 2.1. It is fol-lowed by the derivation of the back�tting algorithm for a perfect tensor productstructured data set and the discussion of its convergence in Section 2.2. Thenwe discuss some issues in speeding up this algorithm in Section 2.3. The is-sues we discuss include orthogonality, grouping, collapsing, and successive over-relaxation (SOR). Those techniques are often necessary to insure the back�ttingalgorithm to converge in real time. Then the justi�cation for the use of an itera-tive imputation procedure is given in Section 2.4. Finally some empirical studiesof the convergence of this computational procedure are discussed in Section 2.5.In Chapter 3, we apply the computational procedure introduced in Chapter2 to a smoothing spline ANOVA model of global winter mean surface air tem-perature. We summarize other people's approaches �rst in Section 3.1. Then inSection 3.2, we discuss the relationship between the smoothing spline estimatesand the \statistical optimal averaging" estimates in Vinnikov et. al. (1990),and the use of anomalies to correct the biases resulting from spatial samplingdi�erence as well as the limitation of the anomaly approach in correcting allsuch biases. In Section 3.3, a smoothing spline ANOVA model is �tted to theglobal winter mean temperature data. Various issues in �tting such a model,such as choosing smoothing parameters and diagnostics, are discussed. We alsodiscuss an extension to a more complicated model. A small simulation is usedin Section 3.4 to get some con�dence statements about the estimates in Section3.3.In Chapter 4, we discuss a correspondence between Monte Carlo methodsand optimization methods. This chapter is an introduction to our on-going re-search. Section 4.1 introduces a Bayesian model. The posterior mode under thismodel is exactly the smoothing spline estimate in Section 3.3. The posterior



4mean (same as the mode in this case) and variance may be used to constructcon�dence intervals for the smoothing spline estimate. The computation of theposterior variance has the similar di�culties encountered in computing the pos-terior mode. Monte Carlo methods may be used to compute them. This leadsto the discussion in Section 4.2 about a correspondence between the back�ttingalgorithm and the Gibbs sampler. Their parallel speeding-up techniques are dis-cussed too. Section 4.3 describes other analogous Monte Carlo and optimizationalgorithms.



5
Chapter 2Smoothing spline estimates andthe back�tting algorithmIn this chapter we will describe a computational procedure for �tting a smooth-ing spline ANOVA model when data have a tensor product design and are toolarge in size to use direct matrix decomposition methods.The basic idea of this algorithm is that the back�tting (block Gauss-Seidel)algorithm enables us to take advantage of a tensor product design when wesolve the linear system associated with smoothing spline estimates. To speedup the convergence of this iterative method, various techniques such as SOR,collapsing components, etc., are used. When the data do not have a perfecttensor product design, which is often the case, an iterative imputation methodis used to impute the data into the desired form.We will discuss in a general SS-ANOVA setup whenever it is convenient.More often, we will use a model useful in a climate study to illustrate ourpoints.2.1 Multivariate smoothing spline estimatesOur central problem here is to estimate a multivariate function f based on somenoisy data yi = f(ti) + �i; ti 2 T ; i = 1; :::; n (2.1.1)



6where T , the domain of the function, is of more than one dimension. Forvarious reasons such as the convenience of interpretation or building a model,we may be interested in a decomposition of f into some component functionsbesides f itself, for example, an ANOVA type decomposition. In order to makethese component functions well de�ned, we assume that F , a linear space offunctions of t which we assume contains f , can be decomposed as a direct sumof its subspaces F = F0 + F1 + � � � + Fpi.e., the decomposition of any f in F into component functions in these sub-spaces is unique. Usually F0 is of �nite dimension and we denote its dimensionby M .Example In some climate studies, we are interested in a meteorology vari-able, for example, winter mean surface air temperature, as a function of yearand geographical location (a time-space model). The year index x takes val-ues in f1; 2; � � � ; n1g corresponding to a period of time. The location P =(latitude; longitude) takes values on the unit sphere S. Hence here T = f1; 2; � � � ; n1g�S. De�ne averaging operators:(Exf)(x; P ) := n1Xx=1 f(x; P )=n1 (2.1.2)(EPf)(x; P ) := ZS f(x; P )dP=4� (2.1.3)where the integral is an integration over the sphere. ThenI = (Ex + (I � Ex))(EP + (I � EP ))= ExEP + (I � Ex)EP + Ex(I � EP ) + (I � Ex)(I � EP ) (2.1.4)de�nes a direct sum decomposition of the space of function f(x; P ) satisfyingsome integrability conditions. This decomposition singles out the year averageand the global average. It corresponds to a decomposition of f :f(x; P ) = d1 + g1(x) + g2(P ) + g12(x; P )where these component functions satisfyExg1 = Exg12 = EP g2 = EP g12 = 0



7Suppose we want to single out the linear trend along year too. We can justde�ne another averaging operator in addition to the two de�ned above:(E 0xf)(x; P ) := Pn1�1x=1 (f(x+ 1; P )� f(x; P ))n1 � 1 �(x)= (f(n1; P )� f(1; P ))�(n1)� �(1) �(x) (2.1.5)where �(x) = x� n1+12 .Similar to (2.1.4), these three averaging operators de�ne six component func-tions through: d1 := (ExEP )fd2� := (E 0xEP )fg1 := (I � Ex � E 0x)EPfg2 := Ex(I � EP )fg�;2(P )� := E 0x(I � EP )fg12 := (I � Ex � E 0x)(I � EP )fIt is equivalent to say that f is decomposed in the following way:f(x; P ) = d1 + d2�(x) + g1(x) + g2(P ) + g�;2(P )�(x) + g12(x; P ) (2.1.6)where the component functions satisfy8>><>>: Pn1x=1 g1(x) = g1(n1)� g1(1) = 0Pn1x=1 g12(x; P ) = g12(n1; P )� g12(1; P ) = 0RS g2(P )dP = RS g�;2(P )dP = RS g12(x; P )dP = 0 (2.1.7)for any x and P . See Wahba (1990, Chapter 10), Gu and Wahba (1993a,b) formore about the way of formulating such ANOVA models.Now we need to make some smoothness assumptions about the functions wewant to estimate based on our �nite noisy data. Without such assumptions torelate function values at di�erent points, it is an impossible task to estimatetrue function values from a single copy of the function's noisy version, let aloneto estimate function values at points other than data points. Suppose each F�has a subspace H� which is a reproducing kernel Hilbert space with an inner



8product < :; : >H� and the corresponding reproducing kernel R�(t0; t). That is,R� is a positive de�nite function satisfying:( R�(:; t) 2 H�; 8t 2 T< f;R�(:; t) >H�= f(t); 8f 2 H�; t 2 T (2.1.8)This is equivalent to say that all the point evaluation functionals, Lt(f) := f(t),on H� are continuous. See Aronszajn (1950) or Wahba (1990) for more aboutreproducing kernel Hilbert spaces.We assume that the function f to be estimated is inH := H0 +H1 + � � � +HpIt is easy to see that H is also a reproducing kernel Hilbert space when it isendowed with an inner product< f; g >H :=< f0; g0 >H0 + pX�=1 1�� < f�; g� >H� (2.1.9)where f = Pp�=0 f�; g = Pp�=0 g�, f�; g� 2 H�, for any given positive numbers��; � = 1; :::; p. The corresponding reproducing kernel isR(t0; t) = R0(t0; t) + pX�=1 ��R�(t0; t) (2.1.10)It is quite clear that with such an inner product in H, H� ? H� for any� 6= �. Therefore H = H0 �H1 � � � � � Hp (2.1.11)i.e. H is an orthogonal sum of fH�gp�=0.Example (continued) De�ne an inner product in the space of functionsof x, denoted by H(1), as< f; g > := ( n1Xx=1 f(x))( n1Xx=1 g(x)) + (f(n1)� f(1))(g(n1)� g(1))+ n1�2Xx=1 (f(x+ 2)� 2f(x+ 1) + f(x))(g(x+ 2)� 2g(x+ 1) + g(x))



9where three terms correspond to three subspaces. The �rst subspace consists ofall constant functions, the second one of all linear functions summed to zero (i.e.all functions of the form c� for some constant c), and the third one of all thefunctions perpendicular to the previous two. Hence we have a decomposition ofthe space of functions of x:H(1) = [1]� [�]�H(1)s (2.1.12)with obvious notations. It is apparent that H(1) and its subspaces are all repro-ducing kernel Hilbert spaces.In the space of functions of P , an inner product is de�ned as< f; g >:= 14� (ZS f(P )dP )(ZS g(P )dP ) + ZS(�f)(�g)dP (2.1.13)where � is the Laplace-Beltrami operator, the analogue on the sphere of theLaplacian in Euclidean space. Hence a decomposition of the space of functionsof P : H(2) = [1]�H(2)s (2.1.14)where H(2)s contains all the functions in H(2) such that RS f(P )dP = 0. H(2) andits subspaces are also reproducing kernel Hilbert spaces (see Wahba (1981)).Now the decomposition of H is obtained through the tensor product of(2.1.12) and (2.1.14):H = H(1) 
H(2)= ([1]� [�]�H(1)s )
 ([1]�H(2)s )= [1]
 [1] � [�]
 [1] � H(1)s 
 [1] �[1]
H(2)s � [�]
H(2)s � H(1)s 
H(2)s (2.1.15)The �rst two are combined as H0 with dimension 2 (i.e.,M = 2). The last fourare denoted by H�, for � = 1; 2; 3; 4, respectively.It can be shown that all these spaces with corresponding inner-products arereproducing kernel Hilbert spaces too. It turns out that a closed form for thereproducing kernel of H(2) is not available. Consequently, the evaluation ofsuch a kernel can be expensive. We change the inner product to a topologicallyequivalent one so that the corresponding reproducing kernel has a simple closed



10form easier for computation. See Wahba (1981, Section 3) for details. See alsoWahba (1990, Chapter 3) for the reasons why such a change is reasonable inpractice.A smoothing spline (SS) estimate is a minimizer over H ofnXi=1(yi � f(ti))2 + pX�=1 1��kf�k2H� (2.1.16)= nXi=1(yi� < �i; f >H)2 + kP1fk2H (2.1.17)where �i is the representer of the evaluation functional at ti, i.e., < �i; f >H=f(ti), for any f 2 H, and P1 is the projection operator of H into H1 :=H1 � H2 � � � � + Hp. Note that the �'s, called \smoothing parameters", con-trol the smoothness of each f�. We will discuss the issue of choosing them inSection 3.3.1. Here, and everywhere in this chapter, we assume that smoothingparameters have been chosen.Let �i = P1�i, and f�� ; � = 1; 2; � � � ;Mg span H0. By the argument inWahba (1990, p. 12) the SS estimate has a representationf� = MX�=1 d��� + nXi=1 ci�i (2.1.18)The argument is very simple. Since any f inH can be represented asPM�=1 d���+Pni=1 ci�i + � where � is orthogonal to all �� and �i. Hence< �j ; f > = MX�=1 d� < �j ; �� > + nXi=1 ci < �j; �i > + < �j ; � >= MX�=1 d� < �j ; �� > + nXi=1 ci < �j; �i > (2.1.19)because < �j; � >=< �j; P1� >=< P1�j ; � >=< �j ; � >= 0 (the �rst equalityis due to the fact that � 2 H1). Therefore the �rst part of (2.1.17) does notdepend on �, while the second part iskP1fk2H = k nXi=1 ci�i + �k2H= Xi;j cicj < �i; �j >H +k�k2H (2.1.20)



11As a result, in order to minimize (2.1.17), � must be 0, that is f� must be ofthe form (2.1.18).The representer �i can be expressed in terms of these reproducing kernels:�i(t) = < �i; R(:; t) > = < P1�i; R(:; t) >= < �i; P1R(:; t) > = < �i; pX�=1 ��R�(:; t) >= pX�=1 �� < �i; R�(:; t) > = pX�=1 ��R�(ti; t): (2.1.21)Considering (2.1.17-21) and < �j; �� >= ��(tj); (2.1.22)< �j; �i >= �i(tj) = pX�=1 ��R�(ti; tj); (2.1.23)< �i; �j >=< P1�i; �j >=< �i; P1�j >=< �i; �j >; (2.1.24)the SS estimate can be expressed asf�(t) = MX�=1 d���(t) + nXi=1 ci pX�=1 ��R�(ti; t); (2.1.25)where fd := (d1; � � � ; dM)T ; c := (c1; � � � ; cn)Tg is a minimizer ofky � Sd�Q�ck2 + cTQ�c; (2.1.26)where S = (��(ti))n�M ; (2.1.27)Q� = ( pX�=1 ��R�(ti; tj))n�n: (2.1.28)The component functions corresponding to (2.1.11) aref0(t) = MX�=1 d���(t); (2.1.29)f�(t) = �� nXi=1 ciR�(ti; t); (2.1.30)



12for � = 1; 2; � � � ; p.The stationary equations for (2.1.26) are( (STS)d = ST (y �Q�c)(Q� + I)Q�c = Q�(y � Sd): (2.1.31)Since (2.1.26), as a quadratic function in d and c, is non-negative, all itsstationary points, i.e., solutions to (2.1.31), are minimizers. Even though thesestationary points may not be the same, the functions they correspond to throughthe representation (2.1.18) are the same, thus the minimizer of (2.1.17) is unique,as long as S is of full rank. The reason is simple. Since by the second equationof (2.1.31), Q�c = (Q� + I)�1Q�(y � Sd); (2.1.32)hence by the �rst equation of (2.1.31),(STS)d = ST (y � (Q� + I)�1Q�(y � Sd)): (2.1.33)Rearrange terms on both sides,ST (I � (Q� + I)�1Q�)Sd = ST (I � (Q� + I)�1Q�)y: (2.1.34)That is, ST (Q� + I)�1Sd = ST (Q� + I)�1y: (2.1.35)Therefore, d = (ST (Q� + I)�1S)�1ST (Q� + I)�1y: (2.1.36)Hence d is uniquely decided by the stationary equations when S is of full rank.For any two di�erent c's satisfying (2.1.31), their di�erence � must satisfy Q�� =0. From 0 = �TQ�� =Xi;j �i�j < �i; �j >=<Xi �i�i;Xj �j�j >we know that Pi �i�i = 0, therefore by the representation (2.1.18), the corre-sponding f�'s are the same.



13Since it does not matter which solution fd; cg to (2.1.31) we pick to computef�, we can just pick the solution to the following equations:( 0 = ST c(Q� + I)c = (y � Sd): (2.1.37)These are equations usually used to compute SS estimates through direct matrixdecompositions. See equations (1.3.16) and (1.3.17) of Wahba (1990, pp. 12-13).Example (continued) Corresponding to the space decomposition (2.1.15),a decomposition of f is: f = f0 + f1 + f2 + f3 + f4 (2.1.38)where f0(x; P ) = d1 + d2�(x); f1(x; P ) = g1(x); f2(x; P ) = g2(P ); f3(x; P ) =g�;2(P )�(x); f4(x; P ) = g12(x; P ).A smoothing spline estimate is de�ned as the minimizer ofnXi=1(yi � f(xi; Pi))2 + 1�1J1(g1) + 1�2J2(g2) +1�3J3(g�;2) + 1�4J4(g12); (2.1.39)where J1(g1) = Pn1�2x=1 (g1(x+ 2)� 2g1(x+ 1) + g1(x))2, J2 and J3 are the sameand topologically equivalent to RS(�f)2dP , and J4 is derived from J1 and J2 asthe norm of the tensor-product space. (J1 and J2 are norms in H(1)s and H(2)srespectively, J4 is the corresponding tensor-product norm in H4 = H(1)s 
H(2)s .)The reproducing kernel for H(1)s is de�ned as follows. Let L be0BBBBBBB@ 1 �2 1 � � � 00 1 �2 � � � 00 0 1 � � � 0� � �0 0 0 � � � 1 1CCCCCCCA (2.1.40)Thus J1(f) = fTLTLf . Then Rt(j; j0), the reproducing kernel for H(1)s , is thejj0-th entry of (LTL)y where y denotes the Moore-Penrose generalized inverse.The reproducing kernel for H(2)s is de�ned asRs(P;P 0) = 12� [12q2(z)� 16]; (2.1.41)



14where z = cos((P;P 0)), (P;P 0) is the angle between P and P 0, andq2(z) = 12fln0@1 +s 21� z1A [12�1 � z2 �2 � 4�1� z2 �]�12�1 � z2 �3=2 + 6�1 � z2 �+ 1g (2.1.42)(From Wahba (1981), (3.3) and (3.4)).The reproducing kernels for H�, � = 1; 2; 3; 4, are therefore de�ned as inTable 1. Solving (2.1.37) with these kernels, we get a SS estimate through� space RK1 H(1)s 
 [1] R1(x; P ;x0; P 0) = Rt(x; x0)2 [1]
H(2)s R2(x; p;x0; P 0) = Rs(P;P 0)3 [�]
H(2)s R3(x; P ;x0; P 0) = �(x)�(x0)Rs(P:P 0)4 H(1)s 
H(2)s R4(x; P ;x0; P 0) = Rt(x; x0)Rs(P;P 0)Table 1: The reproducing kernels of the four subspaces containing the four non-parametric components in Model (2.1.38).(2.1.25).When the sample size, n, is not too large, the equations (2.1.37) can besolved through direct matrix decompositions. RKPACK developed by ChongGu (1989) implements an approach in this direction. For a Dec Alpha 3000/400machine with 188M memory, the largest data size we can handle using RKPACKis about 2000. When the sample size gets larger, for example, in the climatestudy of Chapter 3 the data size is easily larger than 10000, unless we make useof some special structures in our speci�c data set, it is di�cult to imagine thatthose equations can be solved using full-matrix methods on the computers ofthe present or near future. One special structure which has been widely studiedis the sparsity of matrices. Sparse matrices often result from the problems ofnumerical solution to partial di�erential equations. The special structure wewill use here is tensor product structures.



152.2 The back�tting algorithmThe representation (2.1.25) can certainly be written asf�(t) = MX�=1 d���(t) + pX�=1 �� nXi=1 ci;�R�(ti; t) (2.2.1)too, where ci;� di�ers for di�erent �. Since the minimizer of (2.1.17) is unique(assuming as usual that S is of full rank), we can minimize (2.1.17) within theclass of functions of form (2.2.1) and get the same SS estimates as before. Thisleads to a problem of minimizing:ky � Sd � pX�=1 ��Q�c�k2 + pX�=1 ��cT�Q�c� (2.2.2)over d and c�, for � = 1; 2; � � � ; p, where Q� := (R�(ti; tj))n�n.The corresponding stationary equations are:( (STS)d = ST (y �Pp�=1 ��Q�c�)(��Q� + I)Q�c� = Q�(y � Sd�P�6=� ��Q�c�); for � = 1; 2; :::; p (2.2.3)With an argument similar to the one used in the last section, any solution tothe above equations will result in the uniquely de�ned smoothing spline estimatef� and its components. Without confusion within their context, we denote thecomponent functions of SS estimate f� evaluated at data points as f0; f1; � � � ; fpalso. That is, f0 = Sd;f� = ��Q�c�;for � = 1; 2; � � � ; p.They must satisfy( f0 = S0(y �Pp�=1 f�)f� = S�(y �P�6=� f�); for � = 1; 2; :::; p; (2.2.4)where S0 := S(STS)�1ST and S� := (Q�+ 1�� I)�1Q� for � = 1; 2; � � � ; p. These Smatrices are called \smoother matrices" (S0, a projection matrix, is an extremecase of smoother matrices.)



16This suggests an iterative method to solve the above equations, i.e.8<: f (k)0 = S0(y �Pp�=1 f (k�1)� )f (k)� = S�(y �P�<� f (k)� �P�>� f (k�1)� ); for � = 1; 2; :::; p: (2.2.5)This is exactly the back�tting algorithm studied in Buja, Hastie and Tibshirani(1989).It can be seen that this iterative method is equivalent to an alternatingminimization scheme to the problemminf02L(S);f�2L(Q�) ky � pX�=0 f�k2 + pX�=1 1��fT�Qy�f� (2.2.6)where Qy� is the Moore-Penrose generalized inverse of Q� and L(A) denotes thespace spanned by the columns of A.Because of this equivalence, we know immediately that this iterative methodconverges to the solution of (2.2.4) using results in the optimization literature.(See, for example, Lunerberg (1984), Section 7.9 on pp. 227-228). See Ansleyand Kohn (1994) for an interesting discussion of convergence issue.Rewrite the equations (2.2.4) as0BBBB@ I S0 � � � S0S1 I � � � S1� � �Sp Sp � � � I 1CCCCA0BBBBB@ f0f1...fp 1CCCCCA = 0BBBBB@ S0yS1y...Spy 1CCCCCA : (2.2.7)It is clear that the back�tting algorithm we have just described, (2.2.5), is a(block) Gauss-Seidel algorithm.Having known f0 (= Sd), we know d immediately. By (2.1.37), (Q� + I)c =y � Sd, hence c = y � Sd�Q�c = y � pX�=0 f�: (2.2.8)Therefore c is available after we get the f�'s.One advantage of the back�tting algorithm is that it enables us to take ad-vantage of some special structures of Q� in some speci�c applications. In Bujaet. al. (1989), additive models are �tted by back�tting where each marginal



17smoother is a one-dimensional smoother which has a sparse matrix represen-tation due to O'Sullivan. Here marginal smoothers are full matrices, but theyhave a tensor product structure if the data have a tensor-product design. Thisstructure is what we want to make use of.Example (continued) Suppose we have data at every point (xi; Pj) fori = 1; 2; :::; n1 and j = 1; 2; :::; n2. That is, the data have a tensor productdesign. Hence the sample size n = n1n2. Then the S and Q�'s have thefollowing forms: S = 1 
 ~SQ1 = 11T 
QtQ2 = Qs 
 11TQ3 = Qs 
 ��TQ4 = Qs 
Qtwhere 1 is a vector of ones of appropriate length, � = (�(1); :::; �(n1))T , ~S =(1 �)n1�2, Qs is an n2 � n2 matrix with (i; j)-th element Rs(Pi; Pj), and Qt isan n1 � n1 matrix with (i; j)-th element Rt(i; j).Given such tensor product structures, in order to get the eigen-decompositionof matrices fQ�g, we only need to decompose Qs and Qt which are much smallerin size compared with fQ�g. Note that we cannot take advantage of this struc-ture in (2.1.37), because Q� = P4�=1 ��Q� does not have a tensor-product struc-ture even though every single Q� does. This is exactly the reason why we wantto use the back�tting algorithm. Now with the eigen-decompositions of fQ�g,hence fS�g, updating (2.2.5) involves just a few matrix multiplications.2.3 Issues in speeding up back�ttingIn many cases, a straight-forward implementation of the back�tting algorithmconverges very slowly. There are many discussions about speeding up the Gauss-Seidel algorithm in the numerical analysis literature, especially about an algo-rithm called successive over-relaxation (GS is its special case). See, for example,Young (1971). Here we would like to discuss some of these issues in the contextof �tting a smoothing spline model.



182.3.1 OrthogonalityRoughly speaking, the main reason for the slowness of the back�tting (Gauss-Seidel) algorithm is the correlation between components. For the purpose of il-lustration, consider a trivial problem of minimizing f(c) := cT  1 �� 1 ! c where� is between �1 and 1. The spectral radius of the updating matrix of the alter-nating minimization (i.e., GS) algorithm applied here is easy to be veri�ed to be�2. Hence the larger \correlation coe�cient" � is, the slower the GS algorithmconverges. If � is zero, then the GS algorithm converges in one step. Therefore,if possible we may want to formulate the original problem in such a way thatas many o�-diagonal elements as possible are zero and thus the problem can bereduced into some smaller problems. Besides the possible gain in the computa-tional speed, the bene�t of such an approach is that the smaller problems arealso easier to be analyzed in general. It is because of this, i.e., the reductionof the original problem into smaller ones, we are able to analyze SOR in ourapplication analytically in Section 2.3.3.Example (continued) Recall that Qt = (LTL)y where L is given by(2.1.40), hence Qt1 = Qt� = �T1 = 0. Therefore, all Q�Q� for � 6= � andQ�S are zero except Q1Q4, Q2S, and Q3S. Hence the minimization problem(2.2.6) can be separated into two smaller ones.For f0 2 L(S); f� 2 L(Q�), we know that fT� f� = 0 for any � 2 f0; 2; 3gand � 2 f1; 4g. Henceky � 4X�=0 f�k2 + 4X�=1 1��fT�Qy�f�= ky � f0 � f2 � f3k2 + 1�2fT2 Qy2f2 + 1�3fT3 Qy3f3 +ky � f1 � f4k2 + 1�1fT1 Qy1f1 + 1�4fT4 Qy4f4�kyk2: (2.3.1)Therefore, (2.2.6) is equivalent to solving the following two problems sepa-rately: minf02L(S);f22L(Q2);f32L(Q3) ky � f0 � f2 � f3k2 + 1�2fT2 Qy2f2 + 1�3fT3 Qy3f3 (2.3.2)



19and minf12L(Q1);f42L(Q4) ky � f1 � f4k2 + 1�1fT1 Qy1f1 + 1�4fT4 Qy4f4: (2.3.3)They correspond to solving the following two systems:0BB@ I S0 S0S2 I 0S3 0 I 1CCA0BB@ f0f2f3 1CCA = 0BB@ S0yS2yS3y 1CCA (2.3.4)and  I S1S4 I ! f1f4 ! =  S1yS4y ! ; (2.3.5)respectively.The key reason for such a reduction is that the x variable has an equally-spaced design. But even with the same design, if we choose to treat x afternormalization as a continuous variable in [0; 1] and to use the same reproducingkernel as that used in Gu and Wahba (1993b), then Qt1 and Qt� will not bezero anymore even though they may be very small.If the design of every variable is equally-spaced, then choosing appropriatereproducing kernels can make all Q�Q� for � 6= � and Q�S zero, hence f� =S�y. That is to say, we only need to apply marginal smoothers to the data onceto get all component functions.2.3.2 Grouping and CollapsingConsider the problem (2.2.6). Instead of minimizing it with respect to onecomponent by one component which leads to the back�tting algorithm (2.2.5),we can minimize it with respect to more than one component at a time. Ofcourse, each updating step is more complicated due to the higher dimension ofthe problem. In many cases, however,this will reduce the number of iterationsneeded in the back�tting algorithm. (See Varga (1962), p. 80, for a counter-example.) A compromise between the cost of updating and the number ofiterations needed has to be considered.Another possible way, in a similar spirit to save computing time, is throughwhat we call a \collapsing" technique. We will now illustrate this method, againusing the same example used before.



20Example (continued) It may be the case that the back�tting applied to(2.3.5) is so slow that we would like to avoid any iteration completely.Rewrite equations in (2.3.5) asf1 = ( 1�1I +Q1)�1Q1(y � f4)f4 = ( 1�4I +Q4)�1Q4(y � f1):Hence ( 1�1 I +Q1)f1 = Q1(y � f4)( 1�4I +Q4)f4 = Q4(y � f1):Rearrange terms on both sides:f1 = �1Q1(y � f1 � f4)f4 = �4Q4(y � f1 � f4):Add these two equations together:f1 + f4 = (�1Q1 + �4Q4)(y � f1 � f4):Denote �1Q1 + �4Q4 by Q1+4, we have:f1 + f4 = (Q1+4 + I)�1Q1+4y: (2.3.6)Therefore, we do not need any iteration to compute f1 + f4 if we can easilyinvert (Q1+4+ I). f1+ f4 can then be used in (2.2.8) to get c and hence f1 andf4 afterwards.We certainly do not want to decompose Q1+4 directly. In this case, fortu-nately, Q1+4 has a tensor product structure too:Q1+4 = �1(11T 
Qt) + �4(Qs 
Qt) = (�111T + �4Qs) 
Qt =: ~Q1+4 
Qt:We can eigen-decompose ~Q1+4 which is of the same size as Qs, then we get theeigen-decomposition ofQ1+4 through the tensor product of the eigen-decompositionsof ~Q1+4 and Qt.



21Another application of collapsing is in solving (2.3.4). By the similar argu-ment as that for (2.3.5),f2 + f3 = (Q2+3 + I)�1Q2+3(y � f0); (2.3.7)where Q2+3 := �2(Qs 
 11T ) + �3(Qs 
 ��T ) = Qs 
 (�211T + �3��T ).Since f0 = S0(y � f2 � f3)= S0(y � (Q2+3 + I)�1Q2+3(y � f0));we get (I � S0(I +Q2+3)�1Q2+3)f0 = S0(I � (Q2+3 + I)�1Q2+3)y:Since f0 = S0f0, it is equivalent toS0(I +Q2+3)�1f0 = S0(I +Q2+3)�1y:Hence S(STS)�1ST (I +Q2+3)�1Sd = S(STS)�1ST (I +Q2+3)�1y:Therefore, d = (ST (I +Q2+3)�1S)�1ST (I +Q2+3)�1y; (2.3.8)which can be computed directly using the eigen-decomposition of Q2+3 = Qs 
(�211T + �3��T ). Then f2 and f3 can be computed using f2 = S2(y � f0); f3 =S3(y � f0). Again no iteration is needed.If the iteration of back�tting applied to (2.3.4) or (2.3.5) converges tooslowly, then the extra cost of matrix decompositions (actually for (2.3.4), noextra decomposition is needed besides those of Qs and Qt) and matrix productsmay be worth taking in order to save overall computing time.Note that if we apply the same argument to all four f�'s, we would end upwith (2.1.37), where Q� does not have a tensor product structure such as Q2+3in (2.3.7) has, thus it is much more di�cult to invert (I + Q�) than to invert(I +Q2+3). Therefore the problem here is to decide how much further we wantto break down the original problem. If too much, we may end up with too manyback�tting iterations. If not enough, the updating equations may be impossibleor too expensive to solve.



222.3.3 SORA very important technique to speed up the Gauss-Seidel (back�tting) algo-rithm is through successive over relaxation (abbreviated SOR). See, for example,Golub and Van Loan (1989), or Young (1971).Suppose we want to solve0BBBB@ I S0 � � � S0S1 I � � � S1� � �Sp Sp � � � I 1CCCCA0BBBB@ f0f1� � �fp 1CCCCA = 0BBBB@ S0yS1y� � �Spy 1CCCCA : (2.3.9)The Gauss-Seidel updating scheme isf (k+1)� = S�(y � X�<� f (k+1)� � X�>� f (k)� ): (2.3.10)The SOR scheme isf (k+1)� = !fS�(y � X�<� f (k+1)� � X�>� f (k)� )g+ (1� !)f (k)� ; (2.3.11)where ! is a real number known as the relaxation factor. With ! = 1, weare back to the Gauss-Seidel algorithm. When ! < 1 or ! > 1, we haveunderrelaxation or overrelaxation.The trick is to �nd a good !. In general, only for some special kinds ofmatrix a prescribed optimal ! is available. Fortunately our case falls into thiskind of situation.Example (continued) Consider system (2.3.4), and denote:A := 0BB@ I S0 S0S2 I 0S3 0 I 1CCA :Obviously A is consistently ordered (see Young 1971, pp. 144-145). If wecan show that all the eigenvalues of B := I � (diag A)�1A are real and haveabsolute values less than 1, then according to Theorem 2.2 on page 172 of Young(1971), SOR will converge for any ! in (0; 2).



23Since jB � �Ij = ��������0BB@ ��I �S0 �S0�S2 ��I 0�S3 0 ��I 1CCA��������= (�1)3n�2n ������I � (S0 S0)(�I)�1  S2S3 !�����= (�1)3n�nj�2I � S0(S2 + S3)j(this is true for all nonzero �, hence for all �, because both sides are continuous.)Therefore all the eigenvalues of B aref0; �p�i; i = 1; :::; ng;where f�1; :::; �ng are eigenvalues of S0(S2 + S3) and 0 has a multiplicity n.They are certainly real, since all S0; S2; S3 are non-negative de�nite. Weonly need to show that their absolute values are less than 1. We know S0 haseigenvalues either 0 or 1 since it is a projection matrix. So we just need to showS2 + S3 has all its eigenvalues less than 1 in absolute value.Let Qs = �s�s�Ts , Qt = �t�t�Tt , �s = diag(�sj)n2j=1;�t = diag(�ti)n1i=1. SinceQt1 = Qt� = 0, and �T1 = 0, we can choose �t so that its �rst two columns are1=pn1 and �=k�k, where k�k = qPn1x=1 �2(x). SoS2 = (Q2 + 1�2 I)�1Q2 = (�s 
 �t)((�s 
�2 + 1�2 I)�1(�s 
�2))(�s 
 �t)T ;S3 = (Q3 + 1�3 I)�1Q3 = (�s 
 �t)((�s 
�3 + 1�3 I)�1(�s 
�3))(�s 
 �t)T ;where �2 is a n1 � n1 matrix with all its elements being zero except the �rstdiagonal one being n1, �3 is a n1�n1 matrix with all its elements being zero ex-cept the second diagonal one being k�k2. Hence, we can see that the eigenvaluesof (S2 + S3) aref0; �sjn1�sjn1 + 1=�2 ; �sjk�k2�sjk�k2 + 1=�3 ; j = 1; 2; :::; n2g;where 0 has a multiplicity (n1 � 2)� n2. Therefore, all (S2 + S3)'s eigenvaluesare in [0; 1).According to Theorem 2.2 of Young (1971, p.172), SOR converges for anychoice of ! between 0 and 2. Furthermore, according to Theorem 2.3 on the



24same page, the best choice of ! is!b = 21 +q1� �2where � is the spectral radius of B. It can be shown (Young 1971, Theorem2.2, p. 142) that �2 is the spectral radius of the Gauss-Seidel iteration matrixwhich can be estimated by the power method after some GS iteration steps aredone. See Young (1971, p. 206) for an explanation.It is even easier to show that SOR for the system (2.3.5) converges too, alsoits optimal over-relaxation parameter can be computed given the estimate ofthe spectral radius of the corresponding GS iteration matrix.Note that the cited results of Young (1971) are only for the (point) Gauss-Seidel or SOR algorithms. In our case, however, point and block versions arethe same because of the special structure of our linear system. The diagonalblocks are all identity matrices. Hence updating elements in one block one byone is the same as updating them simultaneously.2.4 Iterative ImputationSo far we have assumed that our data are complete in the sense that everytensor product grid point has one observation. But frequently in observationalstudies, we have data missing here and there. For example, in the climate studyto be described in Chapter 3, many stations have interrupted records due tovarious reasons. In such cases we can still make use of previously discussedcomputational procedures through the aid of an imputation technique.For simplicity reason, suppose that we have reordered the data in such away that the complete data y can be written as two partsy =  y(1)y(2) ! ; (2.4.1)where y(2) = (yi1; � � � ; yiK)T is the missing part, and y(1) is the observed part.The iterative imputation procedure is to impute the missing part with anyinitial values (of course, if we start with good ones, we will be able to convergeto the results faster), then �t a smoothing spline model to the complete \data",



25then to calculate its predicted values at the missing part, e.g., g(2). After that,we impute y(2) with these newly predicted g(2) and go back to �t the same SSmodel again. We keep going through this cycle until the �tted values do notchange anymore.In the step of �tting a SS model, we can use back�tting and all other tech-niques discussed before.It can be shown that this iterative imputation procedure is equivalent to theEM algorithm. See Dempster, Laird and Rubin (1977) and Wu (1983) for moreabout the EM algorithm and its properties. See also Green (1990) for its use inpenalized likelihood estimation.The following lemmas are taken from Wahba and Luo (1996). It is shownin these lemmas that this iterative imputation procedure does converge to theSS estimate we want.Lemma 1 (The Leaving-Out-K Lemma)Let H be an RKHS with subspace H0 of dimension M as before, and for f 2 Hlet kP1fk2 =Pp�=1 1�� kP �fk2. Let f [K] be the solution to the variational problem:Find f 2 H to minimize nXi=1;i=2SK(yi � f(t(i)))2 + kP1fk2; (2.4.2)where SK = fi1; � � � ; iKg is a subset of 1; � � � ; n with the property that (2.1.17)has a unique minimizer, and let y�i ; i 2 SK be \imputed" values for the \missing"data imputed as y�i = f [K](t(i)); i 2 SK. Then the solution to the problem: Findf 2 H to minimizenXi=1;i=2SK(yi � f(t(i)))2 + Xi2SK(y�i � f(t(i)))2 + kP1fk2 (2.4.3)is f [K].Yates (1933) uses a similar idea to �t an ordinary ANOVAmodel to the datawith a few missing values, without solving a general linear model equation.Let A(�) be de�ned by ~f := (f [K](t(i)))ni=1 = A(�)y, and A(�) be parti-tioned, corresponding to (2.4.1), asA(�) =  A11 A12A21 A22 ! : (2.4.4)



26Lemma 2 (The Imputation Lemma)Let g(2)(0) be aK-vector of initial values for an imputation of (f [K](t(i1)); � � � ; f [K](t(iK)))T ,and suppose (I � A22) � 0 (i.e. positive de�nite). Let successive imputationsg(2)(l) for l = 1; 2; � � � ; be obtained via0@ g(1)(l)g(2)(l) 1A = A(�)0@ y(1)g(2)(l�1) 1A : (2.4.5)Then liml!10@ g(1)(l)g(2)(l) 1A = 0BB@ f [K](t(1))...f [K](t(n)) 1CCA : (2.4.6)There is a simple su�cient and necessary condition for (I � A22) to bepositive de�nite.Lemma 3 (The Pre-Imputation Lemma)Let �1 be an n�M matrix of orthonormal columns which span the column spaceof S, partitioned after the �rst n�K rows to match y in (2.4.1) as �11�21 ! : (2.4.7)Then (I �A22) � 0 if and only if 1 is not an eigenvalue of �21�T21.An interpretation of this condition is based on the observationS(STS)�1ST = �1�T1 =  �11�T11 �11�T21�21�T11 �21�T21 ! : (2.4.8)We see that �21�T21 is in the same position as the diagonal elements of a \hat"matrix are in an ordinary linear regression. Hence it can be interpreted as ameasure of inuence of those missing data points on the SS �t. Since the largestpossible eigenvalue of �21�T21 is 1, the condition in the lemma is a condition toexclude the most extreme inuential case.



272.5 Convergence criteria and the veri�cation ofcomputationIn order to verify the above method of combining the back�tting and the EMalgorithm to compute SS estimates, we compare the results using this methodwith the results using RKPACK of Gu (1989) which solves (2.1.37) using directmatrix decomposition methods.Consider the model in the example of previous sections. From the data setused in Chapter 3, we choose a subset of 100 stations, distributed as uniformlyas possible, and their 30 years' records. There are 2046 observations available.About one third of the total observations is missing. 2000 is about the largestdata size for the model in our example which RKPACK can handle on ourcurrent computer with 192M memory.Smoothing parameters (��'s) are chosen in a way that they are comparableto the results for 1000 stations shown in the next chapter, i.e. �1 = 100:5; �2 =103; �3 = 1; �4 = 101:5.For the back�tting iteration, we choose the relative di�erences of f�'s:max�=0;1;���;4 kf (k+1)� � f (k)� k2kf (k)� k2 (2.5.1)as the convergence index. The convergence criterion is that the maximum rel-ative di�erence is smaller than a pre-speci�ed number �1.For the EM iteration, (2.1.26) is chosen as the convergence index. Note thatby (2.2.8), (2.1.26) equalsky � f0 � pX�=1 ��Q�ck2 + cT pX�=1 ��Q�c= ky � pX�=0 f�k2 + (y � pX�=0 f�)T pX�=1 f�; (2.5.2)hence it can be computed easily after the f�'s are computed. The convergencecriterion for the EM iteration is that (2.5.2) is smaller than a pre-speci�ednumber �2.We compare three di�erent levels of convergence. The �rst set of resultsare for �1 = 5: � 10�4 and �2 = 1: � 10�4. The second set of results are for�1 = 5:� 10�5 and �2 = 1:� 10�5. The third set of results are for �1 = 5:� 10�6



28and �2 = 1: � 10�6. From the �gure of estimated f0 + f1 by RKPACK andthree back�tting �ts (Figure 1), we see that even a relatively loose convergencecriterion still gives a solution close to that given by RKPACK. From Figure 2of the plots of back�tting results with �1 = 5:� 10�6 and �2 = 1:� 10�6 againstRKPACK's results, we see that there are still some discrepancy between thesetwo sets of computational results, especially in estimating f4. We can certainlymake our convergence criteria stricter so as to make the results even closerto those of RKPACK, but in practice, this may not be necessary for largesize problems. The extra computing time may not be worthwhile since afterall even the exactly computed results may not be the best estimates. If westart with some smooth values (for example, imputing missing values by thestation means), we know our results are a little bit smoother than the exact SSestimates.
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Figure 1: Compare results computed by back�tting with di�erent convergencecriteria with those by RKPACK. 100 stations. Solid lines are the RKPACKresults, broken lines are the back�tting results. Longer broken lines correspondto a cruder criterion.While the theory described in the previous sections requires that in every



29back�tting step the iteration has to converge before the next imputation stepstarts, in practice there is a exibility in varying how close the back�ttingiteration is to its convergence. Our experience suggests that we can just choosean adequately strict criterion comparable to the criterion for the EM iterationwhich controls the closeness of our results to those of RKPACK eventually.An extreme choice is to do only one iteration in back�tting, hence form a bigiteration including back�tting and EM updatings simultaneously. This remindsus of what many Bayesians usually do with missing values: to treat them asunknown parameters and update them together with \real" parameters. Theproblem is that it may be very slow to converge, and the theory described beforedoes not apply anymore. Therefore, even though we may still use SOR or otherspeeding-up techniques, we do not know in theory when it does and when itdoes not converge.Finally, as a precaution, the component function values computed from rep-resentation (2.1.29-30) using d and c in (2.2.8) should be checked against thoseobtained directly from back�tting. Any discrepancy may indicate that the con-vergence criterion is not strict enough. In general, results directly from back�t-ting are more reliable than those computed using d and c whose computationsare more ill-conditioned than those of function values. It is important to checkthis point, especially when some smoothing parameters are extremely smallcompared with the others.
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Figure 2: Compare four component functions computed by back�tting (SOR'scriterion is 5.d-6 while EM's criterion is 1.d-6) with those by RKPACK. 100stations.



31
Chapter 3An application of smoothingspline ANOVA to globalhistorical temperature dataIn this chapter, a smoothing spline ANOVA model for global surface air tem-perature history is described and �tted using the computational proceduresdescribed in Chapter 2. Some important issues in practice such as choosingsmoothing parameters and diagnostics are discussed too.3.1 IntroductionIn recent years a lot of attention has been paid to the climate change of the earthdue to its tremendous impact on human life and the possibility of anthropogenicinuences on the climate. There have been many studies on di�erent aspects ofthis issue. An initial and yet important step towards a thorough understandingof this issue is to have an accurate picture of what has happened so far in theclimate. Here we consider only one aspect of the climate, i.e. surface air tem-perature. However the method used here can also be applied to precipitation orother climate variables. Our goal is to give an accurate description of the globaltemperature history. We would like to know the history of global mean temper-ature, as well as local temperature history and its variation across the globe.Essentially, we want to calculate a whole bunch of summary statistics, e.g., dif-ferent kinds of averages of the past temperature records. This seemingly easy



32job is complicated by the non-uniform distribution of the weather stations tak-ing these records and by the incomplete time coverage of the records available.Stations are concentrated more in Europe and North America. Some stationshave a long history of records, others have very short ones, and some have inter-rupted records due to various reasons. The newly available satellite data mayhelp to solve the problem resulting from the nonuniform spatial coverage, butits history is too short. For many historical studies of climate, surface stationdata are still the main source of information. Also, see Hurrell and Trenberth(1996) for a comparison of estimates based on satellite and surface data.To calculate a global mean, the simple average of available station recordsis obviously biased towards the area concentrated with more stations. More so-phisticated methods are needed. Vinnikov et. al. (1980) subjectively contouredthe station data to get grid point estimates, then averaged them with cosineweighting to account for the change of grid density along latitude. Jones et.al. (1982) did a similar computation except with an objective method (near-est neighbor (with 6 neighbors) inverse distance weighting) to get grid pointestimates. Later in Jones et.al. (1986), they divided the globe into 36 by 36boxes and within each box the inverse distance weighted average was used toestimate the grid point value corresponding to that box. Hansen and Lebede�(1987) divided the globe into a number of equal-area small boxes and computeda mean value within each box. Then a hierarchical average of box mean val-ues (from small boxes to bigger boxes, then to latitude bands, to hemispheres,with di�erent weighting schemes at di�erent levels) is used as an estimate ofthe global mean. Vinnikov et.al. (1990) used an \optimal statistical averaging"method to compute di�erent area mean values directly without computing gridpoint values.To compare global means across time (the crudest way to look at globaltemperature change), there is another bias due to the incompleteness of timesampling, i.e. the stations having records are di�erent from one year to another.The temperature change in time is confounded with the change in the locationof stations. If in one year the relative number of stations in a cold area is biggerthan in the next year, then we do not know whether the change in the averagetemperature is due to a real global change, or just due to the sampling di�erencebetween these two di�erent sets of stations. The way most studies choose tocorrect this bias is through the use of anomalies which is de�ned as the di�erence



33of raw records and the average over a pre-speci�ed reference period. We will seein Section 3.2.2, while this approach is satisfactory in general, there are somesigni�cant biases it cannot correct. We will also show that our smoothing splineANOVA approach can correct such biases without even using anomalies.In Section 3.2, we will show our SS approach to the problem of spatialaveraging of one-time data. In Section 3.3, we will describe our approach todata with both time and space dimensions.The data set we choose to apply our approach is Jones et. al. (1991)'s data.We obtained this data set from http://cdiac.ESD.ORNL.GOV/ftp/. It is acombination of four �les: ndp020r1/jonesnh.dat, ndp020r1/jonessh.dat,ndp032/ndp032.tm1 and ndp032/ndp032.tm2. This data set is assembled fromdi�erent sources of monthly temperature records at about 2000 stations dis-tributed across the world over the period from 1851 through 1991. There areonly a few stations with records dating back that far. Most of stations startedrecording in this century. The stations are concentrated heavily in Europe andNorth America. Jones et. al. (1991) have done some cleaning and homogenizingto the original data.A subset of this data set is chosen to illustrate our method. Only winteraverage temperature, de�ned as the average of December, January and Februarytemperatures, is considered. The most recent 30-year period (1961-1990) ischosen. Instead of using all the stations in this data set, we selected 1000stations due to the limit of our computing capacity. These 1000 stations arechosen deliberately so that they cover the sphere as uniformly as possible. Hencemost stations left out are those in Europe and North America while almost allthe stations in other regions are included. Note that this selection of stationsonly mitigates the problem of non-uniformness of station distribution, it doesnot eliminate the problem. The distribution of these 1000 stations is plotted inFigure 3.To have a graphical idea of the incomplete time coverage, a plot of (year,latitude) for the records in our data set is given in Figure 4. The year variableis blurred by a small uniform random variable in order to get a better idea ofthe density of data.
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Figure 3: The distribution of the 1000 stations used in our analysis.3.2 Smoothing spline estimates for a single year3.2.1 SS estimates and BLUP estimatesConsider a variable de�ned over the sphere, for example, winter mean temper-ature. Suppose we have noisy data at some locations,yi = f(Pi) + �i, i = 1; 2; :::; n (3.2.1)where Pi 2 S, the sphere. �i represents a \noise" term which contains notonly the measurement error in record taking but also the representation errorwhich is in connection with the density of data points. Hence f represents asmoothed version of the actual temperature �eld. Its smoothness depends onthe resolution of data points. In other words, the denser those data points are,the smaller the area represented by f 's value at one point is.
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Figure 4: The missing pattern in the 1000 stations. The year variable is blurredby a small uniform random variable.A smoothing spline estimate of f , denoted by f� to emphasize its dependenceon a smoothing parameter �, is de�ned as the minimizer ofnXi=1(yi � f(Pi))2 + 1�J(f) (3.2.2)over a reproducing kernel Hilbert space with 1 + R as its reproducing kernel,where R is de�ned in (2.1.41). J is the semi-norm corresponding to R in thisspace. J is topologically equivalent to the integrated squared Laplacian on thesphere, RS(�f)2dP , as de�ned in Section 2.1. The smoothing parameter, �,controls the smoothness of f� besides R.As in chapter 2, it can be proved that the solution to the above problem hasa representation f�(P ) = d+ � nXi=1 ciR(P;Pi); (3.2.3)



36where d and c are the solutions to the following linear system:( 1T c = 0(�Q+ I)c = y � d1: (3.2.4)It can be easily derived from (3.2.4) (see (2.1.36)) that( d = 1T (�Q+ I)�1y=1T (�Q+ I)�11c = (�Q+ I)�1(y � d1): (3.2.5)It is not di�cult to verify thatZS R(P;P 0)dP = 0; for any P 0 2 S; (3.2.6)hence RS f�(P )dP= RS 1dP = d. That is, d is the global mean of f�.We can also integrate f� over a region, say K � S, to get an estimate ofthe average temperature in that region. It turns out that this is the same aswhat Vinnikov et. al. (1990) called the \statistical optimal averaging" estimate(also called \Best Linear Unbiased Prediction" (BLUP) in many statistical ref-erences), even though these two estimates result from two di�erent approaches.Vinnikov et. al. (1990) assume that f is a random �eld over the sphere witha constant mean , say C, and a covariance function R(P;P 0). They also as-sume that f�ig are independent random variables such that E(�i) = 0 andV ar(�i) = �2. f�ig are assumed to be independent of f as well. Then the meansquared error of predicting the mean of f over a region K � S, RK fdP=b whereb := RK 1dP , by a linear combination of observed data isMSE = E(ZK fdP=b � nXi=1 piyi)2= E(ZK fdP=b � nXi=1 pifi � nXi=1 pi�i)2= V ar(ZK fdP=b) + V ar( nXi=1 pifi) + V ar( nXi=1 pi�i)�2Cov(ZK fdP=b; nXi=1 pifi) + (E ZK fdP=b � nXi=1 piEfi)2= [V ar(ZK fdP=b) +Xi Xj pipjR(Pi; Pj) + nXi=1 p2i�2



37�2 nXi=1 pi
i] + [C2(1 � nXi=1 pi)2]= [variance] + [bias]; (3.2.7)where 
i = Cov(ZS fdP=b; fi) = ZS R(P;Pi)dP=b:They restrict estimators to unbiased ones, i.e. require that the \bias" termin (3.2.7) equals to zero. Hence coe�cients fpig must satisfy:nXi=1 pi = 1: (3.2.8)Under the condition (3.2.8), the minimizer of the MSE which is the same asthe \variance" term now isp = (Q+ �2I)�1
 + (Q+ �2I)�111 � 1T (Q+ �2I)�1
1T (Q+ �2I)�11 ; (3.2.9)hence the estimate of f 's mean over region K isyTp = yT (Q+ �2I)�1
 + yT (Q+ �2I)�111 � 1T (Q+ �2I)�1
1T (Q+ �2I)�11= yT (Q+ �2I)�111T (Q+ �2I)�11+(y � yT (Q+ �2I)�111T (Q+ �2I)�111)T (Q+ �2I)�1
 (3.2.10)which is exactly RK f�dP= RK 1dP with � = 1=�2.In Vinnikov et. al. (1990), they use an empirically estimated R(P;P 0). As amatter of fact, what they have used is not exactly a covariance function, since itis not positive semi-de�nite. The discontinuity in its derivative is also a unde-sirable property. Estimating covariance functions, especially non-homogeneousones, from empirical data is a very di�cult problem. See Sampson and Gut-torp (1992) for an example in this direction. For the data set we chose to use,we concluded, after a few attempts that a reasonable homogeneous covariancefunction is better than or at least as good as a very crudely estimated non-homogeneous one. We note that given any covariance function, homogeneousor not, our method is still applicable.



383.2.2 Spatial sampling di�erence and anomaliesApplying the SS estimate technique to each year's records in the period of1961-1990, we get a sequence of global averages of winter temperature. A plotof these averages is shown in Figure 5. An easily seen feature of this sequence
year

w
in

te
r 

m
ea

n 
te

m
pe

ra
tu

re

1960 1965 1970 1975 1980 1985 1990

12.5

13.0

13.5

14.0

Figure 5: Global average winter temperatures (oC) based on yearly �ts to rawdata. Grand mean temperature is 13:07(oC), the linear trend coe�cient over a30 year period is :025(oC)/year.is the outstanding high values of the last two years. If we hence conclude thatwe have seen a dramatic increase of winter temperature in the last two years of80's, then we have been misled by the bias resulting from the spatial samplingdi�erence (or, equivalently, unbalanced time coverage). The records for theAntarctic region end in 1988 (see Figure 4). Obviously this abrupt increase ofwinter temperature in the last two years is mainly because of the lack of datain the Antarctic region where it is much colder than most other regions of theworld.



39In order to correct the bias resulting from the spatial sampling di�erence,many previous studies have chosen anomalies, instead of raw temperature records,as input. An anomaly is de�ned as a di�erence between a temperature recordand the average temperature over a speci�ed reference period. Choosing theaverage over 1961-1990 as the reference period, we get a sequence of averagetemperature anomalies shown in Figure 6. It is quite clear that the outlyingfeature of the last two years in Figure 5 disappeared.
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Figure 6: Global average winter temperature anomalies (oC) based on yearly�ts to anomalies. The grand mean anomaly is :02(oC) and the linear trendcoe�cient over the 30 year period is :014(oC)/year.The reason for the e�ectiveness of using anomalies to correct the bias re-sulting from the spatial sampling di�erence can be easily explained by the datadecomposition of (2.1.1) and (2.1.6).Since an observation isy(x; P ) = d1 + d2�(x) + g1(x) + g2(P ) + g�;2(P )�(x) + g12(x; P ) + �;



40considering (2.1.7), the station mean over the same period isy(P ) := 1n1 n1Xx=1 y(x; P ) ' d1 + g2(P ): (3.2.11)The approximate equality in (3.2.11) is because that the records of someyears may be missing when calculating P y(x; P ), and Pn1x=1 �x is only approxi-mately zero. Therefore the anomaly isy(x; P )� y(P ) ' d2�(x) + g1(x) + g�;2(P )�(x) + g12(x; P ): (3.2.12)Now it is clear that the locational di�erence across years in g2(P ) does nota�ect the anomaly. However, the locational di�erences in the last two termsof (3.2.12) still do. The only case in which using anomalies will eliminate anybias resulting from spatial sampling di�erence is when we are certain that thelast two terms in (3.2.12) are not signi�cant, i.e. we know in advance that anadditive model: y(x; P ) = d1 + d2�(x) + g1(x) + g2(P ) + �; (3.2.13)is adequate. In our application here, we know that not only the average tem-peratures in di�erent locations (g2(P )) can be di�erent, the change trendsacross years at di�erent locations (g�;2(P ), linear change trend coe�cient, andg12(x; P ), the other change) can be signi�cantly di�erent too. Some locationsmay have an increase, others may have a smaller increase or even a decrease.See Hergel et. al. (1995)'s Figure 2. This makes the last two terms un-negligiblewhen considering the bias resulting from spatial sampling di�erences.Having pointed this out, we would like to make clear that it is true that thelocational di�erence in g2(P ) is the most prominent one among the three termsin (2.1.6) involving P . The locational di�erence in the average temperatures (ina range of (�40oC; 40oC)) is much larger than the locational di�erence in thechanges of temperature (a few degrees (oC)). Therefore the anomaly approachhas eliminated most bias resulting from locational di�erences. This is probablyone of the reasons for its satisfactory use so far.In our approach described in the following section, we �t raw temperaturerecords instead of anomalies directly. By choosing appropriate averaging, wecan correct the bias resulting from the locational di�erence in both g2(P ) and



41the other two terms g�;2(P ) and g12(x; P ). A global average temperature historydelineated using this approach is shown in Figure 8. We can see that the patternshown there is very similar to the one shown in Figure 6 which is obtained usinganomalies. This is obviously an evidence that our approach has a similar abilityto correct the bias resulting from spatial sampling di�erence as the anomalyapproach does. Since we consider simultaneously all three terms in (2.1.6)involving P , it is reasonable to expect that our approach will correct the biasresulting from the other two terms too.3.3 Smoothing spline model for multiple yearsNow consider a more complicated model than (3.2.1). Suppose we have somewinter mean temperature data at certain combinations of year and location,yi = f(xi; Pi) + �i, i = 1; 2; :::; n; (3.3.1)where xi 2 f1; 2; :::; n1g and Pi 2 S, the sphere. We are not only interestedin the \signal" f itself (see the interpretation after (3.2.1)) but also its certaincomponent functions representing certain marginal signals.Adopt the model discussed in the example of Chapter 2, and write f as asum of its component functions:f(x; P ) = d1 + d2�(x) + g1(x) + g2(P ) + g�;2(P )�(x) + g12(x; P ); (3.3.2)where x 2 f1; 2; :::; n1g and P = (latitude; longitude) 2 S, and � is a knownlinear function �(x) = x� (n1 + 1)=2. Condition (2.1.7) guarantees that repre-sentation (3.3.2) is unique.Note that these component functions and their combinations are often ofclear climatology interest. For example, d1 is the grand mean temperatureover both year and location; d2 is the linear trend coe�cient of global means;d1+d2�+g1 is the global mean temperature history; g2, g�;2 and g12 are locationaladjustments to d1, d2 and g1, respectively; d1 + g2(P ) is the average wintertemperature at location P ; and d2 + g�;2(P ) is the linear trend coe�cient ofwinter temperatures at location P .A smoothing spline estimate, f�, is de�ned as the minimizer ofnXi=1(yi � f(xi; Pi))2 + 1�1J1(g1) + 1�2J2(g2) + 1�3J3(g�;2) + 1�4J4(g12) (3.3.3)



42See the example in Section 2.1 for the meanings of J 's.In Chapter 2, we have discussed a computational procedure for getting sucha SS estimate given the smoothing parameters, the �'s. In the next subsection,we will discuss di�erent ways to choose these smoothing parameters.3.3.1 Choosing smoothing parametersHow to choose smoothing parameters (the �'s in (3.3.3)) is a very crucial issuehere, because the choice a�ects the smoothing spline estimate to a great extent.For example, if we choose �3 and �4 to be very small, we will penalize g�;2� andg12 heavily when their corresponding semi-norm values are not zero. Thereforewe will essentially make these two terms disappear in our model and adopt anadditive model (3.2.13).There are basically two types of techniques for choosing smoothing param-eters. One consists of the so-called \objective" or \data-driven" methods suchas cross-validation (CV), generalized cross-validation (GCV), and generalizedmaximum likelihood estimation (GMLE) (See Wahba (1990) Chapter 4). Theother consists of \subjective" methods. This category includes actually quitedi�erent types of techniques. For example, we could examine estimates corre-sponding to di�erent choices of smoothing parameters to see which one is moreconsistent with our prior (subject) knowledge about what the �t should looklike. We may also compute for each choice of smoothing parameters an esti-mate of the standard deviation of the observation, then compare it with ourprior knowledge about the size of such observation \error". We may also usethe past data to estimate these parameters. This is exactly Vinnikov et. al.(1990)'s approach for deciding both their smoothing parameter and covariancefunction. Finally, we may just want to make a choice basing on our subjectivedecision about how much smoothing we want, e.g. for visual enhancement. Ingeneral, these subjective criteria rarely give us a precise choice of smoothing pa-rameters, but still they are very important in guiding us, and are even su�cientfor our needs in many applications. It is also important to keep these criteria inmind even when we use \data-driven" criteria since so-called \objective" meth-ods may give us misleading results also, not to mention that some importantinformation is very hard to be formulated into \objective" criteria.In our particular application here, we decide to use a \subjective" method



43to choose �1 and �2, and an \objective" method to choose �3 and �4. Themain reason is because of the large computational demand of choosing all four�'s by an \objective" method. Another reason is that we have a relativelyclearer idea about how much smoothing should be done to g1 and g2. As amatter of fact, we want little smoothing done to them. A way to relate thisinformation to a smoothing parameter is through the \degrees of freedom" ofthe corresponding marginal smoother. The usual de�nition of the \degrees offreedom" in smoothing spline estimates (see Wahba (1990)) is tr(A(�)), whereA(�) is the inuence matrix de�ned by (f�(t1); � � � ; f�(tn))T = A(�)y. Thisconcept can be readily generalized to marginal smoothers, i.e. the \degrees offreedom" for a marginal smoother S�(��) = (Q� + 1�� I)�1Q� (see (2.2.4)) isde�ned as tr(S�). It is not di�cult to see that the maximumdegrees of freedomfor S1(�1) is (n1� 2), n2 for S2(�2), n2 for S3(�3), and (n1� 2)n2 for S4(�4). (Itis natural that they, together with 2 degrees of freedom for the parametric part,do not add up to the maximum overall degrees of freedom, n1n2, because theyare not independent.) To choose �1 and �2 in such a way that little smoothingis done to g1 and g2, we just choose them so that their corresponding degreesof freedom are close to their maximum values. The degrees of freedom for S3and S4 are also useful to help us set a preliminary searching range of �3 and �4when we use an \objective" method to choose them.A commonly used \data-driven" method is to choose �'s minimizing GCVscore which is de�ned as V (�) = ky � f̂k2(tr(I �A(�)))2 ; (3.3.4)where f̂ = (f�(t1); � � � ; f�(tn))T = A(�)y. The numerator ky � f̂k2, the residualsum of squares, can be easily computed after we get the estimate of the function.But the denominator (tr(I�A(�)))2 is much more di�cult to compute. Usuallywhen the data size, hence the size of the matrix A(�), is not very large, we cancompute this V (�) for any � easily after a sequence of matrix decompositions aredone (See (4.6.2) of Wahba (1990)). When the data size is very large as in ourcase here, we cannot use this matrix decomposition method anymore. Insteadof computing tr(I�A(�)) exactly, we use an approximation called \randomized



44GCV" (RGCV) RGCV (�) := ky � f̂k2[�T (� � f̂(�))]2 ; (3.3.5)where � is a standard multivariate normal random vector with the same lengthas the data vector, and f̂(�) is the smoothing spline estimate when the datavector y is substituted by �. (See Girard (1989, 1991) and Hutchinson (1989)).The reason behind this approximate GCV criterion is that E[�T (� � f̂ (�))] =tr(I � A(�)), i.e. [�T (� � f̂ (�))] is an unbiased estimate of tr(I � A(�)). Inorder to minimize the variation induced by �, it is better to use the same � forall choices of �. Both f̂ and f̂(�) can be computed using the same procedurediscussed in Chapter 2.Considering that y � f̂ = (I � A(�))y, � � f̂(�) = (I � A(�))�, and arepresentation of I � A(�) in Wahba (1990, (1.3.23)), it is straightforward toverify that @RGCV (�)@�� = 2(uTu)(vTQ�v)� 2(wTQ�u)(�Tv)(�T v)3 ; (3.3.6)for any � = 1; 2; 3; 4, where u = (I �A(�))y; (3.3.7)v = (I �A(�))�; (3.3.8)w = (I �A(�))u; (3.3.9)and Q� = (R�(xi; Pi;xj; Pj))ni;j=1,We need u and v to compute RGCV anyway; with one more �t with yreplaced by u, we can get all partial derivatives of RGCV . This informationmay be used in minimizing RGCV .3.3.2 ResultsTaking the approach described in Section 3.3.1, we choose �1 = 10�0:1 and�2 = 104:5 which correspond to 27:8 degrees of freedom for S1(�1), 989:8 forS2(�2). With little smoothing done to g1, our results should be comparable tothose of other studies where only single year data are used to calculate a globalaverage in any particular year. We choose �2 this large because the smaller �2 is,



45the smoother g2 is, and the closer our estimated global mean history is to whatwas obtained by the naive single year means of raw data (Figure 5). The reasonfor this is the following. If �2 is so small that g2 is practically constant, then weessentially disregard the potential bias resulting from the locational di�erencein g2 totally. The smaller �2 is, the more bias we disregard.With �1 and �2 chosen as above, we choose �3 and �4 by a crude grid search,We �rst set some preliminary limits for them by the tool of the degrees offreedom of their corresponding marginal smoothers. For �3, the limits are 10:5and 101:5 corresponding to 565:4 and 890:5 degrees of freedom (the maximumis 1000) respectively. For �4, the limits are 102:8 and 104:4 corresponding to7052:6 and 17138:2 degrees of freedom (the maximum is 28000, but the totalnumber of observations is 20910) respectively. Part of the search results aregiven in Table 2. A (local) minimum in RGCV gives us a choice of �3 = 101:25and �4 = 104:1 which correspond to 831:1 degrees of freedom for S3 and 14860:5degrees of freedom for S4 respectively. log10(�3)log10(�4) 1.5 1.25 1 .75 .54.4 .63452 .63617 .646974.1 .92752 .62737(*) .62747 .62909 .632983.8 .63958 .63905 .64201Table 2: RGCV for the 1000 station data set. log10(�1) and log10(�2) are �xedat �:1 and 4:5 respectively. (*) indicates a local minimum.Some results based on a �t with smoothing parameters chosen as above areshown in Figures 7-10. The estimated standard deviation of �, �̂, by the formulaof Wahba (1990, Section 4.7):�̂2 = ky � f̂k2tr(I �A(�)) ' ky � f̂k2�(� � f̂(�)) (3.3.10)is :49oC which is a little bit larger than what a typical measurement error ofmean temperature is expected to be. This is reasonable considering the fact thathere � contains not just the measurement error. If � is too large, e.g. largerthan 1oC, then we may suspect too much smoothing has been done to the data.This is how a subjective criterion is used. A comparison of �tted values andobservations at two arbitrarily selected stations is plotted in Figure 7.



46From Figure 8, we see that in the global mean winter temperatures, thereexists an overall cooling trend in the early sixties and an overall warming trendfrom the seventies on. The overall linear trend over these 30 years is about:011oC=year.In Figure 9, we see a familiar pattern of winter mean temperature across theworld. In Figure 10, we see that most of the European area has a warming trend(positive coe�cient) except the eastern Mediterranean region and a large areaof the North Atlantic, including Greenland. A cooling trend has been observedin part of Africa and America also. Strong warming trends have been noticedin parts of Siberia and North America. Such a local trend pattern gives us moreinformation about what has happened to the climate in the past, and it may beused in a comparison with the predications of climate models in order to verifythese models.The whole history of these 30 year winter temperature anomaly based onour SS �t is made into a movie which can be accessed atftp://ftp.stat.wisc.edu/pub/wahba/theses/luo.movie. Viewing such amovie may help climatologists identify important patterns observed in the cli-mate.In order to see the e�ect of the number of stations used on the results, wedid a similar analysis based on 500 stations. �'s are chosen in the same wayas for the 1000 stations. �1 is chosen as 1 and �2 as 103:8 which correspondto 27:7 degrees of freedom for S1(�1) and 491:8 degrees of freedom for S2(�2)(the maximum for S2 here is 500) respectively. Then a crude grid search inRGCV gives us �3 = 10:5 and �4 = 103:8 which correspond to a local minimumof RGCV. A part of the search results is given in Table 3. These �'s correspondto 369:2 degrees of freedom for the marginal smoother S3(�3) and 7864:2 forS4(�4), respectively. log10(�3)log10(�4) 2 1.5 1 .5 0 -.54.2 1.0191 1.0211 1.0208 1.0260 1.0500 1.09233.8 0.9957 0.9950 0.9916 0.9900(*) 0.9979 1.01573.4 1.0407 1.0392 1.0346 1.0291 1.0300 1.0389Table 3: RGCV for the 500 station data set. log10(�1) and log10(�2) are �xedat 0 and 3:8 respectively. (*) indicates a local minimum.



47Some results based on this �t of the 500 station data set are shown in Figures11-12. We see that even though there exist some discrepencies between them andthe 1000 station data set results (Figure 8 and Figure 10), the general patternsare quite similar. The plot of linear trend coe�cient of winter temperature usingthe 1000 stations has more details than its 500 station counterpart, but theyagree in large patterns. A similar �t using only 250 stations results in muchmore di�erent plots (compare Figure 13 with Figure 8 or 11). This suggeststhat a few hundred stations are probably the minimal number of stations forcalculating reliable global mean temperatures. Of course these stations stillhave to be distributed as uniformly over the sphere as possible. As a matter offact, with 500 stations chosen randomly from the original stations, hence morestations concentrated in Europe and North Ameria, a �t based on these stationsis much more di�erent than the results based on the 1000 stations.3.3.3 Outliers and other diagnosticsThe results shown in Section 3.3.2 are based on a corrected version of the originaldata from CDIAC. There are six places where we have found some possibletypos and corrected them for the purposes of this study.1 Our purpose herewas to demonstrate the power of the method, not to criticize the data base.The corrections we made are documented below. These \typos" were found asa by-product of �tting smoothing spline models to the data (see Knight (1980)for a comparison of such a approach with others). For example, when a SSmodel (3.3.1-3) is �tted to a 500 station subset of the original version of thedata, some residual plots resulting from this �t are shown in Figure 14.From the QQ plot of residuals, we see that one observation has an extremelylarge residual. That observation turns out to belong to station (72.0N, 102.5E)in Hatanga/Khatanga of the former USSR. Its December temperature of 1980is 28:8oC as shown in the original database, while all other years' Decembertemperatures during the 1951-1991 period range from �38:3oC to �19:3oC.Also the November and January records in the same year do not show anyextreme pattern. Therefore we strongly suspect that 28:8 should be �28:8 andthe record in the original data base results from a missing minus sign.1As of June 17, 1996, the last time we visited this data base at CDIAC. However, this isnot the latest data base and not the one used in the latest IPCC Report, see Nicholls at al(1996).



48This observation's extreme outlying feature is so strong that it makes twoof its neighboring observations in time (year 1979 and 1981), and another inlocation (station (68.5N, 112.4E), December) look like outliers too. They are thethree observations with largest negative residuals. With Hatanga's Decemberrecord corrected, however, they look just \normal".From the plot of residual vs latitude, we notice two outliers in the southernhemisphere. Station (29.9S, 31.0E) in Durban of South Africa has a Februarytemperature of 4:0oC in 1983 in the original database, while all other Februarytemperatures in the period of 1885-1991 are in the range (22:0oC; 25:9oC). Againwe suspect that this is a record with a typo. It should probably be 24:0 ratherthan 4:0. Station (39.0S, 68.0W) in Neuquen Aero of Argentina has a Januarytemperature record of 2:3oC in 1977, but all other January temperatures in theperiod of 1957-1991 are in the range (20:7oC; 25:4oC). Hence we suspect that2:3 should be 22:3.Following are three other possible typos we have found through varioussmoothing spline �ts to di�erent subsets of the original data. Station (22.0S,60.7W) in Mariscal Estigar of Paraguay has a December temperature of 38:1oCin 1972 which might be 28:1oC since all other December temperatures in theperiod of 1951-1991 range from 25:8oC to 30:7oC. Station (42.8N, 73.8W) inAlbany of USA has a January temperature record of 9:6oC in 1968 which mightbe �9:6oC since all other January temperatures in the period of 1820-1991range from �12:4oC to 1:8oC. Station (38.4N, 27.3E) in Izmir of Turkey has aFebruary temperature of �7:0oC in 1976 which might be 7:0oC since all otherFebruary temperatures in the period of 1843-1991 range from 4:8oC to 14:0oC.Of course these are only suspicions, no matter how strong they might be.Further examinations of original station records or comparisons with otherrecords are needed to con�rm that these records are really incorrect in thedatabase. But it is certainly helpful to have these extreme observations pointedout for further examination. Plotting residuals from smoothing spline modelsin a QQ plot and against year, latitude, or longitude etc., has proved to be auseful tool in identifying these extreme cases.Looking at the QQ plots resulting from various smoothing spline �ts, wefound that all of them are S-shaped, which indicates in the distribution ofthe residuals a heavier tail than that of a Gaussian distribution. In general,since seasonal temperatures such as winter temperatures considered here are



49calculated by a series of averaging steps, we would expect a Gaussian or at leastapproximate Gaussian distribution in the residuals. The reason for the heaviertail is that these residuals are a mixture of more than one zero-mean Gaussiandistributions of di�erent variances. It can be proved easily that any mixtureof this kind will have a larger kurtosis than a Gaussian distribution's kurtosis.That is to say that it will have a heavier tail. In our data set, the variationof temperature in di�erent locations can be very di�erent. For example thevariations at stations in the central continental regions may be quite di�erentfrom those at stations in the coastal regions. The di�erence in the variation oftemperature may be also due to the di�erence in the altitude, or the di�erence inthe latitude, and so forth. This suggests that we should not treat the stochasticmodel used in deriving BLUP estimates too literally. The variance of � inModel (3.3.1-3) is not constant. However smoothing spline estimates can still bejusti�ed through penalized least square estimates instead of penalized likelihoodestimates. In practice, as long as there exists little positive dependence among�'s, smoothing spline estimates with smoothing parameters chosen by a GCVkind criterion work just �ne even when the variance of � is not constant.3.3.4 Extension to more variablesIf, besides year and location, we want to include other variables, e.g. season,into our model, the computational procedures discussed in Chapter 2 can beeasily extended to deal with such cases. Even though the model may get verycomplicated, it will work �ne as long as the newly added variables have a uniformdesign.We illustrate such an extension through a model of monthly temperature.First, de�ne averaging operators in each of three variables: year(x), location(P ),month (m) (actually two averaging operators for variable year since we want tosingle out its linear trend as well as its mean):(Exf)(x; P;m) = 1n1 n1Xx=1 f(x); (3.3.11)(EP f)(x; P;m) = ZS f(P )dP=4�; (3.3.12)(Emf)(x; P;m) = 112 12Xm=1 f(m); (3.3.13)



50(E 0xf)(x; P;m) = f(n1; P;m)� f(1; P;m)�(n1)� �(1) �(x): (3.3.14)Then we have a unique decomposition of f :f = [Ex + E 0x + (I � Ex � E 0x)][EP + (I � EP )][Em + (I � Em)]f= ExEP Emf + E 0x(I � EP )Emf + (I � Ex � E 0x)(I � EP )Emf+Ex(I � EP )Emf + E 0x(I � EP )Emf + (I � Ex � E 0x)(I � EP )Emf+ExEP (I � Em)f + E 0xEP (I � Em)f + (I � Ex � E 0x)EP (I � Em)f+Ex(I � EP )(I � Em)f + E 0x(I � EP )(I � Em)f+(I � Ex � E 0x)(I � EP )(I � Em)f= d1 + d2�(x) + g1(x)+g2(P ) + g�;2(P )�(x) + g12(x; P )+g3(m) + g�;3(m)�(x) + g13(x;m)+g23(P;m) + g�;23(P;m)�(x) + g123(x; P;m); (3.3.15)where these components satisfy some side conditions similar to (2.1.7). Theseside conditions are also su�cient to make the decomposition uniquely de�ned.A smoothing spline estimate is de�ned as the minimizer ofnXi=1(yi � f(xi; Pi;mi))2 + 1�1J1(g1)+ 1�2J2(g2) + 1�3J3(g�;2) + 1�4J4(g12)+ 1�5J5(g3) + 1�6J6(g�;3) + 1�7J7(g13)+ 1�8J8(g23) + 1�9J9(g�;23) + 1�10J10(g123); (3.3.16)where J5 and J6 are the same and de�ned asJ(f) := 12Xm=1(f(m+ 1) � f(m))2; (3.3.17)with f(13) := f(1). This form of penalty is chosen because of the periodicnature of the variable month. Other J 's are de�ned through the tensor-productstructure of their corresponding Hilbert spaces.



51De�ne L := 0BBBBBBBBBB@ �1 1 0 � � � 0 00 �1 1 � � � 0 00 0 �1 � � � 0 0� � �0 0 0 � � � �1 11 0 0 � � � 0 �1 1CCCCCCCCCCA12�12 (3.3.18)Then J(f) = fTLTLf . The reproducing kernel for the variable month is Qm :=( ~Rm(i; j))12i;j=1 := (LTL)y, where ymeans the Moore-Penrose generalized inverse.Since (LTL)1 = 0, Qm1 = 0 (3.3.19)Table 4 shows the reproducing kernel matrices for the subspaces containingthose component functions de�ned in (3.3.15). The projection operator for theparametric component is: S0 = S(STS)�1ST , where S = 1
 (1 �)
 1, and themarginal smoothing matrices are S� = (Q� + 1�� I)�1Q�, for � = 1; 2; � � � ; 10.smoother S� component r.k. matrix Q�S1 g1 11T 
Qx 
 11TS2 g2 QP 
 11T 
 11TS3 g�;2� QP 
 ��T 
 11TS4 g12 QP 
Qx 
 11TS5 g3 11T 
 11T 
QmS6 g�;3� 11T 
 ��T 
QmS7 g13 11T 
Qx 
QmS8 g23 QP 
 11T 
QmS9 g�;23 QP 
 ��T 
QmS10 g123 QP 
Qx 
QmTable 4: The reproducing kernel matrices of the ten subspaces containing theten nonparametric components in Model (3.3.15).Because of (3.3.19), all but a few products of S�S� for � 6= � are zero.Hence, the stationary equations which lead to the back�tting algorithm are



52(after rearranging the order):0BBBBBBBBBBBBBBBBBBBBBBB@
I S0 S0S2 I 0S3 0 I I S1S4 I I S5S8 I I S6S9 I I S7S10 I

1CCCCCCCCCCCCCCCCCCCCCCCA
0BBBBBBBBBBBBBBBBBBBBBBB@

f0f2f3f1f4f5f8f6f9f7f10
1CCCCCCCCCCCCCCCCCCCCCCCA = 0BBBBBBBBBBBBBBBBBBBBBBB@

S0yS2yS3yS1yS4yS5yS8yS6yS9yS7yS10y
1CCCCCCCCCCCCCCCCCCCCCCCA ;where blank spaces mean zero.Therefore the back�tting algorithm is reduced into �ve smaller groups, eachof which can be handled by the techniques discussed in Section 2.3.3.4 Con�dence intervals and simulationIn order to get some idea about the accuracy of our estimates in Section 3.3.2,we conduct a small simulation study. Due to computing time limitations, the500 station subset of the data is chosen. Pretending the �tted functions inSection 3.3.2 to be the truth, generate 10 copies of bootstrap samples fromModel (3.3.1), with �i's generated from a zero-mean normal pseudo randomvariable with a standard deviation :61, an estimation based on Formula (3.3.10).Then the same SS model with the same smoothing parameters as those used inSection 3.3.2 is �tted to each of these copies.All 10 estimates of the global average winter temperature history are su-perimposed in Figure 15. This plot can be viewed as a con�dence statementabout the estimate in Figure 11. The width of the bundle of 10 estimatesat one point can be treated as a measure of variation of the SS estimate atthat point. 10 estimated grand global winter mean temperatures range in(12:90oC; 12:94oC) with a mean 12:92oC. 10 estimated linear trend coe�cientsrange in (:013oC=year; :017oC=year) with a mean :015oC=year.



53Similarly we can use the range of 10 estimates of the linear trend coe�cientat any geographical point as a measure of the variation of the estimate in Figure12. In Figure 16, the white areas are where there is a consistently estimatedtrend (either consistent warming trend or consistent cooling trend) in all 10estimates. Therefore these are areas where the estimated trend in Figure 12 ismore reliable. For example, the cooling trend in the North Atlantic and thewarming trend in most of the European region are relatively more trustworthy.Of course the black areas include also those regions of the world where therewas no linear trend at all over the period of 1961-1990. The black regions inFigure 16 also serve as a division of the world into warming areas and coolingareas.We also generated a similar pseudo data copy for the 1000 station subsetbased on the results in Section 3.3.2. The �tted results using this pseudo dataare shown in Figure 17-19. They can be compared with their counterparts inFigure 8-10 to get a rough idea about the accuracy of the estimates in Section3.3.2 for the 1000 station subset of the data. The pattern observed in Figure 8is relatively reliable, while the large features in Figure 9-10 are reliable too.Of course the con�dence statements above are in general underestimatesof the variation inherited in the estimates of Section 3.3.2. We did not applyRGCV to the pseudo data, instead we just used the same smoothing parametersused in Section 3.3.2. The extra variation resulting from choosing smoothingparameters is not considered here. Nevertheless, these simulation results give ussome idea about the accuracy of our estimates. See also the discussion in Wang(1994) for an interpretation of these bootstrap con�dence intervals. Anotherway to formulate con�dence statements is through \Bayesian" con�dence inter-vals which will be discussed in Chapter 4. Unfortunately their computation isalso quite demanding. We do not have any numerical results here to comparewith these bootstrap results.
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Figure 7: Comparison of �tted values and observations at two arbitrary stations:(80 S, 119.5 W) and (45.6 N, 117.5 W). Squares are the �tted values and crossesare the observations.
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Figure9:Averagewintertemperatureovertheglobeusingthe1000stations.
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Figure10:Lineartrendcoe�cientofwintertemperatureovertheglobeusing
the1000stations.
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Figure 11: Global average winter temperature (oC) based on Model (3.3.1-3)using the 500 stations. The grand mean temperature is 12:9(oC) and the lineartrend coe�cient over the 30 year period is :015(oC)/year.
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Figure12:Lineartrendcoe�cientofwintertemperatureovertheglobeusing
the500stations.
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Figure 13: Global average winter temperature (oC) based on Model (3.3.1-3)using the 250 stations. The grand mean temperature is 12:9(oC) and the lineartrend coe�cient over the 30 year period is :015(oC)/year.
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Figure 14: Residual plots using the 500 station subset of the uncorrected versionof the data.
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Figure 15: SS estimates of global winter mean temperature history for 10 copiesof the pseudo data. Refer to Figure 11.
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Figure 17: Global average winter temperature (oC) based on Model (3.3.1-3)using the 1000 stations' pseudo data. The grand mean temperature is 13:0(oC)and the linear trend coe�cient over the 30 year period is :011(oC)/year.
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Figure18:Averagewintertemperatureovertheglobeusingthe1000stations'
pseudodata.
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Figure19:Lineartrendcoe�cientofwintertemperatureovertheglobeusing
the1000stations'pseudodata.
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Chapter 4Back�tting vs the Gibbssampler, and on-going researchIn the previous chapters we have mentioned some on-going research problemshere and there. In this chapter we will focus on constructing con�dence intervalsfor the smoothing spline estimates using a Bayesian model and through thismodel studying a correspondence between optimization methods for gettingsmoothing spline (penalized likelihood) estimates and Monte Carlo methods forgetting posterior distributions.In Section 1, we will discuss a Bayesian model behind the SS estimates. InSection 2, the back�tting algorithm and the Gibbs sampler are considered in thesame perspective. Some common issues in speeding up such as SOR, collapsing,grouping, etc., are discussed. In Section 3, more analogous situations betweensampling methods and optimization methods are described.4.1 A Bayesian modelThe smoothing spline estimates have a Bayesian interpretation which has beenused to construct con�dence intervals. See Wahba (1978, 1983), and Gu andWahba (1993b).Suppose that the data we have are:yi = f(ti) + �i; for i = 1; 2; � � � ; n (4.1.1)where �i are identically distributed independent random variables. They have



68a common Gaussian distribution with a mean zero and a standard deviation �.Assume further that f(t) = MX�=1 d��� + pX�=1 f�(t) (4.1.2)where f��g are M known functions (e.g., lower order polynomials), fd�g have auniform prior, f� as a prior is a zero-mean Gaussian process with a covariancefunction �2��R�(s; t). fd�g and ff�g are independent. They are independentof f�ig too. Suppose � and f��g are known. f��g are smoothing parameters inSection 2.1. They control the relative size of the variation in the \noise" term,�, and the signal terms ff�g. f��g may be chosen using present or past data,or by pure prior (i.e. empirical Bayesian methods, or strict Bayesian methods,corresponding to the \data-driven" or \subjective" methods discussed in Section3.3.1), or in a hierarchical Bayesian way, may be assigned a hyper-prior. In thischapter, however, we assume that they have been chosen by some method andare �xed. �, the absolute magnitude of the noise term, is assumed to be aknown parameter. It can be assigned a prior too if a strict Bayesian model isrequired. For example it can be assigned a Gamma prior. See Besag et. al.(1995) for some examples.Now the posterior of d := (d1; � � � ; dM )T and ff�g are proportional toexp�� 12�2 X(yi � f(ti))2� pY�=1 g(f�) (4.1.3)where g denotes a generic density with some abuse of notations.Rewrite (4.1.3) asexp�� 12�2 X(yi � f(ti))2� pY�=1 g(f�(t1); � � � ; f�(tn))pY�=1 g(f�(t); t 6= ti; i = 1; � � � ; njf�(t1); � � � ; f�(tn)) (4.1.4)Since the �rst part of (4.1.4) does not depend on f(f�(t); t 6= ti; i = 1; � � � ; n);� = 1; � � � ; pg, and the last part of (4.1.4) is Gaussian with f(f�(t1); � � � ; f�(tn)); � =1; � � � ; pg only appearing in the means (by the assumptions about the prior offf�g), the marginal posterior of ff� := (f�(t1); � � � ; f�(tn))T ; � = 1; � � � ; pg and



69d is proportional toexp�� 12�2 X(yi � f(ti))2� pY�=1 g(f�(t1); � � � ; f�(tn))= exp�� 12�2 X(yi � f(ti))2� pY�=1 exp(� 12�2��fT�Qy�f�)= exp(� 12�2  X(yi � f(ti))2 + pX�=1 1��fT�Qy�f�!) (4.1.5)We have used ff�g to denote both the component functions and the vector oftheir values at points ftig when there is no confusion.Note that since f� � N(0; �2��Q�), we know that f� 2 L(Q�) almost surely.Hence now to maximize the posterior (4.1.5) is equivalent to minimizingX(yi � f(ti))2 + pX�=1 1��fT�Qy�f� (4.1.6)which is the same as (2.2.6). Thus we see that the SS estimate is a posteriormode when the prior is given in such a way.We have assumed that � is known. If we assign a prior such as � := 1=�2 ��(a; b), that is � has a density �a�1exp(�b�), then it can be shown that maxi-mizing the posterior is still equivalent to minimizing (4.1.6).A Bayesian model like this can be used to construct con�dence intervalsbased on the posterior of the estimated functions. See Wahba (1983) and Guand Wahba (1993b) for the formulation. See also Nychka (1988, 1990) for theirfrequentist properties. Analogous to the situation in which the posterior modeis computed, computing posterior variances requires huge memory too if directmatrix decomposition methods are to be used. A possible way out of thismemory problem is to get the posterior distribution through Monte Carlo in asimilar way as we get the posterior mode in Chapter 2, i.e., through component-wise updating. This leads to our discussion in the next section.



704.2 Back�tting vs the Gibbs samplerSince the posterior of (d; f1; f2; � � � ; fp) in the Bayesian model of the last sectionis proportional toexp(� 12�2  nXi=1(yi � f(ti))2 + pX�=1 1��fT�Qy�f�!) (4.2.1)the SS estimate is the same as the posterior mode. One way to compute theposterior mode is through maximizing (4.2.1) component-wisely. That is tomaximize along each component of (d; f1; � � � ; fp) in turn until it converges.Since the conditional posterior of each component given others is proportionalto (4.2.1), maximizing along each component is equivalent to computing con-ditional modes. Hence we see that Besag (1986)'s iterative conditional mode(ICM) algorithm is actually the component-wise descent method for optimiza-tion.The conditional posterior of f�, given f�; � 6= � and d, is proportional toexp(� 12�2  ky � Sd � pX�=1 f�k2 + 1�� fT� Qy�f�!) (4.2.2)hence the conditional mode isf� = ( 1�� I +Q�)�1Q�(y � Sd� X�6=�Q�) (4.2.3)and the conditional distribution isf�jd; f�; � 6= �; y� N 0@(Q� + 1�� I)�1Q�(y � Sd� X�6=�Q�); �2(Q� + 1�� I)�1Q�1A(4.2.4)Similarly, the conditional posterior of d, given f� for � = 1; � � � ; p, is propor-tional to exp(� 12�2ky � Sd� pX�=1 f�k2) (4.2.5)hence the conditional posterior mode isd = (STS)�1ST (y � pX�=1 f�) (4.2.6)



71and the conditional posterior distribution isdjf�; � = 1; � � � ; p; y� N  (STS)�1ST (y � pX�=1 f�); �2(STS)�1! (4.2.7)(4.2.3) and (4.2.6) are the same as the updating formulae for back�tting.See (2.2.4). Viewing back�tting under this perspective, one can see that it isanalogous to the Gibbs sampler (see Besag et. al. (1995), Liu (1994), Liu andet. al. (1994,1995), and Roberts and Sahu (1996)). Both the back�tting algo-rithm and the Gibbs sampler make use of conditional posteriors. One computesconditional modes (4.2.3) and (4.2.6) in turn to get the mode of the joint pos-terior (4.2.2), the other samples from conditional posteriors (4.2.4) and (4.2.7)in turn to get a sample (correlated though) from the joint posterior (4.2.2).The advantage of using the Gibbs sampler to get a posterior sample here issimilar to the advantage of using the back�tting algorithm to get the posteriormode. That is to say, we can easily get the eigen-decompositions of the matricesin the updating formulae through a tensor product structure if the data have atensor product design. Therefore we can update those components quickly. Inthis way, overall computing time and space may be saved.With an incomplete tensor product design, analogous to the EM algorithm,the Data Augmentation method of Tanner and Wong (1987) may be used to-gether with the Gibbs sampler. However, its feasibility in our application ofChapter 3, i.e., the situation of very large data size, still needs to be investi-gated.4.2.1 Issues in speeding up Gibbs samplerThere are some speeding-up methods for the Gibbs sampler which are quitesimilar to those for the back�tting (Gauss-Seidel) algorithm. Many authorshave noted such analogous situations for non-stochastic iterative algorithmsand iterative Monte Carlo algorithms. For example, see Besag et. al. (1995)and Roberts and Sahu (1996).Barone and Frigessi (1989) proposed a stochastic relaxation method that isa direct analog of successive over relaxation (SOR) for speeding up the Gauss-Seidel algorithm. Suppose that we want to sample from a multivariate normal



72distribution. The Gibbs sampler draws a new value of one component fromthe conditional distribution of this component given other components, say,N(�i; �2i ). Successive drawing through all the components will give us a se-quence of (correlated) random vectors distributed as the target multivariatenormal distribution (after convergence). Barone and Frigessi's stochastic relax-ation method draws a new value from N(!�i + (1� !)xi; !(2� !)�2i ) where !is a constant in (0; 2). Similarly for the Gauss-Seidel algorithm, a new updatedvalue, i.e., a conditional mode �i (considering that GS is the same as ICM),is replaced by a linear combination of �i and its corresponding old value xi,i.e., !�i + (1 � !)xi, which is the mode of the updating distribution of Baroneand Frigessi's algorithm. Not much convergence results are available about thisstochastic relaxation method. See Green and Han (1992). It seems plausiblethat the rich material in numerical analysis literature about SOR might bene�tthe research on the convergence of this stochastic relaxation method.One product of such a connection is some of the results in Roberts and Sahu(1995) in which they prove that the convergence rate in terms of Chi-squaredistance of the iterates and the target distribution is the same as the spec-tral radius of the Gauss-Seidel algorithm's updating matrix (comparing their Bwith (3.19) on page 72 of Young (1971)). Some results of Roberts and Sahuare actually direct analogs of the similar results for the Gauss-Seidel algorithmin Varga(1962) and Young (1971). For example, their Theorem 8 about theconvergence rate of grouping components in the Gibbs sampler is a direct resultof Varga (1962)'s Theorem 3.15 about the convergence rate of grouping compo-nents in the Gauss-Seidel algorithm, due to the above connection, as noted bythem. See also Liu (1994), Liu, Wong and Kong (1994, 1995) for more aboutspeeding up the Gibbs sampler through grouping and collapsing. An applicationin the reverse direction is the use of collapsing in the Gauss-Seidel algorithm asdiscussed in Section 2.3.2.4.3 Other analogous algorithmsThere are some other analogs between Monte Carlo sampling algorithms andoptimization algorithms. One such example is Amit, Grenander and Piccioni(1991)'s Langevin-Hastings algorithm for sampling from �(x) / expf�u(x)g,



73x 2 Rn. The proposed next state of x is drawn fromx0 � N(x� �ru(x); 2�In) (4.3.1)where � is a small positive constant. See also Besag et. al. (1995, Section 2.3.4).Similar to the analog between Barone and Frigessi (1989)'s stochastic relaxationand SOR, here the mean of the proposal distribution is a move along the steep-est descent direction, hence it is analogous the steepest descent algorithm inoptimization literature.In a problem of sampling from a high-dimensional Gaussian distribution, wemay �nd useful an application of an analog of the conjugate gradient algorithmin optimization literature.Consider the problem: minx2Rn f(x) (4.3.2)where f(x) / expf�h(x)g, h(x) = 12xTQx� bTx where Q is a positive de�nitematrix which may be too large to be saved. The conjugate gradient algorithm(see Luenberger (1984), p. 244) is:1. Start with x0, let g0 = rh(x0), d0 = �g0;2. For k = 1; 2; � � � ; n, compute(a) r = 2(h(dk�1) + bTdk�1);(b) � = �gTk�1dk�1=r;(c) xk = xk�1 + �dk�1;(d) gk = rh(xk); � = (gk�gk�1)T gk�r ;(e) dk = �gk + �dk�1;Note that 2(h(d) + bTd) = dTQd, (gk�gk�1)T gk� = (xk�xk�1)TQgk� = dTk�1Qgk, andb = �rh(0). The expressions used in the algorithm are chosen in order toavoid using Q directly. A property of this algorithm is that the resulted dk; k =0; 1; � � � ; n� 1 are Q-conjugate directions, that is, dTkQdl = 0 for any k 6= l.



74Now if we want to sample from distribution f(x) instead of minimizing f(x),we can make use of these directions. Sinceexpf�12xTQx+ xTbg= expf�12(n�1Xk=0 akdk)TQ(n�1Xk=0 akdk) + (n�1Xk=0 akdk)T bg= expf�12 n�1Xk=0 a2kdTkQdk + n�1Xk=0 akdTk bg/ expf�12 n�1Xk=0 (ak � dTk bdTkQdk )2(dTkQdk)�1 g (4.3.3)Hence we see that we can sample from f(x) by x = Pn�1k=0 akdk where ak isdistributed as N( dTk bdTk Qdk ; (dTkQdk)�1). Note that dTkQdk = 2(h(dk) + dTk b) can becalculated without explicit use of Q. In order for this method to be feasible inpractice, the calculation of h and its derivatives must be very e�cient. In manysituations corresponding to statistical models of some special structure, this isoften the case.Even though the conjugate gradient algorithm has been extended to non-quadratic optimization problems, the extendibility of the above sampling algo-rithm to non-quadratic cases is still under investigation.
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