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Abstract

The energy of data is the value of a real function of distances between
data in metric spaces. The name energy derives from Newton’s gravi-
tational potential energy which is also a function of distances between
physical objects. One of the advantages of working with energy func-
tions (energy statistics) is that even if the observations/data are com-
plex objects, like functions or graphs, we can use their real valued dis-
tances for inference. Other advantages will be illustrated and discussed
in this paper. Concrete examples include energy testing for normal-
ity, energy clustering, and distance correlation. Applications include
genome, brain studies, and astrophysics. The direct connection between
energy and mind/observations/data in this paper is a counterpart of the

equivalence of energy and matter/mass in Einstein’s E = mc?.
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1. INTRODUCTION

Energy statistics (E-statistics) are functions of distances between statistical observations.
The value of the energy statistics for a given data is the (potential) energy of the data.
This concept is based on the notion of Newton’s gravitational potential energy, which is a
function of the distance between two bodies. The idea of energy statistics is to consider
statistical observations as heavenly bodies governed by a statistical potential energy, which
is zero if an only if an underlying statistical null hypothesis is true.

Following Székely (1989) we can represent the three pairs of dualities between energy,
matter and mind with the help of a triangle (Figure 1) whose vertices are energy, matter,
and mind, and the connecting sides represent the equivalence/duality /dichotomy between
these notions. Manifestations of matter are mass (m), disorder (measured by entropy 5),
etc. Manifestations of the “immaterial” mind are the memory, information (I), observation,
data, etc.; inputs passed on by the sensory organs.

The duality between E and m is Einstein’s famous E = mc® (Einstein 1905). The
duality between matter and mind is Szildrd’s idea, which first appeared in his 1922 dis-
sertation; namely, that in a closed material system the decrease of uncertainty/entropy
(S) corresponds to the increase of information (/) in our mind (Szildrd 1929; Schrédinger
1944; Brillouin 2004). To use Szildrd’s words, it is possible to reduce the “entropy of a
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Figure 1

Connections between Energy, Matter, and Mind

MATTER
mass (m), entropy (S)

ENERGY E=FD MIND
(E) force (F) data distance (D),
information (1)

thermodynamic system by the intervention of intelligent beings”, for example a “Maxwell’s

demon.”

Thus Szilard eradicated the ancient dichotomy of matter and mind just as Ein-
stein eradicated the dichotomy of energy and matter. This paper is about the third side of
the triangle, the connection between energy and mind in terms of data distance D defined
below. Our mind regulates the flow of information (I) and data distance (D), the source of
statistical energy to help achieve “mental harmony.”

For data X = Xi,...,X,, and Y = Yi,...,Y, in Euclidean spaces, define the data

distance of X and Y as

TS 35 SL TS ) SE SN 3 St )
i=1 j=1 i=1 j=1 i=1 j=1

We will see that D is always nonnegative. Moreover, D is always the square of a metric
in the space of samples of size n. The source of statistical energy is D. This can also be
viewed as energy in physics if we multiply D by a constant force of magnitute F’; that is,
energy £ = F - D. This resembles the gravitational potential energy close to the Earth
where the gravitational force is constant. The signs in D resemble the computation of
electrostatic potential where the signs depend on the charges. For statistical inferences we
do not need to know the magnitude F' of the force. This would play important role if we
wanted to “free” the statistical energy as a counterpart of nuclear energy. If we choose
F = n~2, then we get a special case of the formula for the two sample energy statistic
Enine(X,Y) in (6.1) where the sample sizes are not necessarily equal.

For statistical purposes we can also work with powers of distances like | X; — Y, |* where
0 < a < 2, because in this range of exponents

Da:=2% 3 IXi=Yi|" =) Y IXi =X, =Y > Vi-Y|°
1=1 j=1 i=1 j=1 i=1 j=1

remains the square of a metric (see Section 8 on generalized energy distance). The square
root of D, is a metric and (Da)l/o‘ is measured in the same units as | X; —Y;| and thus E, :=
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F(Da)l/ “ can be considered a generalized statistical energy. Since Newton’s gravitational
potential is proportional to the reciprocal of the distance, while in elasticity the energy
is proportional to the second power of the extension/displacement (Hooke’s law), we have
that the exponents relevant for statistics are between the exponents relevant in gravitation
and in elasticity. The potential energy of conservative vector fields in physics is always
a harmonic function. We will see that in the world of data energy or statistical energy
“harmonic” is replaced by “conditionally negative definite” (see Section 9).

In what follows, X’ denotes an independent copy of the random variable X, Y’ is an
independent copy of the random variable Y, and E denotes expected value. The (potential)
energy of X with respect to Y, or vice versa, or simply the energy of (X,Y), is defined as
follows.

Energy £(X,Y)
The (potential) energy of the independent random variables X, Y that take their values
in a metric space with distance function § is defined as

E(X,Y) =2E[6(X,Y)] — E[6(X, X")] - E[§(Y,Y")],

provided that these expectations are finite.

In Section 9 we will see theorems stating that many important metric spaces share the
following properties:

i £&(X,Y) >0 and
ii £(X,Y)=0if and only if X and Y are identically distributed.

A necessary and sufficient condition for (i) is the conditional negative definiteness of 4.
On this property see the classical papers of Schoenberg (1938a,b) and also Horn (1972);
Steutel & van Harn (2004); Berg (2008). Metric spaces with properties (i) and (ii) include
all Euclidean spaces, all separable Hilbert spaces, all hyperbolic spaces, and many graphs
with geodesic distances. For more details see Propositions 1, 2, 3, and Section 9. These
theorems make it possible to develop clustering methods that depend not only on cluster
centers but on cluster distributions (Section 6) and to develop a simple new dependence
measure, the distance correlation, that is zero if and only if the random variables are
independent (Section 7). A simple example where (i) holds but (ii) fails is the taxicab
metric or Manhattan distance.

In this paper we present the foundational material, motivation, and unifying theory of
energy statistics. Previously unpublished results as well as an overview of several published
applications in inference and multivariate analysis are discussed that illustrate the power of
this concept in diverse applications including gene regulatory networks (Guo et al. 2014),
neuroimaging (Hua et al. 2015), fMRI studies (Rudas et al. 2014), clustering chemical
structures (Varina et al. 2009), experimental design (Shamsuzzaman et al. 2015), glucose
monitoring (Ferenci, et al. 2015), community ecology (Székely & Rizzo 2014), portfolio
optimization (Wiirtz et al. 2009), dimension reduction (Sheng & Yin 2013, 2015), forecasting
during geomagnetic storms (Lu et al. 2015), graphical models (Fan et al. 2015; Wang et al.
2015), chemometrics (Vaiciukynas et al. 2015), musicology (Zanoni et al. 2014), etc. We will
see that energy statistics are extremely useful and tests based on them are typically more
general and often more powerful against general alternatives than corresponding tests based
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on classical (non-energy type) statistics such as Pearson’s correlation, Fisher’s F-statistics,
etc.

The notion of statistical energy was introduced in the mid-1980s in several lectures given
in Budapest, Hungary, in the Soviet Union, and at MIT, Yale, and Columbia (for lecture
notes and Technical Reports see Székely (1989) and Székely (2003)). This idea became
the central topic of the first author’s NSA Grant “Singular Kernel Nonparametric Tests”
submitted in 2000 (NSA grant # MDA 904-02-1-0091).

1.1. Distances of observations — Rigid motion invariance

Classical statistics operated with real valued data like height, weight, blood pressure, etc.
and it was supposed that typical data are (approximately) normally distributed so that
one can apply the theory of normal (Gaussian) distributions for inference. Even if the
observations were not Gaussian, in case of “big data” when the number of observations, n,
was large, one could often refer to the central limit theorem to claim that for large n the
normal approximation is valid and classical methods are applicable.

What happens if the data are not real numbers but vectors, functions, graphs, etc.?
In this case even addition or multiplication of data might be a problem if for example,
the observed vectors have different dimensions. We can overcome this difficulty if the
observations are elements of a metric space. In this case instead of working with the
observations themselves we can work with their (nonnegative) real valued distances. This
brings us back to the “real world” where we can work with real numbers. We will call this
type of inference energy inference.

The energy approach to testing a hypothesis is built on comparing distributions for
equality, in contrast to normal theory methods like a two-sample ¢-test for comparing means.
Energy tests can detect any difference between distributions. An attractive property of
working with distances is that energy statistics have invariance with respect to any distance
preserving transformation of the full data set to be analyzed (rigid motion invariance), which
includes translation, reflection, and angle-preserving rotation of coordinate axes. We will
have an energy counterpart of the variance, covariance and correlation, called respectively
distance variance, distance covariance, and distance correlation. An important advantage
of applying them is that the distance correlation coefficient equals zero if and only if the
variables are independent. This characterization of independence does not hold for Pearson’s
correlation, for example, for non-normal data.

1.2. Functions of distances — Jackknife invariance

Statistics are functions of data, while energy statistics are functions of distances between
data. If the observations play a symmetric role, it makes sense to suppose that our statistics
are symmetric functions of data. Suppose that the sample size is n, so that a statistic is an
n-variate function of the sample. What is the connection between the n-variate functions
for different values of n? A natural principle is jackknife invariance, which is as follows.

Let » > 1 be an arbitrary integer and fn(z1,...,2z») a function R™ — R of a sample
Z1,..., &, defined for all n > r. Let fi_q(21,...,2n), i = 1,2,...,n, denote the statistic of
a “jackknife sample” when we remove the i-th observation: zi,...,%i—1,%it1,...,Tn. (f5
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is defined as fi(z1).) Jackknife invariance of order r means that

n'fn(fr17~~-7mn) = Zf'i*l(xlw"y‘rn)

holds for all n > r and r is the smallest positive integer with this property.
It is easy to see that all U-statistics defined below are jackknife invariant of order r.
For a real valued random sample X3, ..., X,, and a symmetric kernel function h : R" —
R, the U-statistic

1
U, = S Xy, X,
n(n — 1) . (n —r—+ 1) i1 <ig < <in

has degree r if we cannot have this representation with a kernel having fewer arguments
than r. A familiar example for a U-statistic of degree 2 is Gini’s mean difference (Gini 1912;
Yitzhaki 2003), a U-statistic for dispersion:

1 n n
n(n—1) ZZLXZ — Xl

i=1 j#i

Alternately one can apply the corresponding V-statistic for dispersion:

%ZZ|Xi—Xj|.

i=1 j=1
Theorem 1. A necessary and sufficient condition for fn(X1,...,Xn), n > r, to be a
U-statistic of degree r is the jackknife invariance of order v of fn(x1,...,%n).

For a proof see Hou & Székely (2015).
In the following for simplicity we will discuss the case when r = 2. Energy statistics in
this paper are U-statistics or V-statistics based on distances. That is, for a d-dimensional

random sample X1, ..., X,, an energy statistic is defined by a kernel function h : R?x R* —
R, and
1 n n
Upy=—— h(Xi, X;5)
n(n —1) ; ; J
or

Vo= % >N KX X5),

i=1 j=1

where h(X;, X;) = h(Xj;,X;) is a symmetric function of Euclidean distances |X; — Xj|

between sample elements. Here we use |- |4 (or | - | if dimension d is clear in context) to
denote Euclidean norm if the argument is real, and | - | denotes the complex norm when its
argument is complex. The notation || - || is reserved for another type of norm in this paper.

An advantage of assuming all energy statistics are U-statistics or V-statistics is that
we can apply their classical limit theory (Hoeflding 1948; Von Mises 1947) to obtain the
asymptotic distributions of these statistics. See e.g. Serfling (1980), Koroljuk & Borovskich
(1994) or Aaronson et al. (1996) for details. In some of the applications discussed below, a
generalized V-statistic is applied (Koroljuk & Borovskich 1994, Ch. 11). Although energy
statistics can be defined in terms of either U or V-statistics, in our development we apply
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V-statistics throughout. The main reason for applying V-statistics instead of U-statistics is

that an energy V-statistic is always nonnegative and thus it can more easily be interpreted

as a (statistical) distance.
Many classical statistical methods have their energy counterparts, as shown in Table 1.
See also Székely & Rizzo (2013b).

Table 1

the “energy world.”

CLASSICAL APPROACH

Many methods of classical statistical inferences have their counterparts in

ENERGY APPROACH

Dependence

Pearson’s correlation
(can be 0 for dependent variables)

Distance correlation
(equals 0 iff the
variables are independent)

Goodness-of-fit
& homogeneity

Tests for normality

Multivariate normality

Skewness

EDF tests
Likelihood ratio tests

Shapiro-Wilk, Anderson-Darling

(lack natural multivariate extensions)
Multivariate skewness & kurtosis

(test is not consistent)

Third central moment
(can be 0 for
nonsymmetric distributions)

Energy goodness-of-fit & homogeneity
characterizes equality of distributions
Nonparametric energy tests

Energy test for normality
(arbitrary dimension)

Multivariate energy test of normality
(test is consistent)

Distance skewness
(equals 0 iff the probability
dist. is centrally symmetric)

Multi-sample
problems

ANOVA
(tests if normally distributed
variables have equal means)

DISCO
(tests if random variables
have the same distribution)

Cluster analysis

Ward’s minimum variance method
k-means clustering
(sensitive to cluster centers)

Hierarchical energy clustering
k-groups (energy) clustering
(sensitive to cluster distributions)

1.3. Energy inference — Scale invariance

We will need an important restriction on energy statistics and thus on the kernel h of the
corresponding U-statistics and V-statistics. If we change the measurement unit of the data
then this must not change the statistical inference e.g. in case of testing for normality or
testing for independence.
The kernel h is called scale equivariant if for all real numbers a > 0 and for some real
function g(a) # 0 we have
h(ax1,ax2) = gla)h(x1, z2).

The ratio of two U-statistics or V-statistics with scale equivariant kernels and the same
function g¢(.) is clearly scale invariant.

Ezample. The kernel h(z1,z2) = |z1 — x2|® is scale equivariant with g(a) = a®.

The special case a = 1 is the classical geometric similarity in Euclidean spaces. Roughly
they can be described as transformations preserving shapes, but changing scales: magnifying
(a > 1) or contracting (a < 1). Ratios of distances do not change when the transformation
is similarity: when we multiply the distances by the same number a then their ratios and the
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corresponding angles remain invariant. This was already known to Thales around 600 BC.
He understood similar triangles and used that knowledge in practical ways, for example,
when he measured the height of the pyramids by their shadows at the moment when his own
shadow was equal to his height. In geometry, Thales’ unifying notion was the angle (‘gonia’).
With the help of angles he introduced a new geometry, which is based on similarity, not on
coincidence. In this paper we will exploit Thales’ simple but brilliant idea in many ways
when applying it for statistical inferences. For an example see Section 7.2.
Typical inference problems that we will work with satisfy our three basic invariances:

1. rigid motion invariance
2. jackknife invariance
3. scale invariance

Our main tool is the rigid motion invariant and scale equivariant Energy distance in-
troduced in the next section.

2. Energy Distance

Many types of distances can be defined between statistical objects. The Lo distance is one
well-known and widely applied distance. Let F' be the cumulative distribution function
(cdf) of a random variable, and let F;, denote the empirical cdf of a sample of size n. The
Lo distance between F' and Fj,

/jo (Fn(z) — F(x))* dz (2.1)

was introduced in Cramér (1928). However, Cramér’s distance is not distribution-free; thus
to apply this distance for testing goodness-of-fit, the critical values must depend on F'. This
disadvantage was easily rectified by replacing dz in Cramér’s distance by dF(z), to obtain
the Cramér-von Mises-Smirnov distance defined

/jo (Fo(z) — F(z))? dF (z). (2.2)

There remains, however, another important disadvantage of both the Cramér Lo dis-
tance (Cramér 1928) and Cramér-von-Mises-Smirnov distance. For samples from a d-
dimensional space where d > 1, neither distance is rotation invariant. For important
problems such as testing for multivariate normality, we require rotation invariance. Be-
low we discuss how to overcome this difficulty.

Let X and Y be independent real-valued random variables with cdf’s F' and G, respec-
tively, let X’ denote an independent and identically distributed (iid) copy of X, and Y’
denote an iid copy of Y. Then (see e.g. Székely (1989, 2003))

2/ (F(z) — G(z))’de =2E|X - Y| - E|X — X'| — E|Y —Y'|.
A rotation invariant natural extension of the above identity for higher dimensions d > 1
is
2B|X —Y|qa— E|X — X'|l¢ — E|Y —Y'|4, (2.3)
where X,Y € R? are independent. Proof of the rotational invariance of this expression is
straightforward, but it is not trivial at all that expression (2.3) is nonnegative and equals
zero if and only if X and Y are identically distributed. See Proposition 1.
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Definition 1 (Energy distance). The energy distance between the d-dimensional indepen-
dent random variables X and Y is defined as

EX,Y)=2E|X —-Y|q4—E|X - X'|a— E|Y = Y|4, (2.4)

where E|X|q < 00, E|Y|4 < 0o, X' is an #d copy of X, and Y’ is an iid copy of Y. We
omit the subscript d whenever it is clear in context.

Denote the Fourier-transform (characteristic function) of the probability density func-
tions f and g by f and g, respectively. Then, according to the Parseval-Plancherel formula,

2r | T (@) - 9(@))? de = / TR — g dr.

—o0 —o0

The Fourier transform of the cdf F(z) = [*_ f(u) du is f()/(at), where 1 = v/—1, thus we

have R o
27r/ (F(z) fG(x))2dx:/ 1F0) = 91" 4, (2.5)

2
—oo —oo 3

The pleasant surprise is that the natural multivariate generalization of the right-hand side
of (2.5) is rotation invariant and it is exactly a constant multiple of (2.4).

Proposition 1. If the d-dimensional random variables X and Y are independent with
E|X|a+ E|Y|qa < o0, and f,§ denote their respective characteristic functions, then their
energy distance

RN A2
2E|X — Y|4 — E|X = X'|la— E|Y —Y'|q = i/ Mdt, (2.6)
Cd JRd 15"
where
(412 o
Cd = ——, .
L ()

and T'(+) is the complete gamma function. Thus E(X,Y) > 0 with equality to zero if and
only if X and Y are identically distributed.

For a proof of this proposition see Székely & Rizzo (2005a). For its history see Section
10. For a generalization to metric spaces see Proposition 3.

/2 is a metric on the set of

In view of (2.6), the square root of energy distance £(X,Y)
d-variate distribution functions.

In probabilistic terms, Gini’s mean difference is E|X — X’| where X' is an iid copy of
X. Thus Gini’s mean difference is an Ly distance E|X — Y| between X and Y = X’. Tt is
clear that E|X — Y| =0 if and only if Y = X with probability 1. Energy distance, on the
other hand, is a “double centered” L; distance, which is zero if and only if X and Y are
identically distributed. It is this dramatic difference that makes it so powerful for statistical

applications. These applications include, for example,

i Consistent one-sample goodness-of-fit tests (Székely & Rizzo 2005a; Rizzo 2009; Yang
2012).
ii Consistent multi-sample tests of equality of distributions (Székely & Rizzo 2004; Rizzo
2002, 2003; Baringhaus & Franz 2004).
iii Hierarchical clustering algorithms (Székely & Rizzo 2005b) that extend and generalize
the Ward’s minimum variance algorithm.
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iv Distance components (DISCO) (Rizzo & Székely 2010), a nonparametric extension of
analysis of variance for structured data.
v Characterization and test for multivariate independence (Feuerverger 1993; Székely,
Rizzo & Bakirov 2007; Székely & Rizzo 2009).
vi Change point analysis based on Székely & Rizzo (2004) (Kim et al. 2009; Matteson &
James 2012)
vii Uplift modeling (Jaroszewitz & Lukasz (2015)).

Several of these applications are discussed below. Software for energy statistics applications
is available under General Public License in the energy package for R (Rizzo & Székely 2014;
R Core Team 2015).

3. Why is Energy Distance Special?

We see that energy distance (2.6) is a weighted Lo distance between characteristic functions,
with weight function w(t) = [t|;““*"). Suppose that the following three technical conditions
on the weight function hold: w(t) > 0, w(t) is continuous, and

/Wﬂw—gmﬁwwdw<w. (3.1)

We claim that under these conditions if the weighted Lo distance between f and § is
rotation invariant and scale equivariant, then w(t) = const /|t|*™". In other words, rotation
invariance and scale equivariance (under some technical conditions) imply that the weighted
L distance between characteristic functions is the energy distance.

Why do we have this characterization? One can show that if two weighted Lo distances
of the type (3.1) are equal for all characteristic functions f and §, then the (continuous)
weight functions are also equal (for proof of a similar claim see Székely & Rizzo (2012)).

Scale equivariance and rotation invariance imply that for all real numbers a

[ 156 = atan)Putey e = 1ol x [170) - g60)Pote) de.

Introduce s = at. We can see that if a # 0 then

. gw(s/a N
/lf — gl ) ds = o /|f — 9(0)Pw() dt.

Thus w(s/a)/|a| = |alw(s). That is, if ¢ := w(1) then w(1/a) = ca?, implying that w(t) =
const/[t]?T!.

Interestingly, this weight function appears in Feuerverger (1993), where it is applied
for testing bivariate dependence. Although this singular weight function is “special” from
the equivariance point of view, other weight functions are also applied in tests based on
characteristic functions. See e.g. Gurtler & Henze (2000), Henze & Zirkler (1990), or Matsui
& Takemura (2005).

If in the definition of equivariance above we replace |a| by |a|* where 0 < o < 2 then we
get a more general weight function which is w(t) = const/|t|*"®. Ratios of the corresponding
statistics remain scale invariant (see Section 8).

G. J. Székely and M. L. Rizzo



4. One Sample Energy Statistics
4.1. Energy goodness-of-fit

A one-sample goodness-of-fit statistic is designed to measure the distance between a hy-
pothesized distribution Fy and the distribution F' from which an observed random sample

T1,...,%yn is drawn. The energy distance for the goodness-of-fit test Hy : F = Fp vs
H1  F ;é F(] is
2 n , 1 n n
gn(x7F0):E;Em—m—mx—x|—ﬁ;;|u—mm|, (4.1)

where X and X’ are independent and identically distributed (iid) with distribution Fpy, and
the expectations are taken with respect to the null distribution Fy. The energy goodness-
of-fit statistic is n&, = n&n (X, Fo).

&y is a V-statistic, and the corresponding unbiased statistics are U-statistics. The kernel
function for the energy goodness-of-fit V or U-statistic is (5.1), discussed in Section 5.

Under the null hypothesis Hy : F' = Fpy, the test statistic n&, has a nondegenerate
asymptotic distribution as n — oo (see Section 5). Under an alternative hypothesis Hj :
F # Fy, the statistic n&, tends to infinity stochastically. Hence, the energy goodness-of-fit
test that rejects the null hypothesis for large values of n&, is consistent against general
alternatives.

Energy goodness-of-fit tests based on (4.1) have been implemented for testing the com-
posite hypothesis of multivariate normality (Székely & Rizzo 2005a), Pareto family (Rizzo
2009), stable (Yang 2012), and other distributions.

Let us begin by illustrating the application of energy goodness-of-fit tests with a few
univariate examples.

4.1.1. Energy statistic for continuous Uniform distribution. If a random variable has the
continuous uniform distribution over an interval (a, b), then for any fixed z, we have
(z — a)? b—a

Bz - X|= "2 _
[ | b—a T 2

and E| X —-X'| = b*T“ The energy test statistic for a goodness-of-fit test of standard uniform
distribution, that is, Ho : X ~ Uniform(0,1), is therefore given by
2~ 1 1 2 <&
=25 (X2 Xi+ ) - — =S @k —1-n)X )
nén =n(5 3 ( Ty ;( )X )

=1

where Xy denotes the k-th order statistic of the sample.
Note that the linearization in the last sum

1 & 2 «
= > IXi - X = EZ@k—l—n)X(k),
k=1

ij=1

simplifies the energy statistic for any univariate sample, reducing the computational com-
plexity to O(nlogn) in the one-dimensional case.
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4.1.2. Two-parameter exponential distribution. Suppose that one wishes to test whether a
variable T has a two-parameter exponential distribution, with density

fry=xe W >y
It is easy to verify that

1
Bt -T|=t—-p+A-2Fr(), t2u
1
ET-T|==.
=T =

These expectations immediately determine a computing formula for the corresponding test
statistic (4.1) and n&,.

4.2. Energy test of normality

The energy test for multivariate normality is developed by Székely & Rizzo (2005a). Let
Z1,...,%n denote an observed random sample.

4.2.1. Univariate normality. For testing univariate normality, the energy test statistic is
n&,, where &, is given by (4.1) with
20

Bl = X| = 20 = P (@) +20% (@) — (i =)y X = X'|= 7,

where F, f are respectively the cdf and density of the hypothesized N(u,o?) distribution.

4.2.2. Relation to quadratic EDF statistics. The class of quadratic empirical distribution
function (EDF) statistics are based on weighted Lo distances of the type discussed above,
essentially a weighted Cramér distance

| @) - F@) e dr () (12)
where w(+) is a suitable weight function. In the Cramér-von Mises test w(z) is the iden-
tity function, and the Anderson-Darling test applies a weight function w(z) = [F(z)(1 —
F(z))]'. In case of testing for standard normal distribution, the shape of the curve
w(z) = F(z)(1 — F(z)) is in fact similar to the the shape of the standard normal density,
and their ratio is close to a constant ¢ (empirically ¢ & 0.67). Thus, although the energy
test of standard normal distribution and Anderson-Darling test are different statistics and
different tests, the tests have quite similar performance. In this sense, the multivariate
energy test of normality can also be viewed as a computationally simple way to lift the
univariate Anderson-Darling test of normality to arbitrarily high dimension.

4.3. Energy test of multivariate normality

The energy test of multivariate normality is rigid motion invariant and consistent. When
we apply the test to standardized samples, it is affine invariant.

First we develop the test for the case when the parameters are specified. In that case,
the data can be transformed to standard multivariate normal Ng(0, I3), where I4 is the
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d x d identity matrix. For standard multivariate normal Z € R? with mean vector 0 and
identity covariance matrix,

N _ )
E|Z—Z|d—\/§E\Z|d—2F .

Then, if y1,...,yn denote the standardized sample elements, the energy test statistic for
standard d-variate normal distribution is
i
nen,d:n( ZE|y]—Z|d—2 F( 3 Z Y5 — Yrla )
(5 7,k=1

where
27 (4L 2 (1) 2k+2 D(ENT(k + 2
E|a—Z\d:Ld2)+\/jz(')k lala (2)d( 2
r(g) T kI2F (2k+1)2k+2) C(k+ 9 +1)
See Székely & Rizzo (2005a) for details. One way to obtain the expression for Ela — Z|q

follows from a result (Zacks 1981, p. 55), which states that if Z € R? is standard normal,
then the variable |a — Z|2 has a noncentral chisquare distribution x?[v; \] with degrees of

freedom v = d + 2, and noncentrality parameter A = \a\3/2, where v is a Poisson random
variable with mean A. For implementation, the sum in Fla — Z|4 converges after 40 to 60
terms except for very large |a|q, while if |a|q is large the limit Ela — Z|qa & |a|a can be
applied. See the source code in “energy.c” of the energy package (Rizzo & Székely 2014)
for an implementation.

For the composite hypothesis of normality, where the mean vector p and covariance
matrix ¥ are not specified, the test is modified as follows. Apply a linear transformation
of the observed sample to standardize it, using the sample mean vector and the sample
covariance matrix. The modified test statistic né’n,d has the same type of limit distribution
as n&y, 4, with rejection region in the upper tail, but with different critical values. In both
cases a Monte Carlo test implementation can be applied. The statistic né’n,d is compared
to replicates of the energy statistic for standardized normal samples of equal dimension.
This is the method of implementation in function mvnorm.etest in the energy package for
R. Theory for the case of estimated parameters is derived in Rizzo (2002) and Székely &
Rizzo (2005a).

The energy test of multivariate normality is applicable for arbitrary dimension (not
constrained by sample size) and it practical to apply. Monte Carlo power comparisons in
the references suggest that energy is a powerful competitor to other tests of multivariate
normality. Several examples appear in Rizzo (2002); Székely & Rizzo (2005a) to illustrate
the power of the test of multivariate normality against various alternatives, compared with
competing tests like Mardia’s test and the Henze-Zirkler test (Mardia 1970; Henze & Zirkler
1990). Overall, the energy test is a powerful omnibus test of multivariate normality, con-
sistent against all alternatives with relatively good power compared with other commonly
applied tests.

5. Kinetic Energy: the Schrédinger Equation of Goodness-of-fit

The one sample energy statistic £, in (4.1) is a V-statistic whose kernel is a double centered
potential function defined by

h(z,y) = Elz — X| + Ely — X| = B|X = X'| — [z -y}, (5.1)
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where h : R* x R — R. By the law of large numbers for V-statistics (see e.g. Serfling
(1980) or Koroljuk & Borovskich (1994)), we have

lim &, = E[h(X, X")]

n—o00

with probability one. Applying Proposition 1 we see that E(F, Fy) > 0 whenever Ho :
F = Fy is false. Hence under an alternative hypothesis n€, — oo with probability one, as
n — 00.

On the other hand, if Hy is true, then the kernel h is degenerate; that is, E[h(z, X)] =0
for almost all z € R%. Thus n&, has a finite limit distribution under the extra condition
E[h*(X,X")] < oo (see Serfling (1980) or (Koroljuk & Borovskich 1994, Theorem 5.3.1)).
This result combined with the property that n€, — oo under the alternative, shows that
tests can be constructed based on &, that are consistent against general alternatives.

Under the null hypothesis, if E[h*(X,X’)] < oo, the limit distribution of n&, is a
quadratic form

Q=Y MZi (5:2)
k=1

of iid standard normal random variables Zy, k = 1,2,... (Koroljuk & Borovskich 1994,
Theorem 5.3.1). The nonnegative coefficients {\} are eigenvalues of the integral operator
with kernel h(z,y), satisfying the Hilbert-Schmidt eigenvalue equation

[ o) aFw) = xwia). (53

We will call the eigenvalues X the statistical potential energy levels.

The kernel h is symmetric (h(z,y) = h(y, z)), hence the eigenvalues are real. Since |z —y|
is conditionally negative definite, one can easily see that h(z,y) is positive semidefinite, and
thus all eigenvalues in (5.3) are nonnegative. It is also known that their sum is finite and
equal to E|X — X'|.

The kernel h is degenerate; that is,

/h(yc7 y)dF(y) = 0.

Thus ¥ = 1 is an eigenfunction with eigenvalue 0. Since eigenfunctions with different
eigenvalues are orthogonal we have for any 1 corresponding to a nonzero A that

/ W(y) dF(y) = 0.

For such a ¢ in (5.3) the y-independent terms in h(z,y) integrate to 0 and thus (5.3)
simplifies to

/ (Ely - X| - |z — y)$ () dF (y) = Mp(z).

In the one dimensional case, if we differentiate with respect to x we get

- / sign(s — y)(y) dF (y) = M (x),

where (a, b) is the support of dF'. (Note that a,b can be infinite). Now letting = — a,
b b
/ .
M'(a) = = [ signla ~ y)ile) dF() = [ v) dF() =0.
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We get a similar equation for b. Therefore the boundary conditions are
¥'(a) =¢'(b) = 0,

and this also holds for ¥)9 = 1. One more differentiation leads to

—2f = M,
where f = F’. This means that for f # 0 and for y := 1/X we have the simple eigenvalue
equation
— Ly = . (5.4)
2f

Now let us recall the time independent (stationary) Schrédinger equation of quantum
physics (Schrodinger 1926):

P (x)

2m

+ V(@)y(r) = Ed(x).

Here % is the standing wave function, m is the mass of a particle, V(x) is the potential
function, and & denotes the energy level. The left hand side of (5.4) corresponds to pure
kinetic energy because the V(z)y(z) term is missing in (5.4). We can thus call p in (5.4)
the statistical kinetic energy level.

We have just proved that in one dimension the statistical potential energy level A is the
exact reciprocal of the statistical kinetic energy level . This can be called as a counterpart
of the law of conservation of energy in physics.

The derivation of this nice property relies on the fact that (1/2)|x—y| is the fundamental
solution of the one-dimensional Laplace equation

2
%% z—y|=—d(z—y),

where §(+) is the Dirac delta function, so in one dimension |z — y| is a harmonic function.

6. Multi-sample Energy Statistics
6.1. Testing for equal distributions

Suppose that X = Xi,...,X,, and Y = Yi,...,Y,,, are independent random samples
from the distributions of X and Y respectively. £(X,Y) is the energy distance between the
distributions of the variables X and Y. The two sample energy statistic corresponding to
the energy distance £(X,Y) is

ny n2
Eurna (K, Y) =23 S X~ Vil

mn2
1 mnip ni 1 ng ng
XXl =53 > Y- Yol (6.1)
i=1j=1 =1 m=1

The statistic T, ,n, = Tzlfsz Eni,ny can be applied for testing equality of distributions of X

and Y. The null distribution of T}, », depends on the distributions of X and Y, so the test
is implemented nonparametrically as a permutation test in the energy package. The null
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hypothesis of equal distributions is rejected for large 15, n,. For details, applications, and
power comparisons see Székely & Rizzo (2004); Rizzo (2003); Baringhaus & Franz (2004,
2010).

The two-sample energy distance can be applied to other problems in inference. Some
of these applications and extensions of the two-sample energy statistic follow.

6.2. Testing for symmetry

A test for diagonal symmetry is a special case of the two-sample energy test in Section 6.1.
Diagonal symmetry holds if the distributions of X and —X coincide. It was shown in Buja
et al. (1994) and also in Székely & Méri (2001) that if X, X’ are iid R? valued random
variables then

E|X +X'| > E|X — X'|,

and equality holds if and only if X is diagonally symmetric. We can thus introduce distance
skewness, a measure of asymmetry.

Definition 2. If X € R? and E|X| < oo, the distance skewness coefficient of a random
vector is defined
1 _ BIX=X'| E|X 4+ X'| > 0;

dSkew(X) = BIXTX7]" ,
1, E|X + X'| =0.

Distance skewness has the property that 0 < dSkew(X) < 1, with equality to zero if
and only if X is diagonally symmetric.

If X = Xi,..., X, is a random sample from the distribution of X, the sample distance
skewness coefficient is defined:

i 1 X = X
dSkew,(X):=1—-=»/1=—__ °

( ) Z?,j:l |XZ + XJ"
Let Y; = —X/,i = 1,...,n be the reflected X sample in randomized order. A consistent
test of diagonal symmetry against general alternatives can be based on the statistic

|Xi + X5] = 1Xi — X

1§;§n Elsign |Xl|
= Ty X o G 2 X H Vo) (6.3)
22?,,7:1 |X1|

Observe that T, is a normalized two-sample energy statistic because the numerator of the
fraction in (6.2) is exactly half the sample energy distance of X and —X. The numerator
in (6.3) is proportional to (6.1) for samples X; and Y; = —X;, and its expected value is
2E|X]|.

For test implementation one can apply a randomization test. Alternately one can apply
the chi-squared test criterion in Székely & Bakirov (2003). That is, reject the null hypothesis
at significance level « if Ty, > (®7*(1 — a/2))?, where ® is the standard normal cdf. This
criterion is valid for any significance level less than 0.215. However, the chi-squared test
criterion tends to be quite conservative based on empirical studies.

An interesting special case is the inequality E|X + X'| > E|X — X'|, which is discussed
in Mensheinin & Zubkov (2012).
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Note that if C' is an orthonormal matrix, that is, CCT = CTC = I; where I is the
d x d identity matrix and T denotes the transpose, then E|X — CX'| > E|X — X'| with
equality if and only if the distribution of X is invariant with respect to the group generated
by C. Based on this observation we can construct a test for spherical symmetry when the
distribution of X is invariant with respect to the group of all orthogonal matrices. With a
minor modification we can also test if X is elliptically symmetric.

6.3. Distance components: A nonparametric extension of ANOVA

A multi-sample test of equal distributions is a type of generalization of the hypothesis of
equal means. Distance components (DISCO) refers to a decomposition of total dispersion
measured by distances that is analogous to the ANOVA decomposition of variance. The
resulting energy statistic determines a consistent test for the K-sample hypothesis Hy :

Fy =---=Fg, K > 2. For two samples A = {a1,...,an, } and B = {b1,...,bn, }, let
1 ny ng
aA7B = i_bmu, 6.4
GolAB) = 33 o~ bl (64

i=1 m=1

for 0 < a < 2. (ga(A, B) is a type of Gini mean distance.) The multi-sample statistics are
defined as follows. For samples A1, ..., Ak of sizes n1,n2,...,nk, respectively, we define
the total dispersion of the observed response by

N
To = Ta(As,.... Ax) = 5 ga(4, A), (6.5)

where A is the pooled sample of size N = Z]K:1 nj. We also define within-sample dispersion
statistic as

K
Wo=Wa(Ar,..., Ak) = > 2 ga(4;,4;), (6.6)
j=1
and the between-sample energy statistic
_ RN | Mk (a) .
S = Z ( 2N ) |:le + ng Enjim (A, Ar) (6.7)
1<j<k<K
n;n
= > {5 20a (45, A0 — 9a(45, 4)) — g (A, A) |
1<j<k<K

If 0 < a < 2 we have the decomposition of total dispersion T, = S + Wy, where both
S« and W, are nonnegative.

For every 0 < a < 2, the statistic (6.7) determines a statistically consistent test of
the null hypothesis that all of the samples are drawn from identical distributions (Rizzo
& Székely 2010), that is, the multi-sample test of equal distributions. It is important to
note that we have a different result if @ = 2, because in that case corresponding distance
can be zero if the means of the distributions are identical. Indeed, if we consider the
case a = 2 when F) are univariate distributions, the statistic Sp, 2 is the ANOVA between
sample sum of squared error (or sum of squares for treatments) and the decomposition
Ty = Sy + W is the ANOVA decomposition. We do not get the characterization of equal
distributions for @ = 2, but by choosing @ = 1 or any 0 < a < 2 as the exponent on
Euclidean distance, we obtain a test of equality of distributions that is consistent against
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all alternatives with finite @ moments. The DISCO test for equal distributions has been
implemented by permutation bootstrap in the disco function of the energy package for R
Rizzo & Székely (2014). Examples and power comparisons are given in Rizzo & Székely
(2010). An interesting application of DISCO analysis in behavioral biology is given in
Schilling et al. (2012).

6.4. £-clustering: Extensions of Ward’s minimum variance method and k-means

In cluster analysis, Ward’s minimum variance method refers to a widely applied agglomer-
ative hierarchical clustering algorithm based on squared distances of observations to cluster
centers. In an agglomerative hierarchical clustering algorithm, at each step, the objective
is to merge clusters that are homogeneous, as measured by a given cluster distance. Ward’s
criterion minimizes the within cluster variance. When we apply E-clustering, we seek to
merge clusters with minimum energy distance.

A general class of hierarchical clustering algorithms is determined by a type of recursive
formula for updating cluster distances. The energy clustering algorithm defined below and
Ward’s minimum variance have the same type of recursive formula (see Székely & Rizzo
(2005b)) and we will see that E-clustering generalizes Ward’s minimum variance method.

At a given step in the hierarchical clustering, suppose that the disjoint clusters C;, C}
would be merged next. Then the updated £-distance between the new cluster C; U C; and
any disjoint cluster C is given by

ni + Nk

d(Cz U ijck) = m d(C“Ck)
itk e ™ e
ni +nj + Nk d(C5, Cr) n; +nj + Nk d(Ci, Gy), (6.8)
where d(Ci,Cj) = &n,;n;(Ci,Cj), and n;,nj,nk are the number of elements in clusters

C;, Cj, Cy, respectively. Using formula (6.8), if d;; := £(C;,Cj) is given by (6.1), the
updated £-distance can be computed recursively by
d(ij)k = d(Cz u gy, Ck)
=04 d(Cl7 Ck) + &7 d(0j7 Ck) + ﬁd(ch CJ)

= a;dik + ajdji + Bdij + v|dik — djk], (6.9)
where
n; + N —Nk
U kL. R — —0. 6.10
ni +mnj +ng’ h ni +nj + ng K (6.10)

Other types of distances can replace the Euclidean distance in (6.9) to obtain other
clustering algorithms. In fact, if we substitute squared Euclidean distances for Euclidean
distances in (6.9), with the same parameters, we obtain the updating formula for Ward’s
minimum variance method (6.10). That is, if we change the exponent on Euclidean distance
to o = 2, we obtain Ward’s method. However, as we have shown in Proposition 2(ii), the
exponent o = 2 only characterizes differences in cluster means. By Proposition 2(i) if
we apply any exponent 0 < a < 2, the cluster distance measures differences between
distributions. Thus, we can replace Euclidean distances in (6.9) with |z —y|® for any 0 < a <
2 to obtain a class of clustering algorithms that contain Ward’s minimum variance method
as a special case. Energy clustering for 0 < a < 2 generalizes Ward’s minimum variance
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method, providing a class of algorithms that separates clusters that differ in distribution
(in any way).

One practical advantage of £-clustering over geometric or cluster center methods like
centroid, median, or Ward, is the ability to separate and identify clusters with equal or
nearly equal centers. Simulation studies in Székely & Rizzo (2005b) show that £-clustering
effectively recovers the underlying hierarchical structure of data in a variety of scenarios,
including high dimensional data, and data with attributes on different scales. In an example
with simulated normal data with different covariance structures but nearly equal means,
& outperformed six commonly applied hierarchical clustering methods. Results suggest
that the theoretical advantages of energy distance correspond to a performance advantage
for certain clustering problems, and that benefit is achieved without sacrificing the good
properties of Ward’s minimum variance method for separating spherical clusters.

Another energy method in cluster analysis is k-groups, which generalizes the popular
k-means clustering method (Li 2015). While k-means finds clusters with well-separated
cluster means, k-groups separates clusters with different distributions.

7. Distance Correlation: Measuring Dependence and the Energy Test of
Independence

In this section we focus on dependence coefficients distance covariance and distance corre-
lation introduced in Székely, Rizzo & Bakirov (2007) that measure all types of dependence
between random vectors X and Y in arbitrary dimension. The corresponding energy statis-
tics have simple computing formulae, and they apply to sample sizes n > 2 (n can be much
smaller than dimension).

To quote Newton (2009)

Distance covariance not only provides a bona fide dependence measure, but it
does so with a simplicity to satisfy Don Geman’s elevator test (i.e., a method
must be sufficiently simple that it can be explained to a colleague in the time
it takes to go between floors on an elevator!).

The distance covariance statistic is computed as follows. First we compute all of the
pairwise distances between sample observations of the X sample, to get a distance matrix.
Similarly compute a distance matrix for the Y sample. Next, we center the entries of these
distance matrices so that their row and column means are equal to zero. A very simple
formula (7.9) accomplishes the centering. Now take the centered distances Ax, and B¢ and
compute the sample distance covariance as the square root of

1 n
V2 = Z ApkeBre.

= 2
k, =1

The statistic V,, converges almost surely to distance covariance (dCov), V(X,Y), to be
defined below, which is always non-negative and equals zero if and only if X and Y are
independent. Once we have dCov, we can define distance variance (dVar), and distance
correlation (dCor) is computed as the normalized coefficient analogous to Pearson’s corre-
lation. Distance correlation is a very effective tool to detect novel associations in large data
sets (see Simon & Tibshirani (2011) and Wahba (2014)).

Classical inference based on normal theory tests the hypothesis of multivariate inde-
pendence via a likelihood ratio statistic based on the covariance matrix of (X,Y’) or their
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marginal ranks. These tests are not consistent against general alternatives, because like
correlation measures, the statistics measure linear or monotone association. The distance
covariance energy test is based on measuring the difference between the joint and marginal
characteristic functions, thus it characterizes independence. For other recent consistent
tests of bivariate or multivariate independence see e.g. Feuerverger (1993); Gretton & Gyorfi
(2010(@, 2012).

7.1. Definitions of distance covariance and distance correlation

In this section, we suppose that X in RP and Y in R? are random vectors, where p and q are
positive integers. If f '« and fy denote the characteristic functions of X and Y, respectively,
and their joint characteristic function is denoted f x.v> then X and Y are independent if
and only if fx,y = fX fy. In the following definition ¢;, ¢q are given by (2.7).

Definition 3. The distance covariance between random vectors X andY with finite first
moments is the nonnegative number V(X,Y) defined by

VQ(Xv Y) = fo,y(tv S) - fx (t)fy (S)H2
_ 1 |fX,Y (tvs) - fx (t)fy (5)|2
- /RPH £+ |

1+q
CpCq 2

dt ds. (7.1)
|

If E|X|, < co and E|Y|; < oo then by Lemma 1 and by Fubini’s theorem we can

evaluate
VAX,Y) = BIX = X',|Y = Y'|] + EIX - X'|, B]Y =Y,
—2B[|X — X'[p|Y = Y"|], (7.2)

where (X,Y), (X',Y’), and (X",Y") are iid.

Distance variance is defined as the square root of

VAX) = VX X) = If o (8 8) = Fe 0 F i ()11

By definition of the norm || - ||, it is clear that V(X,Y) > 0 and V(X,Y) = 0 if and only

if X and Y are independent.

Definition 4. The distance correlation (dCor) between random vectors X and 'Y with
finite first moments is the nonnegative number R(X,Y) defined by

VEXY)_ p2(X)V2(Y) > 0;
710) >0 )

R*(X,Y) = { VIOV
0, VA(X)V(Y)

Some properties of distance covariance are
1. V(a1 + 01C1 X, a2 + b202Y) = /|bib2| V(X,Y), for all constant vectors a1 € RP,
az € R?, scalars by, b2 and orthonormal matrices C1, C2 in RP and RY, respectively.

2. Distance covariance is not covariance of distances, but (applying (7.2)) it can be
expressed in terms of Pearson’s covariance of distances as:

V2(X,Y) = Cov(|X — X'|,, [Y = Y'|g) —=2Cov(|X — X'|, |[Y = Y"],).

It is interesting to note that Cov(]X — X'|p,|Y — Y’|q) = 0 does not imply indepen-
dence of X and Y. Indeed, there is a simple 2- dimensional random variable (X,Y)
such that X and Y are not independent, but |X — X’| and |Y — Y”| are uncorrelated.
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Some properties of distance variance are:

1. V(X) = 0 implies that X = E[X], almost surely.

2. If X and Y are independent, then V(X +7Y) < V(X) + V(Y). Equality holds if and
only if one of the random vectors X or Y is constant. (It would be interesting to find
sharp upper and lower bounds on V(X +Y) in terms of V(X),V(Y),V(X,Y).)

3. V(a+bCX) = |b|V(X), for all constant vectors a in R?, scalars b, and px p orthonormal
matrices C.

In addition to the properties stated above, for distance correlation, we have

1. 0<R(X,Y)<1.
2. R(X,Y) =1 implies that the dimensions of the linear subspaces spanned by X and
Y respectively are almost surely equal, and if we assume that these subspaces are

equal then in this subspace
Y =a+0bXC

for some vector a, non-zero real number b and orthogonal matrix C.

The last property shows that for uncorrelated (nondegenerate) random variables X,Y,
the distance correlation cannot be 1. If P(X =0) =p and P(X = —-1) = P(X =1) =
(1 -p)/2, Y = |X]| then X,Y are uncorrelated and as p — 1 we have that dCor*(X,Y) —
1/4/2 = 0.7071.... We conjecture that this is the best upper bound. The fact that for
uncorrelated random variables dCor < 1 is a very good property of dCor compared to
some other measures of dependencies like maximal correlation that can easily be 1 for
uncorrelated variables.

The sample distance covariance statistic Vﬁ(X, Y) introduced at the beginning of this
section has a simple form (7.10). It is equivalent to the following definition.

Let f7(t), f"(s), and f  (t,s) denote the empirical characteristic functions of the
samples X, Y, and (X,Y), reépectively. It is natural to consider a statistic based on the L2
norm of the difference between the empirical characteristic functions; that is, to substitute
the empirical characteristic functions for the characteristic functions in the definition of the
norm. A key result (Székely, Rizzo & Bakirov 2007, Theorem 1) is the following:

If (X,Y) is a random sample from the joint distribution of (X,Y’), then

1 F% 5 (t8) = Fe (0 fy ()" = 1+ S2 — 28, (7.4)
where
1 n
S1= 5 D Xk = Xelp|Yi - Yelo, (7.5)
kye=1
1 n 1 n
So= ok 30 X=X 3 Vil o
kye=1 k,e=1
1 n n
S3 = 3 Z Z | Xk — Xe|p|Ye — Yulq, (7.7)
k=1¢,m=1
and
V,QL(X,Y) =51+ 52 — 2853, (7.8)

where V2(X,Y) is given by (7.10) defined below.
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For a random sample (X,Y) = {(Xx,Ys) : k =1,...,n} of n iid random vectors (X,Y")
from the joint distribution of random vectors X in R” and Y in R?, compute the Euclidean
distance matrices (are) = (| X% — Xe¢|p) and (bre) = (|Yr — Yi|q). Define the centered
distances

Akz:au—ak,—d[-ﬁ-d,, k,Z:].,...,n, (79)

where

1 ¢ 1 ¢ 1<
Q. = *Zake, a.¢,= *Zake, a.=— Z Qe
n =1 n k=1 n k, =1
Similarly, define By = bre — by, —b. ¢+ b, for k,£=1,...,n.
The sample distance covariance V,(X,Y) and sample distance correlation R, (X,Y)
are defined by

1 n
VIX,Y) = — > AwBie . (7.10)
k, =1
and
V2 (X,Y) 2 2
—— ) PX(X)VE(Y) > 0;
R2(X,Y) = VZ(X)VZ(Y) X)Vu(Y)
0, Vai(X)VA(Y) =0,

respectively, where the sample distance variance is defined by

1 n
ViX) =Va(XX) = 5 D Al
k, =1

As a corollary we have that V2(X,Y) >0, V2(X) > 0.
One can also show (Székely, Rizzo & Bakirov 2007, Theorem 2) that we have the almost
sure convergence:

lim V,(X,Y) =V(X,Y);
n— oo

lim R2(X,Y) =R*(X,Y).

n—oo

Under independence nV,%(X,Y) converges in distribution to a quadratic form Q 2
Z;’;l /\jZJZ, where Z; are independent standard normal random variables, and {);} are
nonnegative constants that depend on the distribution of (X,Y") (Székely, Rizzo & Bakirov
2007, Theorem 5). Under dependence of (X,Y), nV2(X,Y) — co as n — oo, hence a test
that rejects independence for large nV2 is consistent against dependent alternatives.

On properties of distance covariance, distance variance, and distance correlation of see
Székely, Rizzo & Bakirov (2007).

In addition to testing independence there are several other important applications of dis-
tance covariance and distance correlation. In Székely & Rizzo (2009), dCov statistics were
applied to identify influential observations. Distance covariance has been applied by Mat-
teson & Tsay (2011) for independent component analysis. Li et al. (2012) applied distance
correlation for feature screening for ultra-high dimensional data For another interesting
application of distance correlation see Kong et al. (2012).
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The first paper on distance correlation, Székely, Rizzo & Bakirov (2007), contains its
generalization for heavy tailed distributions whose first moment does not exist. For appli-
cations of this generalization to energy goodness-of-fit for Pareto family, Cauchy, and stable
distributions see Rizzo (2009) and Yang (2012).

For time series, definitions of an “auto” distance correlation analogous to auto correla-
tion have been considered by Matteson & Tsay (2011), Rémillard (2009), and Zhou (2012).
On martingale difference sequences see Shao & Zhang (2014) and Park et al. (2015).

For a literature review of dependence measures see Josse & Holmes (2014)

7.2. An unbiased distance covariance statistic and its complexity

The following is from Székely & Rizzo (2014).
Let A = (ai;) be a symmetric, real valued n X n matrix with zero diagonal (not neces-
sarily Euclidean distances). Define the U-centered matrix A by (4, j)-th entry of A:

- Qij = 5 2 Qi — g 2 Gig + Ty o Gids §F T

j i=1 j=1 ij=1
Here “U-centered” refers to the result that the corresponding squared distance covariance
statistic is an unbiased estimator of the population coefficient.

As the first step in computing the unbiased statistic, we replace the double centering
operation with U-centering, to obtain U-centered distance matrices A and B. Then

L. 1 R
(A-B):= =3 ZAi,jBi,j
i#]
is an unbiased estimator of squared population distance covariance V2(X ,Y). The inner
product notation is due to the fact that this statistic is an inner product in the Hilbert
space of U-centered distance matrices Székely & Rizzo (2014).

A bias corrected R2 is defined by normalizing the inner product statistic with the bias
corrected dVar statistics. The bias-corrected dCor statistic is implemented in the R energy
package by the bedcor function. The inner product notation itself suggests that the bias
corrected dCor statistic can be interpreted as the cosine of the angle between two U-centered
matrices in the Hilbert space of these matrices.

It is clear that both the sample dCov and the sample dCor can be computed in O(nQ)
steps. Recently Hou & Székely (2015) proved that for real valued samples the above de-
scribed unbiased estimator of the squared population distance covariance can be computed
by an O(nlogn) algorithm. The supplementary files to Hou & Székely (2015) include an
implementation in Matlab.

On a bias corrected distance correlation and its application to a t-test of independence
see Székely & Rizzo (2013a).

7.3. Distance correlation for dissimilarity matrices; the additive constant
invariance

It is important to notice that A does not change if we add the same constant to all off-
diagonal entries and U-center the result. This additive constant invariance is crucial for
applications when instead of distance matrices we only have dissimilarity matrices (zero-
diagonal, symmetric matrices). It is known (Cailliez 1983) that if we add a big enough
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constant to all off-diagonal entries of a dissimilarity matrix then we get a distance matrix
thus we can apply our distance correlation approach methods because additive constants
do not change distance correlation. In Székely & Rizzo (2014) an algorithm is outlined,
and this approach is a strong competitor of the Mantel test for association between dissim-
ilarity matrices. This makes dCov tests and energy statistics ready to apply to problems
in community ecology, where one must often work with data in the form of non-Euclidean
dissimilarity matrices.

7.4. Partial distance correlation

Based on the inner product dCov statistic (the unbiased estimator of V?) theory is developed
to define partial distance correlation analogous to (linear) partial correlation. There is a
simple computing formula for the pdCor statistic and there is a test for the hypothesis of
zero pdCor based on the inner product. Energy statistics are defined for random vectors, so
pdCor(X,Y; Z) is a scalar coeflicient defined for random vectors X, Y, and Z in arbitrary
dimension. The statistics and tests are described in detail in Székely & Rizzo (2014) and
currently implemented in an R package pdcor Rizzo & Székely (2015).

7.5. Alternative definitions of distance covariance; affine and monotone
invariant versions

The original distance covariance has been defined as the square root of dCov? (X,Y) rather
than the squared coefficient itself. Thus dCov(X,Y’) has the property that it is the energy
distance between the joint distribution of X,Y and the product of its marginals. Under
this definition, however, the distance variance, rather than the distance standard deviation,
is measured in the same units as the pairwise X distances.

Alternately, one could define distance covariance to be the square of the energy distance:
dCov?(X,Y). In this case, the distance standard deviation of X is measured in the same
units as the X distances. Standard deviation, Gini’s mean difference, and distance standard
deviation are measures of dispersion: standard deviation works with deviations from the
center measured by the arithmetic average of data, Gini’s mean difference works with data
distance without centering them, finally distance standard deviation works with centered
(doubly centered) data distances. It is easy to see that for real valued random variables
with finite variance the distance standard deviation cannot be bigger than the standard
deviation nor Gini’s mean difference.

Under these alternate definitions, the distance correlation is also defined as the square
dCor?(X,Y), rather than the square root. Using this alternate definition, the formula for
sample partial distance correlation in Székely & Rizzo (2014) becomes

RAUX,Y;Z) = (7.11)
R (X,Y) =R (X, 2) R (V. Z) .
N N Rn(X,2Z) # 1 and Ru(Y, Z) # 1;
0, Ru(X,Z) =1 o0r Ra(Y,Z) = 1.

where R,, denotes the sample (partial) distance correlation.

This formula is similar to a computing formula for partial correlation where X,Y, Z are
real valued random variables. For partial distance correlation in the formula above, we do
not need this restriction: X,Y,Z can have arbitrary, not necessarily equal dimensions. A
related approach is via a nonparametric notion of residuals (Patra et al. 2015).
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Also see Dueck et al. (2014) on affine invariant distance correlation. Here we apply the
distance correlation formulae for the standardized sample. One can also apply the distance
correlation formula to copula transformed random variables or to ranks of observations; this
results in a version of distance correlation that is invariant with respect to monotone trans-
formations. The copula version of distance correlation can be considered “more equitable”.
On a test of independence based on ranks of distances see Heller et al. (2013).

7.6. Brownian covariance

There is a very interesting duality between distance covariance and a covariance with respect
to a stochastic process, defined below. We will see that when the stochastic process is Brow-
nian motion (Wiener process) the Brownian covariance coincides with distance covariance.
For more details see Székely & Rizzo (2009).

To motivate Definition 5, first, consider two real-valued random variables X,Y. The
square of their ordinary covariance can be written

E*[(X—E(X))(Y — E(Y))]
= B[(X - E(X))(X' - BE(X"))(Y = E(Y))(Y' = E(Y"))].
Now define the square of conditional covariance, given two real-valued stochastic pro-
cesses U(-) and V(-). If X € R and {U(t) : t € R} is a real-valued stochastic process,
independent of X, define the U-centered version of X:

Xy =U(X) - /oo U(t)dFx(t) = U(X) — E[U(X) | U],

—o0

whenever the conditional expectation exists. Notice that X;q = X — E'[X]7 where id is
identity.

Next consider a two-sided, one-dimensional Brownian motion (Wiener process) W with
expectation zero and covariance function

Is| + |t] — |s — t| = 2min(s, t), t,s > 0.
(This is twice the covariance of the standard Brownian motion.)

Definition 5. The Brownian covariance of two real-valued random variables X andY with
finite first moments is a nonnegative number defined by its square

W?(X,Y) = Coviy (X,Y) = E[Xw Xiy Y Yiy],
where (W, W') does not depend on (X,Y, X', Y").

If W in Covw is replaced by the (non-random) identity function id, then Covq(X,Y) =
| Cov(X,Y)| is the absolute value of product-moment covariance.

Definition 5 can be extended to random processes and random vectors in higher dimen-
sion; see Székely & Rizzo (2009) for details. The Brownian variance is defined by

W(X) = Varw (X) = Covw (X, X),

and Brownian correlation is
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whenever the denominator is not zero; otherwise Corw (X,Y) = 0.
It was proved (Székely & Rizzo 2009, Theorem 7) that Covw (X,Y") exists for random
vectors X and Y with finite second moments:

Theorem 2. If X is an RP-valued random variable, Y is an R?-valued random variable,
and E(|X| + |Y]) < oo, then E[Xw Xy YwY{y/] is nonnegative and finite, and

W3(X,Y) = E[Xw Xy Y Y]
=EX-X'|Y -Y'|+EX-X|E|lY - Y|
—EX-X'||Y -Y"|-E|X - X"|lY —Y'|, (7.12)

where (X,Y), (X', Y"), and (X", Y") are iid.

If we compare Theorem 2 and (7.2), there is a surprising coincidence: Brownian covari-
ance s equal to distance covariance; that is, W(X,Y) = V(X,Y) in arbitrary dimension.
See (Székely & Rizzo 2009, Theorem 8) for the proof of Theorem 2. Thus Pearson’s classical
correlation corresponds to the simplest non-random process, the identity function, while the
distance correlation, dCor, corresponds to the correlation with respect to Brownian motion.
This is an interesting duality.

We can broaden the applicability of distance correlation and Brownian correlation if we
work with 0 < o < 2 powers of distances and with fractional Brownian motions with Hurst
parameter 0 < H = a/2 < 1, resp (Herbin & Merzbach (2007)). Here we do not need to
suppose that X, Y have finite expectations, we just need finite &« moments for some positive
«. We have the same duality as before: the distance correlation computed from a powers
of distances, dCor,, equals the correlation with respect to fractional Brownian motion with
Hurst parameter 0 < H = /2 < 1. We can go even further and work with conditionally
negative definite distances § in metric spaces. For a related interesting result see Genovese
(2009). For more details on these kinds of generalized energy inferences see Section 8.

8. Generalized Energy Distance

Since many important distributions do not have finite expected values we need the following
generalization of Proposition 1.

Proposition 2. Let X and Y be independent d-dimensional random variables with char-
acteristic functions f,g. If E|X|* < co and E|Y|* < oo for some 0 < a < 2, then

(i) For0< a< 2,
ECNX,Y)=2E|X —Y|* —E|X - X'|* - E|lY —-Y'|*

_ 1 () — o)
= Cld,a) /Rd g+ o ®1)

where
C(d, a) = 272 LU= 0/2)

ST (2 (8.2)

(ii) E?(X,Y) =2|E(X) - E(Y)|.
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Statements (i) and (i) show that for all 0 < a < 2, we have £ (X,Y) > 0 with
equality to zero if and only if X and Y are identically distributed; but this characterization
does not hold for oo = 2 since we have equality to zero in (ii) whenever E(X) = E(Y).

Some applications of Proposition 2 include:

1. Goodness-of-fit tests for heavy tailed distributions such as stable distributions (Yang
2012) and Pareto distributions (Rizzo 2009).

2. Generalization of Ward’s minimum variance criterion in hierarchical cluster analysis
(see Section 6.4).

3. Generalization of distance covariance for heavy tailed distributions (Székely, Rizzo &
Bakirov 2007).

4. The energy score (Gneiting & Raftery 2007).

A proof of Proposition 2 is based on the following lemma.

Lemma 1. For allz € R, if 0 < a < 2, then

/ 1= cos(b®) gy o(d, ) af3,
Rd |t‘d+a

where (t,z) represents inner product, C(d, ) is the constant (8.2) defined in Proposition
2, t € R (The integrals at t = 0 and t = oo are meant in the principal value sense:
lime 0 fRd\{EBJrE,lg}, where B is the unit ball (centered at 0) in R? and B is the comple-
ment of B.)

A proof of Lemma 1 is given in Székely & Rizzo (2005b).

9. Energy in Metric Spaces and Machine Learning

It is easy to define & for all pairs of random variables X, Y that take their values in a metric
space with distance function §:

E(X,Y) =2E[§(X,Y)] - E[6(X,X")] — E[§(Y,Y")],

provided that these expectations exist; however, if we replace Euclidean distance with a
metric  in an arbitrary metric space, then the claim that “€(X,Y) > 0 with equality to
zero if and only if X and Y are identically distributed” does not necessarily hold.

A necessary and sufficient condition that the above characterization of equal distribu-
tions holds is established in Proposition 3 below. A metric space (X, d) has negative type if
for all n > 1 and all sets of n red points z; and n blue points z} in X, we have

226(@@;) — Z(S(.’L'i,il]j) — Zé(mi,x;) > 0.
7,] 2,7 ¥

If we take repetitions of x; and take limits then we get a seemingly more general prop-
erty called conditional negative definiteness of §: For all n < 1, x1,x2,...,2, € X, and
ai,az,...,an real numbers with Z?zl a; = 0, we have

Zaiajé(:pi,:pj) S 0.
)3
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Some classical results on conditional negative definiteness are given in Schoenberg (1938a)
and Schoenberg (1938b). The metric space (X, ) has strict negative type if for every n > 1
and for all distinct points x1, x2, ..., T, equality holds only if a; = 0 for all <. Now suppose
that the Borel probability measures u;, ¢ = 1,2 on X have finite first moments; that is,
J 8(o, z)dpi(z) < oo for some (and thus for all) o € X. If we approximate y; by probability
measures of finite support we arrive at an even more general version of the energy inequality:

/5(x1,x2)d(m  p2) (w1, 32) < 0.

On finite metric spaces of strictly negative type see Hjorth et al. (1998). The metric space
(X,0) has strong negative type if it has negative type and equality in the last inequality
holds if and only if u1 = p2. (Lyons 2013, Remark 3.3) gives an example for a countably
infinite metric space that is strictly negative definite but not strongly. On the application
of the concept of negative definiteness to metric spaces of connected graphs where the
distance between vertices is the length of the shortest path, see Deza & Laurent (1997) and
Meckes (2013).  So far we do not have a characterization of graphs whose metric space
has strict negative type but for example, weighted trees have negative type (Meckes 2013,
Theorem 3.6). Another open problem is the characterization of Riemannian spaces that
have strong negative type. On this topic, see e.g. Feragen et al. (2015). It is easy to see that
spheres do not have strict negative type. For a counterexample it is enough to check four
points of the sphere: the north pole, the south pole and the middle points of the semicircles
that connect them on the sphere.
The following proposition is easy to see.

Proposition 3. Let X,Y be independent random variables with distributions i, p2, Te-
spectively, X' is an id copy of X and Y’ is an iid copy of Y.

1. A necessary and sufficient condition that
2E5(X,Y) - E§(X,X') - ES(Y,Y') >0 (9.1)

holds for all X,Y 1is that (X,8) has negative type.
2. In (9.1), a necessary and sufficient condition that

2E5(X,Y) — E6(X,X') — ES(Y,Y') =0

holds if and only if X and Y are identically distributed (u1 = p2) is that the metric
space has strong negative type.

Proposition 1 shows that FEuclidean spaces have strong negative type. The same holds
for hyperbolic spaces (Lyons 2015) and for all separable Hilbert spaces (Lyons 2013). This is
very important in applications to function valued data (Horvath & Kokoszka 2012). Lyons
(2013) proves that if (X, 0) has negative type then (X, ") with 0 < r < 1 has strong negative
type. Thus Proposition 2 follows from the observation that in Euclidean spaces |z — y\2 has
negative type because >°" | a; = 0 implies that 3=, ; aia;|z; — x|? = —2| > i a;z;|? <0.

In the theory of machine learning, conditionally negative definite distances d(x,y) and
positive definite kernels k(z,y) play crucial roles, see e.g. Vapnik (1995); Wahba (1990);
Scholkopf & Smola (2002); Sejdinovic et al. (2013). According to the “kernel trick” if k(z, y)
is a positive definite kernel then k(x, z) + k(y,y) — 2k(z,y) is the square of a conditionally
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negative definite distance (Berg, et al. 1984). The most frequently applied positive definite
kernels are the Gaussian exp(—c|z — y|?) or the Laplacian exp(—c|z — y|), where z,y are in
a d-dimensional Euclidean space. A disadvantage of these kernels is that if we apply them
in high dimensions then the energy distance, which is the same as the “maximum mean
discrepancy” in the world of machine learning, tends to 0 exponentially fast as d — oo
(Ramdas et al. 2014; Reddi et al. 2014). In contrast, the energy distance with our original
conditionally negative definite distance |z—y| typically tends to infinity at a rate of v/d. This
huge difference makes our original energy distance more appropriate for high dimensional
problems. The following example illustrates the situation.

Let X,Y be d-dimensional independent Gaussian variables with iid coordinates whose
expectations are 0, and whose variance is o in case of X, and 72 for Y. Then 2E|X —
Y|i—E|X —X'|4—|Y —Y’|4 = oo at rate v/d because normalized | X — Y,|X — X’|, and
|Y — Y| are yq-distributed after we divide them by vo2 4 72, /20, and v/27, respectively.
Thus,

V2I((d+1)/2)

2BIX ~Yla — BIX = X'a — BIY = Y'la = [2v/0® + 72 — V2(0 +7)] N

because the expected value of the xg-distribution is v2T'((d + 1)/2)/T'(d/2), and asymp-
totically this is a constant times v/d.

Another advantage of the kernel |x — y| and the corresponding energy distance is that
they are scale equivariant, and this helps to make scale invariant statistical decisions.

10. Historical Background

In 1927-28 two fundamental papers changed our views of matter and mind. Heisenberg’s
uncertainty principle (Heisenberg (1927)) led to a probabilistic description of matter (unlike
Newton’s deterministic laws), and von Neumann’s minimax theorem of zero-sum games (von
Neumann (1928)) led to a probabilistic description of our mind (see also the uncertainty
principle of game theory in Székely and Rizzo (2007)). The energy perspective in this paper
reflects another type of duality between matter and mind. The terms “statistical energy,”
“E-statistic,” and “energy of data” were coined in Székely’s lectures at MIT, Yale, and
Columbia University in 1985.

The prehistory of statistical energy and Proposition 2 goes back to Gel’fand and Shilov,
who showed that in the world of generalized functions, the Fourier transform of a power
of a Euclidean distance is also a (constant multiple of a) power of the same Euclidean
distance (see equations (12) and (19) for the Fourier transform of |z|% (Gel'fand & Shilov
1964, pp. 173- 174)). Thus, one can extend the validity of Lemma 1 using generalized
functions, but the Proposition itself is not in Gel’fand & Shilov (1964). The duality between
powers of distances and their Fourier transforms is similar to the duality between probability
density functions of random variables and their characteristic functions (especially of normal
distributions whose probability density functions have the same form as their characteristic
functions). This duality was called by Gauss a “beautiful theorem of probability theory”
(“Schones Theorem der Wahrscheinlichkeitrechnung” (Fischer 2011, p. 46)). The proof of
Propositions 1, and 2 in the univariate case, appeared as early as 1989 (Székely 1989). An
important special case of Proposition 1, namely E|X + X'| > E|X — X’| for all real valued
X and X’ with finite expectations, was a college level contest problem in Hungary in 1990
(Székely 1996, p. 458). On this inequality see more details in Buja et al. (1994). Russian
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mathematicians also published proofs of these propositions and their generalizations to
metric spaces; see Klebanov (2005) and the references therein. See also Mattner (1997)
and Morgenstern (2001) from the German school. On early applications see the test of
bivariate independence of Feuerverger (1993), and the test of homogeneity of Baringhaus
& Franz (2004). See also historical comments on “Hoeffding-type inequalities” and their
generalizations in (Gneiting & Raftery 2007, Sec. 5.2). In the past decade the energy of
data has become a widely applicable tool in many areas of science and technology.

1. Energy statistics are nonnegative valued functions of distances between observations
based on statistical potential energy.

2. Sample energy distance is the square of a metric on the space of samples of size n.

3. Energy tests of independence, equality of distributions, goodness-of-fit, and skew-
ness, as well as hierarchical clustering and distance components analysis of struc-
tured data are some of the important applications of energy statistics.

4. Energy methods are powerful, consistent, and practical to apply.

1. For energy inference on data better represented in Riemannian manifolds than in
Euclidean spaces, e.g. diffusion MRI imaging of the brain, characterize Riemannian
manifolds that have strong negative type.

2. For energy inference on graph structured data, for example tree structured data,
characterize graphs with geodesic distance that is conditionally (strictly) negative
definite. Concerning important distances between graphs, like sampling distance,
cut distance (Lovédsz 2012), and spectral distance (Jovanovi¢ & Stani¢ 2012), char-
acterize their (strict) conditional negative definiteness.

3. When we have flexibility to choose the metric d, find a good/optimal choice of § for
statistical inferences like clustering or testing independence. A special case of this
open problem is a good/optimal choice of the exponent « in Euclidean spaces.

4. Work out details of parameter estimation based on minimization of the energy
distance between data and important parametric families of distributions. These
energy minimum estimators can be called £-estimators. They are clearly special
cases of M-estimators that minimize ) ., g(x:,6) with respect to the parameter
0 where g is some function of an observation z; and a parameter. A related topic
is “energy regression” or “distance regression” which is based on the minimization
of the energy distance between the data y; and its estimator ¢;, ¢ = 1,2,...,n, for
example in case of simple linear regression g; = a + bx; where a, b are real numbers.
This topic is of course related to nonparametric regression (Jureckovd 1972) and
to Gini’s regression (Olkin & Yitzhaki 1992). A Bayesian approach is proposed by
Chakraborty & Bhattacharjee (2015).

5. Instead of the data distance of this paper

Dai=23 3 1Xi=Y[" =3 31X = X1" = 30 Wi - vl°

=il gj=Il =1 j=1 =1 j=1

G. J. Székely and M. L. Rizzo



we can work with Wasserstein type distances (Villani 2008)
n
Wa = mlnz |XZ — Yﬂ-(i)|a
i=1

where 7 is a permutation of the integers 1,2, ..., n. Work out the details of the cor-
responding statistical inferences. While D, includes all possible distances between
observations, W, includes the minimum distances only. Compare D, and W, from
statistical points of view. On Wasserstein type distances see (Ajtai et al. 1984),
(Talagrand 2005), and (Major 2013). For a first start see Ramdas et al. (2015).
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