Statistics 840 Lecture 2

Some Notation:

Y = name of a random variable

y = value of the random variable after it has been ob-
served

Sometimes notation is abused by writing y instead of
Y.

Y ~ F means “The random variable Y has the distri-
bution F”

Y ~ Fy means “The random variable Y has the dis-
tribution Fy-”
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F the normal distribution: A (i, o2).
The density of the normal distribution, with mean u
and standard deviation o is

fy(y) = e 32
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Y = }{1 A vector of two random variables, jointly
>

Normally distributed.

YNN ,Z, — :u]. ,Z: 011 0-12
(s 20, 1 <M2> (021 22

021 = 012, 011022 — 021012 >0

>~ symmetric positive definite, 2 > O.

Ll s 10,

The exponent is a quadratic form in y



Eigenvalue-eigenvector decomposition of >~ = M DI/,
where '™ =1 =T'T and

_ (A1 O
D_(O >\2>'

Axes are along eigenvectors g1 and g- stretched ac-
cording to eigenvalues A1 and X».
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Multivariate Normal Distribution

Y1
Y= | ~N(X)
Yn

n jointly normal random variables.



Conditional distribution of Y7 |y> is

_1 —1
N (Ml + 012055 (Y2 — 12),011 — 012055 021) :

In particular, if u = [ #1 | = 0 ,then EY7 |y =
5. 0
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More generally, let

Conditional expectation of U given V = v is
E(U |v) = Z15% 550

(Standard multivariate Gaussian result, Anderson (1958),
Thm 2.5.1, see anderson1958.pdf or mvnormaldist.pdf
in the pdf2 directory), Wilks, etc.)



Let U be 1-dimensional. Then 311 a number, > 15 a
row vector

E(U |v1,...,vn) =) apuy

aj
Find a = : to minimize
an

E ||U - ZCLgUgHQ — le — 20,,2/12 —|— CL/ZQQCL

d
o —25 5+ 255504 =0

- —1 <
a=255271>

EWU |vi,...,op) = av = 2122521’0

(This least squares calculation is unique to multivari-
ate normal distributions)



Duality between Bayes estimates and optimization
problems:

— 1 ; Y
yi—/o K(t(i),s)f(s)ds + ¢; i=1,...,n

want to estimate f

yn = Xnxp Bp +e e ~ N(O, O'an)
HK/'—/\JL‘/

X has rank ¢ < p, 8 ~ N (0,bZpxp)
To look at this as a Bayes estimate:
E(Ulv) = 15550
B N[O b b X'
Y 0 )\ bXX bXXZ X'+ o2

b X' (bXEZ X'+ 021y
SX(XEX' 4 951"y

B=EQB|y)
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Optimization problem: Minimize

1
~ly = XBIZ +A8=718 (+)

7

. WV
Euclidean norm

= %(y’y —2y'XB+ X' XB+nAFET1H)

% . 22Xy +2X'XB+2n2 =18 =0
gives
B=(X'X 4+ = H1xy
Lemma

(XX—I—n)\Z h-lx' =5 X’ (XZX’—I—n)\I) 1
S~ =~ =~

p><p PXn PXDP pXn nxn
provided X’X +nAX "1 >0
Proof
?
X = (X'X 4+ HZX/'(XZX' + nAI) 1

(X'XEZ +nADX'(XZX' 4+ nA)~ 1
X'(XZX' 4+ nAD)(XZX' 4+ n2)~ 1
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OK. So

e\
I

(X'X + 2 X DXy = X' (X=X + nA) "Ly
B

THE BOTTOM LINE:

The minimizer of the optimization problem (x) is a
Bayes estimate if nA = ¢2/b, the “noise to signal”
ratio
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Question for self, to be studied later—improper priors:

—1
_ (X0 O 1 [ g 0
2= ( 0 &34 ) = = ( 0 %z;l

¢ — oo Improper prior% —~0

im B’ 18=pp50"80 B= (gi’ )

£—00

Optimization problem OK provided X’X + n X1 »
0. Take limits, will be OK

To solve integral equations: (Tihonov) regularization:

1
“ly = XBI* 4+ B8

%Z — [ K@), 9)f()ds)” + M)

1=1 )\BIZ 15

J(f) = [(f"(t))2dt a quadratic form in a function
space—Ileads to a matrix not of full rank
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Geometry of Euclidean space E,, projections, du-
ality

(x1,20) = Z;21(7)x2(7) Euclidean inner product

zp = (2 (1), 2,(2), ..., zp(n))’

(u, v)

=— COS angle between u, v
[[uliflv]]

En(XZ) =0 (z1,20)y = 245 oy
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What is the projection
of = onto plane
spanned by =1, z5?
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x = orthogonal projection of x onto subspace spanned
by x1,T2.|x = a1x1 + arxo
Find a = (al, CLQ), to minimize H:E —a1r1 — OJQ:IZQHQZ

'y 1y — 2a1:c’Z_1:U1 — 2a2:1:/2_1x2—|—
a%x’lz_lxl + 2a1a2x/12_1:c2 + a%x’QZ_la:Q

1 d
—— —a:/Z_lazl—I—alzc’lZ_lzcl—I—agwllz_lxg =0
2daq
1d : Is——1 /| s——1 /I s——1 —
—— ! —T'2 “xptai1x72 “Totazrr2 "z =0
2das

“normal equations” express perpendicularity:

(z,21)s = (T, 21)s
(z,x2)x = (T, 22)x
(z—2,z1)x =0
(z—Z,22)x =0
r—x L a1

r—x L x>
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Normal equations:

<<IB17$1>Z (r1,22)5
(T2, 21)s (T2,%2) 5%
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There is an isometric isomorphism between E,,(3)
and X—the n-dimensional space spanned by the ran-
dom variables

X1
i | ~N(0,X)

Xn,
with the inner product (X;, X;) = E(X;X})
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Isometric Isomorphism: 1 : 1 inner product pre-

serving map.

En(X)
r1 = (011, " ,01pn)
ro = (021, ,00p)
Tn = \(Unla"'ao'nn)J
rows of2_
<T,Tj >y = Ojj
1 041 1 041
(0i17"' 70-7;71): > E
. Oin J Oin
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Letx € Ep(X) Let X € X

T = projectionofz X = FE(X | Xq1,...,Xs)
onto x4, ...,z

Cll\?: X =
a121+ ... t+tapxrr a1Xq1+ ...+ apXp

The normal equations are:

(331,_5151> (fﬂlifvw a1\ <5137_961>
(w1,28)  (opa1) )\ ag (2, 1)

EX1X, EX1X ai EXX1

EXkX]_ EXka at E‘XAX]€
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