Statistics 860 Lecture 3

The bottom line from lecture 2:

Yn = Xnxp Bp +€  en~N(0,0%I,) B~ N(0,bx)
H[g_/\f/

B=E(B|y) b X' (WX X'+ o21)" 1y

SX(XEX' 491"y

()

1
min = fly — XBII2 +AFT718 (o)

\ e

Euclidean norm

By = (X' X+ \E DXy = =X (XX 4+nA) "1y
by using the lemma
(X'X +n2 DX =X (X=X 4+ nAl)" L.

Let nA = o2/b. Then the minimizer of (xx) is the
same as the Bayes estimate ().
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Inner Product Notation: (I, £> to be defined)

(7) En7l27£’2
(,)y H any other Hilbert space.

Y

Let (, )4, be the inner product in ‘H

Let x1, ..., zn € H with Gram matrix

<33175’31>7-[ <$1,$n>7_[
=G = {gij}, say

(Tn, T1)y (Tn, Tn)y
G is always non-negative definite, if it is of full rank
(strictly positive definite) then 1, ..., x, are linearly in-

dependent.

G»-0= 20,5 iGiGij = D j Q0 <f’3i’ xﬂ'>7{



Hn = subspace spanned by x1,...,Tn.

Letx € H

Pnx = projection of x onto Hp: Phpx = Zaixi

minHm—Zaiwii
ai (T, 1)
Sl e R

(the "normal equations”)



‘H Hilbert space

L; a bounded linear functional on ‘H
Very Important Concept

Li(f1 + f2) = Lif1 + L;fo Linear
L;f = areal number depending on f with
|L; f| < M;||f]|| for some M; (depending on L;) Bounded

Special Case

Fn Euclidean n-space

r € Ep, Liz=Ilx=(;x) where 1; € By

/
l,l'CB

< ] < =l

1

f € £2,/f2(8)d8 < 00 L;f = /kz (s) f(s)ds

k"i ~ LQ? sz — (k’w f)ﬁg



yi:Lif_I_gi) = 1,...,n

S - L2 [ (1 @) e

quadra,tzc penalty

ly — XB|I7+ 2=~
S (y; —ziB)? + A8'=" 18

L;8 = .3, notion of a bounded linear functional is
a trivial idea in finite dimensional Euclidean space -
maps B onto the real line. Not so trivial in a Hilbert
space. (note: "bounded linear functional” and ”linear
functional” being used interchangeably. See Section
16. "The Theorem of F. Riesz” for "the Riesz Repre-
sentation Theorem” - will return to this.



(Ordinary) Euclidean Space

En
r = (z(1),...,2(n)) colmn
y = (y(1),...,y(n)) vectors

()= > z@y@G), |°=(z,z)
1=1

(Special) Euclidean space

En(X) > > 0 (positive definite)

(x(1),...,z(n))
y = (y(1),..,y(n))

(x,y)s = 'S 1y |z||? = 2/~ 1z

T



Hilbert spaces

l>

r=(x(1),z(2),...

y=(y(1),y(2),..

(z,y) = Z (1) y (2)

Note x € l2 |f and only if

"little  1o"
— OO

— OO

|2|]? = Z [z (i)]°

Z [z (z)]2 < 00
1=1

By the famous Cauchy-Schwartz inequality

>z () y ()
i=1

J S (@ @)QJ 3 (y(i))?
1=1 1=1

z,y € lo=|(x,y)] < |lz|| ||yl

(z,y) .,
|| [|yl]

cosine of the angle between x and y"



lo (N), A= (A1, o, .... Ay >0

z € ls (N) if f S22 (i) /N < o0

oy = 32 2DUO)

i=1 Ai
If Ay — O, I> (A) will be "smaller” than I
If Ay — o0, lo (A) will be "bigger” than I

0 <a<X <b< oo, thenz € lyiff x € I (A)



c.o.n.s. “complete orthonormal sequence”

P1,92,... € H
Orthonormal:
<¢io¢j> = 1 1=7
= 0 oy
Complete iff
n
x € H Pox =) (z,¢:) ¢
1=1
im ||z — Puz||®° — 0 norm convergence
n—oo
lo x1 = (1,0,0,...
x> = (0,1,0,...
xr3 = (0,0,1,...
C.0.1n.S.
l2 (N) r1 = (\/A1,0,0,...
x> = (0,4/X2,0,...
r3 = (0,0,4/A3,...
C.0.1.S.



L£5[0,1]  "Big £

f Lebesgue measurable function on [0, 1],
J& £2 (t) dt < oo well defined

1

Go=[ fwewa P =[ @

C.0.N.S ¢17 ¢27

/cbz' (s) ¢ (s)ds = 6

and

Pnf: Z (f7¢v)¢’u
v=1

satisfies

1
(fs dv) :/O f(s)dv(s)ds

lim ||f — Puf|| — 0O for all f € L5

n—oo
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1
£51]0,1] f€£2[0,1]<:>/0 (F ()2 dt < oo

Example: Kaplan advanced calculus (Chapter 7)

Pu (1)

1 v =0, t € [0, 1]
V2 cos 2nut
V2sin2mut v =1,2, ...

Fourier series expansion for f € £5 [0, 1]

f(t) ~ ao+\62av sin 2wvt+\62bv COS 27ut

w = (f,gbv):fzfolf(t)sinzmtdt
by = (f,¢v)=\6/()1f(t)C052wvtdt
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Parseval’s Theorem

n—oo

1£112 = lim [[Puf][? = lim > (f,¢0)°
v=1

7

[1PnfI[%

Pnf = Z (f, Pv) o
v=1

1 = PuflI? = |IfI? = 2(f, Puf) + || Pufl|?
= |IfII* = |Paf]|* — O

(Since (fapnf) — (Pnf,Pnf))
1PafII? = ag+ Y (af+1b)
v=1

(with some abuse of mnotation)

1
~ AP = [ (@)
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Remark:
f@) ~ag+v2> aysin2mvt+v2) b, cos22mut

means
|f — Puf]|? = 0

it does not necessarily mean

f@ —(Puf)(®)—0
Fourier series expansion of the step function. Sum

of first 1, 2 and 3 (odd) components.Converges to
halfway up the jump, not pointwise. (Gibbs effect)
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Lo{ew} , ANl A= (A1,A2,... A >0

feLlol{dv) Al

2
1112 = Z L 20)

f >: i (f7¢v)(ga¢v)

Av

c.0.n.s. is {\/Avqbv} Analogue of

En @ (zy) =) =(i)y(i)
En(Z) @ (z,9) =2'= 1y
f> = rpr

$1, ..., ¢n columns of I
Py = :c’rD—lr’

n

= Z _(55 dv) (Y, dv)

v= 1)‘7’
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Example Lo [{¢u} , Al

®0
Dv

1
V2 sin 2wt
V2 cos 2nut v=1,2, ...

H @ =1
Ay = (2mv) 2™ v=1,2,..

f(t) ~ ao—l—\/§Zav Sin 27T?)t+\/§va COSs 27t

2
Z (fajiv)

< o0

2
Uolf(t) dt] + Y (2m0)2™ (a2 + b2)
v=1 _

if f‘irnite

2
[/01 f(t)dt] 4 /01 (5 (t)>2 dt

d
2 Sin 2wvt = 27y COS 271t ... etc.
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™m even

f@) = ao+\62av Sin 27T’l)t—|—\/§2bv COS 27t

FM) (1) = (=1)™/2 (27v)™ {3 aysin 2mut
+ > bycos22nut}

2
[, = X @mo)*™ (a0 + 85)
By Parseval’'s Theorem (if it is finite)
Note: Lo[{#r}, A] with these eigenvalues and eigen-

functions does not include x,,,_1 (polynomials of de-
gree m — 1). Observe that

£ (1)— ) (0) = 0, v=0,1,...m—1.
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A more general approach to see why 7,,,_1 € Lo[{dv}, ]
iS:

Let f(t) = t". We have that [§ t"cos2rutdt and
Jg t"sin2mutdt behave like 1. Recall A, = v2™.
Therefore it is necessary that

(¥
Z v2fr'<oo

v=1
fort" tobe in Lo[{¢pv}, A, thatis, r > m+1/2. Thus,
Tm—1 & Lo[{dv}, \], and, actually, neither is is t™.
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Bernoulli Polynomials

x € [0, 1]
Bo(z) = 1
1
Bi(x) = z— >
1
BQ (:C) = 2 _$+6
1
By, (#) = nBp_1 (x) /o Bp(z)dz =0, n>0
BL(QU) _ (= 1>k_1 > COS 2771):1: oo
(2k)! o (27‘(‘)2k Z 0<z<1
Bop_1(z) _  (-DF X ,Sin 27z
(2k — 1)! o (27T)2k 1 Z 2k—1 O<z <1

(Abromowitz and Stegun)
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