
Statistics 860 Lecture 3

The bottom line from lecture 2:

yn = Xn×p︸ ︷︷ ︸
K

βp︸︷︷︸
f

+ε εn ∼ N (0, σ2In) β ∼ N (0, bΣ)

β̂ = E(β | y) = bΣX ′(bXΣX ′+ σ2I)−1y

= ΣX ′(XΣX ′+ σ2

b I)−1y
(∗)

min
1

n
‖y −Xβ‖2︸ ︷︷ ︸
Euclidean norm

+λβ′Σ−1β (∗∗)

βλ = (X ′X+nλΣ−1)X ′y = ΣX ′(XΣX ′+nλI)−1y

by using the lemma

(X ′X + nλΣ−1)X ′ ≡ ΣX ′(XΣX ′+ nλI)−1.

Let nλ = σ2/b. Then the minimizer of (∗∗) is the
same as the Bayes estimate (∗).
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Inner Product Notation: (l2,L2 to be defined)

(, ) En, l2,L2
〈, 〉H H any other Hilbert space.

Let 〈, 〉H be the inner product in H

Let x1, ..., xn ∈ H with Gram matrix 〈x1, x1〉H ... 〈x1, xn〉H
... ... ...
〈xn, x1〉H 〈xn, xn〉H

 = G =
{
gij
}
, say

G is always non-negative definite, if it is of full rank
(strictly positive definite) then x1, ..., xn are linearly in-
dependent.

G � 0⇒
∑
i,j aiajgij =

∑
i,j aiaj

〈
xi, xj

〉
H

=
〈∑

i aixi,
∑
j ajxj

〉
H

= ||
∑
i aixi||2H > 0
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Hn = subspace spanned by x1, ..., xn.

Let x ∈ H

Pnx = projection of x onto Hn : Pnx =
∑

aixi

min
∣∣∣∣∣∣x−∑ aixi

∣∣∣∣∣∣2
H

({〈
xi, xj

〉
H

}) a1
...
an

 =

 〈x, x1〉
...

〈x, xn〉


(the ”normal equations”)
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H Hilbert space

Li a bounded linear functional on H
Very Important Concept

Li(f1 + f2) = Lif1 + Lif2 Linear
Lif = a real number depending on f with
|Lif | ≤Mi ||f || for someMi (depending onLi) Bounded

Special Case

En Euclidean n-space

x ∈ En, Lix = l′ix = (li, x) where li ∈ En∣∣∣l′ix∣∣∣ ≤ ||li||︸ ︷︷ ︸
Mi

× ||x||

f ∈ L2,
∫
f2(s)ds <∞ Lif =

∫
ki (s) f (s) ds

ki ∈ L2, Lif = (ki, f)L2
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yi = Lif + εi, i = 1, ..., n

1

n

∑
(yi − Lif)2 + λ

∫ 1

0

(
f ′′ (x)

)2
dx︸ ︷︷ ︸

quadratic penalty

Lif =< ηi, f >H

||y −Xβ||2 + λβ′Σ−1β∑
(yi − x′iβ)2 + λβ′Σ−1β

Liβ = x′iβ, notion of a bounded linear functional is
a trivial idea in finite dimensional Euclidean space -
maps β onto the real line. Not so trivial in a Hilbert
space. (note: ”bounded linear functional” and ”linear
functional” being used interchangeably. See Section
16. ”The Theorem of F. Riesz” for ”the Riesz Repre-
sentation Theorem” - will return to this.
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(Ordinary) Euclidean Space

En :

x = (x (1) , ..., x (n))′ colmn

y = (y (1) , ..., y (n))′ vectors

(x, y) =
n∑
i=1

x (i) y (i) , ||x||2 = (x, x)

(Special) Euclidean space

En (Σ) Σ > 0 (positive definite)

x = (x (1) , ..., x (n))

y = (y (1) , ..., y (n))

〈x, y〉Σ = x′Σ−1y ||x||2 = x′Σ−1x
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Hilbert spaces

l2 ”little l2”

x = (x (1) , x (2) , ... →∞

y = (y (1) , y (2) , ... →∞

(x, y) =
∞∑
i=1

x (i) y (i) ||x||2 =
∞∑
i=1

[x (i)]2

Note x ∈ l2 if and only if
∞∑
i=1

[x (i)]2 <∞

By the famous Cauchy-Schwartz inequality∣∣∣∣∣∣
∞∑
i=1

x (i) y (i)

∣∣∣∣∣∣ ≤
√√√√ ∞∑
i=1

(x (i))2

√√√√ ∞∑
i=1

(y (i))2

x, y ∈ l2 ⇒ |(x, y)| ≤ ||x|| ||y||

(x, y)

||x|| ||y||
”cosine of the angle between x and y”
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l2 (Λ) , Λ = (λ1, λ2, .... λv > 0

x ∈ l2 (Λ) iff
∑

x2 (i) /λi <∞

〈x, y〉 =
∞∑
i=1

x (i) y (i)

λi

If λv → 0, l2 (Λ) will be ”smaller” than l2

If λv →∞, l2 (Λ) will be ”bigger” than l2

If 0 < a ≤ λv ≤ b <∞, then x ∈ l2 iff x ∈ l2 (Λ)
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c.o.n.s. ”complete orthonormal sequence”

φ1, φ2, ... ∈ H
Orthonormal:〈

φi, φj
〉

= 1 i = j

= 0 i 6= j

Complete iff

x ∈ H Pnx ≡
n∑
i=1

〈x, φi〉φi

lim
n→∞ ||x− Pnx||

2 → 0 norm convergence

l2 x1 = (1,0,0, ...

x2 = (0,1,0, ...

x3 = (0,0,1, ...

... c.o.n.s.

l2 (Λ) x1 = (
√
λ1,0,0, ...

x2 = (0,
√
λ2,0, ...

x3 = (0,0,
√
λ3, ...

... c.o.n.s.
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L2 [0,1] ”Big L2”

f Lebesgue measurable function on [0,1],∫ 1
0 f

2 (t) dt <∞ well defined

(f, g) =
∫ 1

0
f (t) g (t) dt ||f ||2 =

∫ 1

0
f2 (t) dt

c.o.n.s φ1, φ2, ...

if ∫
φi (s)φj (s) ds = δij

and

Pnf =
n∑

v=1
(f, φv)φv

satisfies

(f, φv) =
∫ 1

0
f (s)φv (s) ds

lim
n→∞ ||f − Pnf || → 0 for all f ∈ L2
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L2 [0,1] f ∈ L2 [0,1]⇐⇒
∫ 1

0
(f (t))2 dt <∞

Example: Kaplan advanced calculus (Chapter 7)

φv (t) = 1 v = 0, t ∈ [0,1]

=
√

2 cos 2πvt

=
√

2 sin 2πvt v = 1,2, ...

Fourier series expansion for f ∈ L2 [0,1]

f (t) ∼ a0 +
√

2
∑

av sin 2πvt+
√

2
∑

bv cos 2πvt

av = (f, φv) =
√

2
∫ 1

0
f (t) sin 2πvtdt

bv = (f, φv) =
√

2
∫ 1

0
f (t) cos 2πvtdt
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Parseval’s Theorem

||f ||2 = lim
n→∞ ||Pnf ||

2 = lim
n→∞

n∑
v=1

(f, φv)
2

︸ ︷︷ ︸
||Pnf ||2

Pnf =
n∑

v=1
(f, φv)φv

||f − Pnf ||2 = ||f ||2 − 2(f, Pnf) + ||Pnf ||2

= ||f ||2 − ||Pnf ||2 → 0

(since (f, Pnf) = (Pnf, Pnf))

||Pnf ||2 = a2
0 +

n∑
v=1

(
a2
v + b2v

)
(with some abuse of notation)

→ ||f ||2 =
∫ 1

0
(f (t))2 dt
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Remark:

f (t) ∼ a0 +
√

2
∑

av sin 2πvt+
√

2
∑

bv cos 2πvt

means

||f − Pnf ||2 → 0

it does not necessarily mean

f (t)− (Pnf) (t)→ 0

Fourier series expansion of the step function. Sum
of first 1, 2 and 3 (odd) components.Converges to
halfway up the jump, not pointwise. (Gibbs effect)

13



L2 [{φv} ,Λ] Λ = (λ1, λ2, ... λv > 0

f ∈ L2 [{φv} ,Λ]

||f ||2 =
∞∑
v=1

(f, φv)2

λv
<∞

〈f, g〉 =
∞∑
v=1

(f, φv) (g, φv)

λv

c.o.n.s. is
{√

λvφv
}

Analogue of

En : (x, y) =
∑

x (i) y (i)

En (Σ) : (x, y) = x′Σ−1y

If Σ = ΓDΓ′

D =

 λ1 0
... ..
0 λn


φ1, ..., φn columns of Γ

x′Σ−1y = x′ΓD−1Γ′y

≡
n∑

v=1

1

λv
(x, φv) (y, φv)

14



Example L2 [{φv} ,Λ]

φ0 = 1

φv =
√

2 sin 2πvt

=
√

2 cos 2πvt v = 1,2, ...

H : λ0 = 1

λv = (2πv)−2m v = 1,2, ...

f (t) ∼ a0 +
√

2
∑

av sin 2πvt+
√

2
∑

bv cos 2πvt

∑ (f, φv)2

λv
< ∞

=

[∫ 1

0
f (t) dt

]2

+
∞∑
v=1

(2πv)2m
(
a2
v + b2v

)
︸ ︷︷ ︸

if finite

=

[∫ 1

0
f(t)dt

]2

+
∫ 1

0

(
f(m) (t)

)2
dt

d

dt
sin 2πvt = 2πv cos 2πvt, ... etc.
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m even

f (t) = a0+
√

2
∑

av sin 2πvt+
√

2
∑

bv cos 2πvt

f(m) (t) = (−1)m/2 (2πv)m {
∑
av sin 2πvt

+
∑
bv cos 2πvt}

∣∣∣∣∣∣f(m)
∣∣∣∣∣∣2
L2

=
∑

(2πv)2m
(
a2
v + b2v

)

By Parseval’s Theorem (if it is finite)

Note: L2[{φr},Λ] with these eigenvalues and eigen-
functions does not include πm−1 (polynomials of de-
gree m− 1). Observe that

f(v) (1)−f(v) (0) = 0, v = 0,1, ...,m−1.
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A more general approach to see why πm−1 /∈ L2[{φv},Λ]

is:

Let f(t) = tr. We have that
∫ 1
0 t

rcos2πvtdt and∫ 1
0 t

rsin2πvtdt behave like 1
vr . Recall λv = v2m.

Therefore it is necessary that

∞∑
v=1

v2m

v2r
<∞

for tr to be in L2[{φv},Λ, that is, r > m+1/2. Thus,
πm−1 /∈ L2[{φv},Λ], and, actually, neither is is tm.
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Bernoulli Polynomials

x ∈ [0,1]

B0 (x) = 1

B1 (x) = x−
1

2

B2 (x) = x2 − x+
1

6
...

B′n (x) = nBn−1 (x)
∫ 1

0
Bn (x) dx = 0, n > 0

B2k (x)

(2k)!
=

(−1)k−1

(2π)2k

∞∑
v=1

2
cos 2πvx

v2k
0 ≤ x ≤ 1

B2k−1 (x)

(2k − 1)!
=

(−1)k

(2π)2k−1

∞∑
v=1

2
sin 2πvx

v2k−1
0 < x < 1

(Abromowitz and Stegun)
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