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ON ABSOLUTE CONTINUITY OF MEASURES CORRESPONDING
TO HOMOGENEOUS GAUSSIAN FIELDS

A. V. SKOROKHOD AND M. I. YADRENKO

(Translated by K. Durr)

General questions of absolute continuity and singularity of Gaussian
measures have been considered in works of Ya. Gaek [1], J. Feldman [2]
and Yu. A. Rozanov [3]. However, in considering concrete Gaussian measures
it is desirable to be able to answer these questions using only the defining
characteristics of the corresponding processes.

As is known, to solve the problem of absolute continuity and to find the
density it is necessary to solve a certain operator equation, which for ordinary
processes leads to a Fredholm integral equation of the first type. The existence
of a solution of this equation ensures absolute continuity. But the question
of the existence of solutions of such equations is very complex. Hence there
arises the problem: to find conditions of absolute continuity of measures
which do not involve the existence of a solution of the corresponding equa-
tions.

For stationary processes, several conditions expressed in terms of corre-
lation functions or spectral densities have been given by Rozanov [4], [3].
Other general conditions appear in the summary report of I. I. Gikhman and
A. V. Skorokhod [6], as well as in the book by the same authors [7] (Chapter 7,
§95).

In the present paper, analogous conditions using only spectral functions
and densities are found for homogeneous Gaussian fields. The authors have
restricted themselves only to the case when the means of the Gaussian fields
are equal to zero and the correlation functions differ. The case of identical
correlation functions and distinct means is studied by M. 1. Yadrenko in [8].
Combining the results of [8] with those of this paper one can obtain conditions
of absolute continuity of homogeneous fields for distinct means and correla-
tion functions. To be especially noted is the case of isotropic Gaussian fields
which are considered separately.

Conditions of absolute continuity and singularity of measures corres-
ponding to Gaussian random fields have not yet been studied sufficiently.
In this connection note the works of Z. S. Zerakidze [9], [10], G. M. Molchan
and Yu. I. Golosov [11].

27
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1. Notation, Statement of the Problem, Auxiliary Results

Let R" = {t:t =(t,,---,t,)} be n-dimensional Euclidean space, and
let 2 be a closed bounded region in R*; if T = (T,,---, T,), then Il is the
parallelopiped

r={t-T,=t,<T. k=1 ,n};

L,(2) is the space of square-integrable functions on 2, and if x(t) € L,(2),
¥(t) e L,(2), then

(x(t). y(0) = f (600 d:;
2

if te R", se R", then
(t,s) = Z LSk -
k=1

Let £,(t) and &,(t) be Gaussian homogeneous random fields on R”
with zero mathematical expectations and correlation functions R,(t — s)
and R,(t — s). As is known,

(1) Rj(t —8) = J nei(l,t—S)Fj(dk), j=12,

where Fj(-) is a finite measure on the o-algebra B of Borel sets in R” (the
spectral measure of £ (t)). If F( - ) is absolutely continuous relative to Lebesgue
measure, then dF;/dA = f(}) is the spectral density of {(t).

The random field £(t) has the representation

@ £ () = f FONZ (dh),

where Z (- ) is a random additive set function on B such that
(3) EZ (S, )Z( ) = F(S; N'Sy), S,€B,S,eB.

We shall also consider homogencous and isotropic random fields.
The correlation function of such a field R(p) depends only on the distance
between the points t and s, the spectral measure Fy(-) is invariant under
rotations around the origin and the representation (1) takes on the form

_ o-2iep| P (7 Ja=202(40)
“) Ryp) =2 r( 2) ). e dd (2),
where @ () = [|; <, F(dA) is a bounded nondecreasing function, J (x) is the

Bessel function of first kind of v-th order. A homogeneous and isotropic
random field ¢ (t) has the form (see [12], [13]):

w  h(m,n) 1 metn—2y2(41) _,
(5) éj(t)=cn Z Z Sm(r,ola"" n— 2’ )f )(n 2)/2 — -2 % (dj’)

m=0 I=1
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where (r,0,,---,6,_,, ¢) are the spherical coordinates of t, and S’ (0,,--,
0,_,, ) are the orthonormal spherical harmonics of degree m (cf. [14]),
¢z = 2""'I'(n/2)n"'*, and
(m+n— 3)!

(n — 2)!m!

is the number of such harmonics, Z.(-) is a sequence of additive random set
functions defined on Borel sets in (0, + o0) such that

h(im,n) = 2m + n — 2)

(6) EZ,(S) =0, EZ\(S,)ZLS,) = &, 508, N S,).
The random fields £(t), j = 1,2, induce, on the Hilbert space L,(2),
Gaussian measures y? with zero means and correlation operators

(7) Bx(t) = f R{(t — s)x(s) ds.
P

We shall be interested in conditions of absolute continuity of the
measures uZ and u?, expressed in terms of the spectral measures and spectral
densities as well as in the calculation of du?/du? .

In the sequel we shall use general conditions of absolute continuity
of measures in Hilbert space. Let us formulate them (the proofs are given in
(7).

Let u, and pu, be Gaussian measures defined on the o-algebra £ of
Borel sets in Hilbert space X, where the mean values of 1, and p, are equal to
zero and the correlation operators are %, and %, .

Assertion A. The measures u, and u, are absolutely continuous if and
only if

1) the operator D = A, '*%#,8;''* — 1 is a Hilbert-Schmidt operator;

2) the eigenvalues d, of D are greater than — 1.

If u, and p, are absolutely continuous then formula

0

du, 1 0
8 iy _ -1/2 2 %
(8) i, exp{ 2:2'1 [(932 X, €;) Ch o, log(1 + Ak):|}

holds, where e, are the eigenvectors of D corresponding to the §,.

Assertion B. If there is a bounded operator V satisfying the condition
VB, = B, — %,,
Sp V*V < o0, and —1 is not in the spectrum of V, then y, and u, are absolutely
continuous.

If the assumptions of Assertion B hold and Sp V is defined (i.e., the
series X (Ve,, e,) converges in each orthonormal basis), then

9) Z—ﬁg = /det(I + V)exp{—3(#~'Vx,x)}.
1

As is known, if the Gaussian measure u, is absolutely continuous
relative to u, (u, < p,),then pu, and p, are equivalent (u, ~ u,),ie, u; < p,.
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Let #, be the class of Fourier transformations of functions in L,(2)
which are zero off 2. By a theorem of Polya—Plancherel (cf. [15]) the function
g(A) € #7, if and only if it can be extended in complex n-dimensional space
to an entire function of exponential type T = (T,,---, T,) and is square-
integrable on R". By #,(F,;) we denote the closure of #; in the metric

gz, = f IgF, ().

Let #'% be the space of functions b(A, p) which can be represented in
the form

N J J exp{i(t, 1) — i(s, w)}o(t, s) dt ds,
DYY

where o(t,s)e L,(Z x 2), and # 5(F,) is the closure of #7; in the metric
generated by the scalar product

(b1ob2) = | [ By00s Wbl W @h)F, ).

2. Conditions of Absolute Continuity of Measures Corresponding to Random
Homogeneous Fields

Theorem 1. The measures /,tl and g are absolutely continuous if and only if
there is a function b(\, p) in W 5(F,) such that

Ruft — 9 = Ry(t = 9) = | [[exp{—i6h ) + il 9)}bh, ) Fy(@hIF, dn),

(10) (t,s)e D x 9.
Here

d
(1) o) = exp{ [ [ 00wz @z + c},

Hy

where O(\, p) is related to b(h, p) by the relation:
(12) J O(h, p)b(p, v)F,(dp) = b(k,v) — O(A, v)
and
(13) ¢ = —log Eexp{0(A, )Z,(dNZ(dp)}.

PrOOF. NECESSITY. Let u; and pu, be equivalent. Then the spaces L(u,)
and L(u,) of linear functionals which are measurable with respect to pu,
and p, are the same. Each measurable linear functional for a homogeneous
random field has the form I({(t), te ) = { g(WZ (d)), where g(h) € Wy(F)).
From general results on absolute continuity (cf. [7]) in Hilbert space it
follows that if u, and u, are equivalent, then one can construct a sequence of
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measurable linear functionals [, forming a complete orthogonal system in
L(u,) and L(u,) (these are the functionals (B '/?x, e,)). Let I, = [ g,(MZ (d}).
From the orthogonality of the [, with respect to u, and u, it follows that

E [ ez [ 6,002, = [ g, 0@ = 0
for k # m. We shall norm g,(A) so that

f G WF (@) = 1, f|gk<x)|2F2(dx) — 1+,

From what was said above regarding the [,, it follows here that £¢} < oo.
Let us set

b(h, p) = Z Mg (w).

k=1

Then b(, p) € #'%(F,), and one can see that b(A, p) satisfies (10). To this end
consider the function

169 = [ [ exp{=i0 + (0,96, WF; (@hIF )
+ R (t —s) — R,(t —5)
and let us show that y(t,s) = 0. Let ¢(t) be any function in L,(2) and
u(h) = f exp{ —i(\, t)} o(t) dt.
2

Then using Parseval’s equality we obtain

[ [t owatiatas = | [ uoutub wraayr

DxXD

n f W) F,(dh) — f (M) Fy(d)

=X ( L+e - | |g,k(x)|2F2<dx))

X f u(M)g, (M)F,(d)) = 0.

Thus y(t,s) = 0.
SUFFICIENCY. Let b(A, p) € # %(F,) and satisfy (10). Consider the integral
operator

(14) Ve(w) = f b(r, Wg(MF, (dh).

If b(\, p) € # L(F,), then this operator maps #,(F,) into itself and is
Hilbert-Schmidt. Let g,(A) denote a complete orthonormal sequence of
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eigenfunctions of V' and let 4, denote the corresponding eigenvalues. Then

0

b, p) = Y AgMgw), A7 < .

k=1 k=1

We shall prove that {g,(A)} is orthogonal not only in #(F,) but also in
W4(F,). Let ¢,,(t) be a sequence of functions in L,(2) such that

) = [ expl~i00, )10 dt ~ )
2
asn — oo in the sense of convergence of #4(F,). Then

[ [ Rt = 900,87 dt s ~ [ [ Rt~ 9101,00,6

DxXD DXD

- f f Bk, 1t (Wi F,s (M) Fy(dp).

Passing to the limit as n — co we obtain
[ aigair@ - [ e @)

- f f bk, WERh)g (0)F(dMF, (dp) = O.

From (10) it follows that b(A, p) can be chosen so that b(h, p) = b(—A, —p),
and then the g,(A) can be chosen so that g,(A) = g,(—A). Under this condition
[ gz j(d)) will be a sequence of real linear orthogonal functionals of the
random fields £(t).

By Assertion A, u? and u? are equivalent to

dpg 3 12 4 2 }}
Wein=eonly $ 2 [amzm) -]
It remains only to note that
0 /1k 2 B
P ik[ [ sz, @) - 1} = | [ 00wz @nyz, @,
where
— . /lk o (1)
0(h, p) = k§1 1+ A, &Mgi ().

Theorem 1 is proved.

Corollary 1. If there exists a function c(u,v)e L(Z x 9), satisfying the
equation

At —s) = R,(t —s) — Ri(t —s) = ff R (u — t)c(u, V)R (s — v) dudy,

(15) 2%
te9,s€ 9,

then u? and u2 are equivalent.
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Indeed, (10) follows from (15) if we set

b\, p) = J f exp{i(u, ) — i(v, p)}c(u, v) dudv,
YY)
and b(A, p) e W L(F,).

Let us suppose that {,(t) has spectral density fl(k) and that f;(L) is
bounded on R Then from the fact that b(A,p)e # 5(F,) it follows that
b, w) fi(M) fi(n) € L,(R" x R"). Using this fact it is not hard to obtain, by
means of arguments analogous to those used in proof of Theorems 11 and 12
of Chapter III in [16], the following result due to Zerakidze [10].

Theorem 2. The measures p? and p? are equivalent if and only if the
function

At — s) = R,(t —s) — R (t —s), (t,s) ey x 9,

can be extended to a function which is square-integrable on R" x R" and whose
Fourier transformation @(\, p) satisfies the condition

lop(h, wI?
(16) ff dp < .
fl(l)fl(u
Leta = (ay, -+ -, ,) be a tuple of n non-negative integers, let
8'“f(x Sy Xp)
lof = Zo‘k’ T %) = aqul...axi‘" ’

and let C_(2) be the collection of infinitely differentiable functions whose
supports are concentrated in .
We denote by W(2) the closure of C*(Z) in the metric

a7 1 ey = fg i X[ preoRas,

if s is an integer, and in the metric

18 1S lse = f FPdx + T
PD

laf =s

f J IDf (x) — DY) iy,

ln+2y

when s = [s] + 7,0 <y < 1, i.e.,, the W5(2) are the known Sobolev classes.
Suppose that the boundary of & satisfies conditions of continuation beyond
9, preserving the Sobolev class (cf. [19], p. 444).

Let

-1

(19) i) < (1 + Y /1,3)
k=1
From Theorem 2, using results of L. N. Slobodetskii [17] (see also [18])
we obtain

Theorem 3. If condition (19) holds, then the measures u% and uZ are
equivalent if and only if (A(t) e W2(2).
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For n = 1 this coincides with a result of Rozanov (Theorem 13, Chapter
III of [16]) and in the general case generalizes a result of Zerakidze [10].

Now let us give sufficient conditions of equivalence of measures cor-
responding to homogeneous random fields under the assumption that there
exist spectral densities. An important role in the sequel is played by the
following lemma on orthogonal bases for #5(F,).

Lemma. Letf,()) = |@o(M)I?, 9o(A) € #4, and let {g, (L)} be an orthonormal
basis in Wy(F,). Let I14, T =(T,,---, T,) be a parallelopiped enclosing the
region 9. Then,

© 1 I _ (T, + sp)
20 gW)? = =
0 kgl ’ n fid)

PRrOOF. Since #, is everywhere dense in #,(F,), it suffices to show the
inequality for the case when g,(A) € #4. In this case, q(A)@o(r) € #11,,, and
hence

&m%m=f exp{ — i(h O} (0) dt
11

where y,(t) € L,(I14,,). Since
f&@W&M&QMdeK=5L

we have, by Parseval’s equality,

memmmm=®mk

Thus {27"2¢,(t)} is an orthonormal system in I, and from Bessel’s
inequality we obtain

n

Cr)lpoMI* Y lgMI* = 27 ﬂ (T + 5,

k=1 k=
and the assertion follows.
Theorem 4. Let u and uf be the measures corresponding to the homo-

geneous random fields & (t) with EL(t) = 0 and spectral densities f()), te &,
J = L2 If £,(0) < 9o, where 9o(A) € W, and

£ = ]2
f[ i) ] < o0,

then u? and u2 are equivalent for every bounded region 9.

(21)

PrOOF. Let us first prove this result under the assumption that f,(A)
= f,(d) for all L e R". Let

(22) oM = fi(4) = caleoM)?.
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Consider the functions
A = clpoME ) = cilodMI? + L0 — fi(b),
f0) = fi(h) = ¢4l

We denote by i?, i, u the measures induced by the Gaussian homogeneous
random fields on & having, respectively, spectral densities f;(1), f5(4), f3(4).
Since pu? = iy * uf, to prove the equivalence of uy and u3 it suffices to
show that i? ~ iZ. Let us do this.

Let F;(A) be the spectral function having spectral density f}(l). Consider

any orthonormal basis {g,(A)} in #,(F,). Let
IRORRA
hA) = ———".

=0

Then we have

Il

Y UgllE, — gl = X flgk(l)lzh(l)fl(l) dx
k=1 k=1

< [ 3 czoomey s, a
" T4 s (A0 - fl(MT ,
=\ 0~ H [ 7 .
LT + s, L) — f10~):|2
= )(H H[ A

Let V be a symmetric operator in Wg(F,) for which (Vg, g) = [Ig(A\)|* F,(dA).
We have shown that for every orthonormal basis {g,(A)} in #4(F}) the relation

Z (v - I]gkagk)z < ®©

k=1
holds, i.e., V — I is a Hilbert—Schmidt operator.
Let {g, (1)} be a sequence of eigenfunctions of V' — I and let o, be the
corresponding eigenvalues. Then,

0

bhp) = Y ag Mg

k=1
belongs to % %(F ) since Zk L af < oo. Let R be the correlation function of
the random field with spectral density f;()) and Y (M) = exp{i(A, t)}. Then

Ryt —s) — Ry(t —s) = ([V — Iy, )
= Z ak(lpwgk)(gk’ ‘//s)
k=1

- f f exp{it, 1) — i(s. 1)} b(h. W, (AAF, (dp).
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By Theorem 1, i, ~ fi,. Thus it follows, as already noted, that p, ~ p, .
Let us drop the assumption that f,(A) > f,(A).
Consider the functions

Ji) = cilooM)?, fo(0) = ciloo()? + max (0, f, — f1),
) = [id) = ciloodMWP, fuh) = S0 + /3.

Let 42, ji2, i2, u? be the measures corresponding to the homogeneous

random fields with spectral densities f; , f5, f3, f,, respectively.
Note that i? ~ i?. In fact,

fz(x)—ﬂ(l) 2 C, 2 fz()")_fl()") 2
” 7 ] dké(c’l) f[ £ ] B

But u? = q? « i, u? = i « i. Hence u? ~ uZ. Moreover, u? ~ u9, since

fud) = 110072 [fzm YL
J[ i) ] a5 | £ ] < o0

Hence u? ~ u?.
Note that the theorem still holds even if (22) fails to hold on a set A of

finite measure such that
(A 2
f |: I )2] dh < 0.
a LlooM)

Indeed, in this case one can consider the measure u corresponding to the
random field with spectral density

AR AEA,

i) ={c1|<oo<x>|2, )eA.

The spectral density f¥(A) satisfies (22). Moreover, by assumption,
S —f ’f(l)] 2 .
| d\ < o0, i=1,2.
f [ fi)
Hence, uf ~ %, uf ~ pf? and puf ~ p3.

Let us point out yet another sufficient condition for equivalence of
u? and pu? resulting from Assertion B.

Theorem 5. If there exists a function c(t,u)€ L,(2 x 9), satisfying the
equation

(23) At — s) = f c(t,u)R,(u — s)du,
2

then the measures u? and p,? are equivalent.
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3. Conditions of Absolute Continuity of Measures Corresponding to
Homogeneous and Isotropic Random Fields

Let us now consider certain conditions for absolute continuity of
measures corresponding to homogeneous isotropic random fields.

We suppose at the outset that the random fields &,(t) and &,(t) are
observed on the sphere S,(r) of radius r in R". Let y, and p, be the measures
induced by &,(t) and &,(t) in the space of functions L,(S,(r)). We take as basis
in L,(S,(r)) the spherical harmonics

{SL0,, 0,5, 0):m=0,1,---;1=1,---, h(m,n)}.

Then it is easy to verify using (5) that the correlation operators %, and
#, of p, and u, are diagonal and the eigenvalues of the operator
D= #;'*B,%5;"* — I are equal to

)
5ml=l—7%%—l’ m=0,1,-~;l=1,-~~,h(m,n),
where
. o J2 Ar
(24) bir) = fo ——————'”};:‘rgfl’i( av ).

From Assertion A we obtain

Theorem 6. The measures u, and u, are equivalent if and only if

(25 i h(m, n)lié(m—l)g:—) - 1]2 < 0.
=0

In this case,

du, 1o M Cpg) — p@)
dy, P {_5 2 [ bOMbEr)

© J ot (0= 2y2(AT) 2 b (r)

0

Note that from the spectral representation (5) for &(t) it follows that
Jm Jm+(n—2)/2()“r)

o On o

where u e S,(1), m,(du) is Lebesgue measure on S,(1).
We suppose additionally that

NG

1
2y =~ e usimyaw),
cn Sn
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converges. The convergence of (25) and (27) ensures that of the infinite
product

B © bfnl)(") h(m,n)/2
. o= 0[]

and the expression (26) for the density of u, and u, can be written as

(29) Z—E% = A,(r) exp {—% L 1 L l(u, v, r)é(r, w)é(r, v)mn(du)mn(dv)},
1 n(1) Y Sn(1)

where
© p(r) — pR(r) e
B TTYR I St (u)SL(v).
e 2,
By a theorem for adding spherical harmonics,

h(m,n) h(m, n) C"~2%(cos <u, v))
1 1 - ) m i
I=Z1 Sm(ll)Sm(V) = C(';'—z)/z(l) >

where cos<u, v) is the angular distance between u and v, and ), is the area
of the surface of the unit sphere in R”, and the C)(x) are the Gegenbauer
polynomials defined for v # 0 (i.e.,n # 2) by means of the generating function

lw,v,r) = 2

n m=0

n

(1 —2xt+12)7" =Y Chx)nm.

m=0
Hence, for n > 2,
1 © bW(r) — bP(r)
l 5 ¥y = = = C(H—Z)/Z s b
YD) = e e )

and for n = 2,

1 ©  b(r) — b2r)
l b4 > = " =
@00 = G, 2 B2
Let 2 be any bounded region in R". We suppose that ®,(d1) and ®,(dA)
are absolutely continuous with respect to Lebesgue measure and ¢(4)

= ®(d4)/dA. The sufficient condition of equivalence formulated in Theorem
4 takes on in the case of homogeneous and isotropic fields the following form.

Theorem 7. If
1) — (Pz(/l)]z 1
30 L2 S AT HdA ,
o L [ 9.2 =7

then the measures u? and u2 are equivalent for every bounded region 9.
Now let & be a ball of radius R in R” and

i OoJm+(n—2)/2(/1”1)~]m n—2/2()~r2)
(31) b, ,1r,) = fo O (;‘r 1)‘")"2”2 do2).

exp{—im(p — ¥)}.
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From (15) and (23), using the representation (5) and the property of ortho-
gonality of spherical harmonics, we obtain the following sufficient conditions
for equivalence of u? and u?.

Theorem 8. If there exists a sequence of functions c,(p,, p,) such that
1) culpys po)p™2pG ™ P2 € Ly([0, R] x [0, R]),
2) bDAr, ry) = by, 1)

R (R o
=, f CnlP1s PID 01, 1B, )P 5~ dp, dp,,
(4] 0

0=r,=R0=r, =R,

3) z hom, n)f f oy, p)p ™ dpy dpy < o0,

then the measures u? and u2 are equivalent.
Note here that the function c(u, v) in (15) has the form

C(y:_z)/z(cos<71 Y2))
corny

where (py, Y1), (02,Y2), Y1 €S,, ¥, €S,, are the polar coordinates of u and v.

cp1.Y1>P2-Y2) = 2, him,n)e,(py, ps)

m=0

Theorem 9. If there exists a sequence of functions a,(r,,r,) such that
1) o, (ry, rp)r{ ™ D2rg ™ D2 € Ly([0, R] x [0, R)),

R
) byrior) = bylrior) = [ bulras ey o™ dp.
0

0<r, <R, O0=5r,<R,

3) Z h(m,n)f f al(ry,r)ri " dry dry, < o,

then the measures u? and u? are equivalent.
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