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a b s t r a c t

Distance covariance and distance correlation are non-negative real numbers that
characterize the independence of random vectors in arbitrary dimensions. In this work
we prove that distance covariance is unique, starting from a definition of a covariance as
a weighted L2 norm that measures the distance between the joint characteristic function
of two random vectors and the product of their marginal characteristic functions. Rigid
motion invariance and scale equivariance of theseweighted L2 norms imply that theweight
function of distance covariance is unique.

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

Distance covariance and distance correlation are non-negative real numbers that characterize the independence of random
vectors in arbitrary dimensions. The distance covariance between two random vectors X ∈ Rp and Y ∈ Rq is a non-
negative number V(X, Y ) which is zero if and only if the random vectors X and Y are independent. Distance correlation
is a standardized coefficient, analogous to Pearson correlation, but applicable to random vectors in arbitrary dimensions. In
previouswork (Székely et al., 2007; Székely and Rizzo, 2009) it has been shown that the corresponding test of independence,
which is consistent against all alternativeswith finite absolute firstmoment, is a powerful test ofmultivariate independence.
It is worth noting that the test implementation has a simple computation formula and does not require computing a matrix
inverse or determinant. The test is implemented in the energy package for R (Rizzo and Székely, 2011).

In this work we prove that distance covariance is unique, starting from a definition of a ‘‘covariance’’ as a weighted
L2 norm that measures the distance between the joint characteristic function of random vectors X, Y and the product of
their marginal characteristic functions. Feuerverger (2009, 1993) discusses the weight function in this context, and earlier
considered a related bivariate statistic for testing independence based on characteristic functions.
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If the weight function is positive and the L2 norm is finite then the weighted L2 distance between the joint characteristic
function and the product of their marginal characteristic functions always looks like a good measure of dependence
in the sense that this distance is zero if and only if independence holds. Then why is the weight function w(t, s) =

constant/(|t|1+p
|s|1+q) of Theorem 1 special? The answer, which we are going to prove in this paper, is that this is the

only weight function (among the positive weight functions for which the L2 norm exists) such that the above weighted L2
distance is rigid motion invariant and scale equivariant. These properties then guarantee that distance correlation is rigid
motion and scale invariant, which is a natural requirement.

On extension and application of distance covariance see e.g. Lyons (in press) and Matteson and Tsay (submitted for pub-
lication). On recent developments in measuring and testing independence also see Reshef et al. (2011) and Parzen and
Mukhopadhyay (submitted for publication).

2. Characteristic function based covariance

Suppose that X ∈ Rp is a random vector with characteristic function (cf) fX , Y ∈ Rq is a random vector with cf fY , and
fX,Y is the joint cf of X and Y . (Recall that the characteristic function is unique, always exists, and is bounded in magnitude
by 1.) Then X and Y are independent if and only if fX,Y = fX fY .

Let γ be a complex valued function defined on Rp
× Rq. Define the ∥ · ∥w-norm in the weighted L2 space of functions on

Rp+q by

∥γ (t, s)∥2
w =


Rp+q

|γ (t, s)|2w(t, s) dt ds, (2.1)

wherew(t, s) is an arbitrary weight function for which the integral above exists,w(t, s) > 0 a.s. t ∈ Rp, s ∈ Rq. The symbol
| · | denotes the complex norm when its argument is complex; otherwise | · | denotes Euclidean norm.

Let us define a covariance dCovw by the weighted L2 norm as:

dCov2w(X, Y ) = ∥fX,Y (t, s) − fX (t)fY (s)∥2
w

=


Rq


Rp

|fX,Y (t, s) − fX (t)fY (s)|2w(t, s) dt ds, (2.2)

for a fixed positive weight functionw(t, s), for which the above integral exists. The definition (2.2) immediately implies that
dCovw(X, Y ) = 0 if and only if X, Y are independent.

It is desirable that dCov2w(X, Y ) be invariant to all shift and orthogonal transformations of X and Y , and scale equivariant.
That is,

dCov2w(a1 + b1C1X, a2 + b2C2Y ) = b1b2dCov2w(X, Y ), (2.3)

for all vectors a1, a2, orthonormal matrices C1, C2, and scalars b1, b2 > 0. Scale equivariance of dCov2w implies that the
corresponding correlation, dCor2w becomes scale invariant which is an important property. Also, scale equivariance makes it
possible to view dCov2w as a scalar product (similar to Pearson’s covariance). Although one can seekmore or other invariance
properties, in this paper, we want to show that scale invariance and rigid motion invariance, along with an integrability
condition below, already imply the uniqueness of w.

In what follows we suppose that E|X | < ∞, E|Y | < ∞, and E|X | |Y | < ∞.
We also assume, for integrability of (2.2), that

Rq


Rp

min{1, |t|2} · min{1, |s|2} · |w(t, s)| dt ds < ∞, (2.4)

where |t|2 = ⟨t, t⟩ and |s|2 = ⟨s, s⟩ are the squared Euclidean norms for t ∈ Rp and s ∈ Rq, respectively, and ⟨x, t⟩ = xT t is
the inner product of vectors x and t . The condition (2.4) implies that either

|fX,Y (t, s) − fX (t)fY (s)| =
E(ei⟨t,X⟩

− 1)(ei⟨s,Y ⟩
− 1) − E(ei⟨t,X⟩

− 1)E(ei⟨s,Y ⟩
− 1)


≤ const · |t| |s|,

(in the last step we used the conditions E|X | < ∞, E|Y | < ∞, and E|X | |Y | < ∞)
or |fX,Y (t, s) − fX (t)fY (s)| ≤ 2, and therefore

dCov2w(X, Y ) =


Rq


Rp

|fX,Y (t, s) − fX (t)fY (s)|2w(t, s) dt ds < ∞.

Hence the integral (2.2) exists.



Author's personal copy

2280 G.J. Székely, M.L. Rizzo / Statistics and Probability Letters 82 (2012) 2278–2282

3. Uniqueness of the weight function

We defined a covariance dCovw as

dCov2w(X, Y ) =


Rq


Rp

|fX,Y (t, s) − fX (t)fY (s)|2w(t, s) dt ds, (3.1)

for some positive weight function w(t, s) which does not depend on X, Y .
Condition (2.3) implies that

dCov2w(±X, ±Y ) = dCov2w(X, Y ),

or equivalently

dCov2w(±X, ±Y ) =


Rq


Rp

|f±X,±Y (t, s) − f±X (t)f±Y (s)|2w(t, s) dt ds

=


Rq


Rp

|fX,Y (t, s) − fX (t)fY (s)|2w(±t, ±s) dt ds

=


Rq


Rp

|fX,Y (t, s) − fX (t)fY (s)|2w(t, s) dt ds.

Therefore

dCov2w(X, Y ) =


Rq


Rp

|fX,Y (t, s) − fX (t)fY (s)|2v(t, s) dt ds,

where

v(t, s) =
w(−t, s) + w(t, s) + w(t, −s) + w(−t, −s)

4
.

Thus, without loss of generality, we can assume that

w(−t, s) = w(t, s), w(t, −s) = w(t, s), (3.2)

for all t, s.

Theorem 1. Assume that (2.4) and (3.2) hold. Then the invariance and equivariance (2.3) implies that in (2.2)

w(t, s) =
const

|t|1+p|s|1+q
, a.s. t, s.

The proof is based on the following lemma.

Lemma 1. Let the weight function w(t, s) satisfy (3.2) and (2.4), and suppose that for all Gaussian random vectors X, Y
Rq


Rp

|fX,Y (t, s) − fX (t)fY (s)|2w(t, s) dt ds = 0.

Then w(t, s) = 0 a.s. with respect to t and s.

Proof. Let ξ, η be independent standard Normal vectors independent of (X, Y ). Then considering vectors (X + ξ, Y + η)
we have

Rq


Rp

|fX,Y (t, s) − fX (t)fY (s)|2e−|t|2−|s|2w(t, s) dt ds = 0. (3.3)

For arbitrary ck,j, ak,l, bi,j, positive ak, bj, and sufficiently small ε1 > 0, ε2 > 0, ε3 > 0,

fX (t) = e−
1
2

p
k=1 akt2k +ε1Q1(t), (3.4)

fY (s) = e−
1
2

q
j=1 bjs2j +ε2Q2(s), (3.5)

fX,Y (t, s) = fX (t)fY (s)eε3Q3(t,s), (3.6)

are characteristic functions, where

Q1(t) =

p,p
k,l=1
k<l

ak,ltktl, Q2(s) =

q,q
i,j=1
i<j

bi,jsisj, Q3(t, s) =

p,q
k,j=1

ck,jtksj.
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Here t = (t1, t2, . . . , tp), s = (s1, s2, . . . , sq). Indeed, for small ε1, ε2, ε3 the covariance matrix of the vectors (X, Y ) have a
dominating diagonal, so all principal minors are positive. Hence by Sylvester’s criterion, the covariance matrix is positive-
definite (see e.g. Hoffman and Kunze, 1971, pp. 328–329, or Gilbert, 1991).

Substitute (3.4)–(3.6) into (3.3), divide the result by ε2
3 and let ε3 → 0. Then

Rq


Rp

|fX (t)fY (s)|2Q 2
3 (t, s)e−|t|2−|s|2w(t, s) dt ds = 0.

Since ck,j is arbitrary, in particular we have that
Rq


Rp

|fX (t)fY (s)|2W (t, s) dt ds = 0, (3.7)

where by (2.4)

W (t, s) def
= |t|2|s|2e−|t|2−|s|2w(t, s) ∈ L1[Rp

× Rq, dt × ds].

Now taking a proper number of derivatives by ak, ak,l, bj, bi,j in (3.7) one can obtain
Rq


Rp

|fX (t)fY (s)|2 · t j11 t j22 . . . t jpp · sk11 sk22 . . . skqq · W (t, s) dt ds = 0, (3.8)

where j1, . . . , jp, k1, . . . , kq are non-negative integers and the sums

j1 + j2 + · · · + jp, k1 + k2 + · · · + kq (3.9)

are even. Now, if we choose ak = bj = a and ak,l = bi,j = 0 in (3.8), then we have
Rq


Rp

e−a|t|2−a|s|2
· t j11 t j22 . . . t jpp · sk11 sk22 . . . skqq · W (t, s) dt ds = 0. (3.10)

For arbitrary fixed a > 0, u, and v, the series

e−a|t|2−a|s|2+i⟨u,t⟩+i⟨v,s⟩
=

∞
m=0

(i⟨u, t⟩ + i⟨v, s⟩)m

m!
· e−a|t|2−a|s|2 (3.11)

converges uniformly on t, s. On the other hand by (3.2), (3.10) and (3.11)
Rq


Rp

e−a|t|2−a|s|2+i⟨u,t⟩+i⟨v,s⟩W (t, s) dt ds

=

∞
m=0

(−1)m

(2m)!


Rq


Rp

(⟨u, t⟩ + ⟨v, s⟩)2m · e−a|t|2−a|s|2W (t, s) dt ds = 0. (3.12)

Here we took into account that summands in (3.12) are sums of the integrals of the type (3.10), which equal zero if both
sums (3.9) are even; if they are odd then the corresponding summands equal zero by the property of symmetry (3.2).

Then, as a → 0 in (3.12) we have
Rq


Rp

ei⟨u,t⟩+i⟨v,s⟩W (t, s) dt ds = 0,

for all u, v. This implies thatW (t, s) = 0, a.s. t, s, and therefore w(t, s) = 0, a.s. t, s. �

Now using representation (3.1) in the equality (2.3), applying a suitable change of variables and Lemma 1 we obtain

w


C1t
r1

,
C2s
r2


·

1
rp1 r

q
2

= r1r2 · w(t, s),

for all t, s, r1 > 0, r2 > 0, and orthonormal matrices C1, and C2, which proves Theorem 1.
This proves that distance covariance is unique among all weighted L2 norms (2.2) that satisfy the condition (2.4). �

4. Equivalent definition

In Székely and Rizzo (2009) it was shown that if E|X |
2 < ∞, E|Y |

2 < ∞ then distance covariance can be defined in
terms of expected Euclidean distances as the square root of

V2(X, Y ) = E|X − X ′
| |Y − Y ′

| + E|X − X ′
|E|Y − Y ′

| − E|X − X ′
| |Y − Y ′′

| − E|X − X ′′
| |Y − Y ′

|, (4.1)
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where (X, Y ), (X ′, Y ′), and (X ′′, Y ′′) are i.i.d. from the joint distribution of (X, Y ). In general, for any 0 < α < 2, one can
define V(X, Y ; α) for any X, Y such that absolute 2α moments are finite:

V2(X, Y ; α) = E|X − X ′
|
α
|Y − Y ′

|
α

+ E|X − X ′
|
αE|Y − Y ′

|
α

− E|X − X ′
|
α
|Y − Y ′′

|
α

− E|X − X ′′
|
α
|Y − Y ′

|
α,

with α-distance covariance defined as the square root of V2(X, Y ; α). The corresponding weight function in the L2 norm of
distance covariance in Székely et al. (2007) and Székely and Rizzo (2009) is

w(t, s; α) = (C(p, α)C(q, α) |t|p+α
|s|q+α)−1, 0 < α < 2, (4.2)

where

C(d, α) =
2π

d
2 0


1 −

α
2


α2α0

 d+α
2

 ,

and 0(·) is the complete gamma function. In the simplest case corresponding to α = 1 and Euclidean norm |x|,

w(t, s) = (cp cq |t|1+p
|s|1+q)−1. (4.3)

and

cd = C(d, 1) =
π

1+d
2

0
 1+d

2

 , (4.4)

is half of the surface area of the unit sphere in Rd+1. This (4.3) is the unique weight function corresponding to distance
covariance (4.1) and Theorem 1. To generalize Theorem 1 to arbitrary 0 < α < 2, we just need to replace the invariance
and equivariance property (2.3) in Theorem 1 with

dCov2/αw (a1 + b1C1X, a2 + b2C2Y ) = b1b2dCov2/αw (X, Y ). (4.5)

Then the unique weight function is (4.2).

5. Summary

For random vectors X ∈ Rp and Y ∈ Rq, dCov2w(X, Y ) is uniquely defined by the L2 norm ∥f̂X,Y − f̂X f̂Y ∥w (2.1), for a
suitable weight function w. In this paper we prove that under the natural invariance conditions, existence of finite second
moments, and an integrability condition, this distance covariance is unique. That is, distance covariance is unique among all
weighted L2 norms (2.2) that satisfy the condition (2.4). Moreover, this uniqueness holds for amore general class of distance
covariance, defined by α powers of Euclidean distance for 0 < α < 2, with weight function (4.2). This result also implies
that the corresponding definitions of distance variance are unique. The scale equivariance condition for distance covariance
implies scale invariance for distance correlation, which is uniquely defined by the weight function (4.3) or (4.2).
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