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Figure 7.2: Distribution of Bayes factor B01 for different combinations of number of individuals (n) and number of chromosomes (c) in a zero QTL model
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Figure 7.3: Distribution of Bayes factor B12 for different combinations of number of individuals (n) and variance (v) in a one QTL, one chromosome, model.
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Figure 7.4: Simulation with 2 QTL at 15cM and 55cM on chromosome 1.  Both had equal effect size of 1, and variance, v, of 1. QTL (a)-(c) show output for RJ-MCMC with 400,000 scans for n=100, 200 and 500, respectively.   Corresponding Cartographer CIM analysis are in (d)-(f).
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Figure 7.5: Simulated 2 QTL at 15cM and 55cM.  Examples of ghost QTL between the true QTL.  The LOD profile in (a) corresponds to a point in Figure 7.4(e), and that (b) corresponds to a point in Figure 7.4(f).  Though the two peaks with largest LOD score correspond to the true QTL in (b), a third peak is also detected. 

7.6 Eight QTL Simulation

simulated dataset of 200 individuals proposed by Stephens and Fisch (1998)

had 8 QTL with heritability of 50%; they detected 3 QTL

heritability
sample size
QTL detected by BIM

50%
200
2

80%
200
4

90%
500
7

97%
500
8

QTL

No.

j
Location, 
[image: image16.wmf]j

l


Additive effect

( j
Dominance

Effect

( j


Chrom.


[image: image17.wmf]c

j

l


Marker


[image: image18.wmf]m

j

l


Position

(cM)



1
1
1
11
-3
0

2
1
3
10
-5
0

3
3
4
2
2
0

4
6
6
7
-3
0

5
6
8
12
3
0

6
8
2
12
-4
0

7
8
3
14
1
0

8
9
10
15
2
0

Table 7.4:  Genome model used to simulate data set of Stephens and Fisch (1998).

 n=500 and a heritability of 90%; geometric prior (with mean ½): BF is ratio of posterior multiplied by 3; evidence for 8 QTL

Number of QTL

P
Number of posterior samples



7
377

8
3562

9
2226

10
1018

11
515

12
192

13
81

Table 7.5: Simulated 8 QTL dataset, n=500 and h2=0.9. Posterior frequency is shown for the number of QTL in the model.  Model selected by Bayes factors, p=8, is shaded.


Chromosome count vector
  

p
1
2
3
4
5
6
7
8
9
10
Count

8
2
0
1
0
0
2
0
2
1
0
3371

9
3
0
1
0
0
2
0
2
1
0
751

7
2
0
1
0
0
2
0
1
1
0
377

9
2
0
1
0
0
2
0
2
1
0
218

9
2
0
1
0
0
3
0
2
1
0
218

9
2
0
1
0
0
2
0
2
2
0
198

Table 7.6: Simulated 8 QTL dataset, n=500 and h2=0.9. Posterior frequency for the chromosome count vector is shown.  The model of choice is shaded.
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Figure 7.6: 8 QTL simulation.  Scaled QTL intensity for all 10 linkage groups is presented in (a), with additive and dominance effects in (b) and (c), respectively.  The estimates for QTL locations for the selected 8 QTL model are indicated by semi-circles on the axis.  Note that there is not a QTL on chromosome 5.
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Figure 7.7: Histogram of (a) the sampled QTL positions on chromosome 8 between 35 and 120cM, based on all sampled QTL locations, (b) the position of the second QTL on chromosome 8 based on samples from the selected 8 QTL model.
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Figure 7.8: 8 QTL simulation.  Scaled QTL intensity for five chromosomes (1, 3, 6, 8 and 9) is presented in (a), with additive and dominance effects in (b) and (c), respectively.  The estimate for QTL locations from selected 8 QTL model are indicated by circles, or semi-circles, on the position axis.

8.2.1 Improvements from use of long-range position updates

Long-range position update
Multivariate update of mean and effects
Number of scans
Cumulative posterior probability at 52cM

no
no
400,000
0.0835



20,000,000
0.0422

no
yes
400,000
0.000



4,000,000
0.0239



20,000,000
0.0367

yes
yes
400,000
0.0353



20,000,000
0.0359

Table 8.1:  Comparison of cumulative probability for QTL position at 52cM in fixed MCMC one QTL model.
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Figure 8.1: 8-week vernalized data.  Auto-correlation (ACF) for single locus position from one QTL MCMC analysis.  (a)-(c) use single parameter Gibbs sampling for the effects, (d)-(f) use multivariate sampling and long-range updates.     In (a) and (d), all 400,000 samples are used; we subsample in (b) every 100, (c) every 300, (e) every 10, and (f) every 30.  Estimates for locus are 75.4 cM in (a)-(c) and 77.2 cM in (d)-(f).
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Figure 8.2: 8-week vernalized data. Comparison of short-range and long-range updates for QTL position in a one QTL model, standard MCMC analysis.  (a) and (b) use single parameter Gibbs sampling for the effects and short-range position updates as in Satagopan et al. (1996);  (c) and (d) uses long-range updates (with multivariate sampling of effect parameters).     In (a) and (c), ran the chain for 400,000 samples.  In (b) and (d), we performed 20 million scans.   Mean sampled QTL position is: (a) 75.45 cM, (b) 76.91 cM, (c) 77.22 cM and (d) 77.19 cM.
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Figure 8.3: 8-week vernalized data, 2 QTL model.  (a) Joint posterior for position, (b) posterior for position of QTL 2, (c) posterior for position of QTL 1 (d) joint posterior for the effects in a two QTL model.  All quantities were estimated using RJ-MCMC.

8.2.2 Invariance of Bayes factor to prior specification

We performed four simulations, each using 10 million RJ-MCMC scans, sub-sampled every 50, to evaluate the invariance of the Bayes factor to prior specification for the number of QTL.  Several prior distributions were examined: (a) geometric with r=2/3, (b) Poisson with mean 1, (c) Poisson with mean 3, (d) Poisson with mean 6 and (e) fast-decay Poisson (see end of section 2.3.1) with parameter 1, and (f) fast decay Poisson with parameter 4.   The results in Figure 8.4 show that the observed posterior is influenced by the choice of prior.  The Bayes factor (Table 8.2) appears invariant to the prior for a wide variety of priors.  

Prior, ((p)
B12
B23
B34
B45

Geometric(2/3)
0.129
0.773
0.954
1.019

Poisson(1)
0.128
0.775
0.941
1.013

Poisson(3)
0.130
0.766
0.954
1.003

Poisson(6)
0.132
0.775
0.963
1.009

Fast-decay poisson(1)
0.128
0.764
0.941
1.022

Fast-decay Poisson(4)
0.129
0.773
9.963
1.032

Uniform
0.133
0.774
0.960
0.99

Table  8.2: Bayes factors for different choices of prior for the number of QTL
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Figure 8.4: Posterior for the number of QTL under several priors, where the maximum number of QTL allowed in the model is 30. Note larger number for B12 for Poisson(6) and uniform priors due to few samples for 1 QTL model.

8.2.3 Bayes factor estimation

  The Bayes factor can be estimated using the harmonic mean estimator as described by Satagopan et al. (1996).  Satagopan, Newton and Raftery (2000) describe a new approach, the stabilized harmonic mean estimator, and they prove that it will have lower variance than the HM estimator.   One hundred MCMC chains were each run for 400,000 scans (sub-sampled every 50, using long-range updates and multivariate update for effects) for one, two, three and four QTL models.  Figures 8.5 (d) to (f) provide the histogram of our stabilized harmonic mean (SHM) estimates for log(B12), log(B23) and log(B34), respectively.  We note that if we pool simulation runs, then our estimate for B23 is approximately the same for both approaches (0.75 for SHM and 0.78 for RJ-MCMC).   Our estimate for B34 is also similar (1.07 for SHM, 0.99 using RJ-MCMC). However, the estimate for B12 is slightly different (0.07 for SHM and 0.13 for RJ-MCMC).

The variance of our estimator using RJ-MCMC is markedly lower than for the SHM estimates using MCMC.  Note that the effective sample size (as defined in 6.6) is approximately 6000 samples (1/66 of the 400,000 scans).  The SHM estimator has a higher time penalty, and required the running of four separate chains.  Also recall that the long-range position update that is required for efficient sampling in fixed-parameter MCMC essentially employs the updating framework developed for RJ-MCMC.
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Figure 8.5: Histogram of estimates for log(B12), log(B23) and log(B34) using RJ-MCMC are given in (a) to (c) respectively, with (d) to (f) showing the corresponding  stabilized harmonic mean (SHM) estimates.   100 MCMC and RJ-MCMC chains were run for 400,000 scans (sub-sampled every 50 scans).  Both used long-range position updates and multivariate updates for the effect parameters. Note the difference in scale between (a)-(c) and (d)-(f).
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Figure 8.6 8-week vernalized data.  Environmental variance versus LOD for one QTL model, estimated using MCMC.

Estimates obtained using the harmonic mean (HM) estimator gave almost identical results to those obtained from SHM.  The harmonic mean estimator did one or two more extreme points.  This differs from the observations of Satagopan, Newton and Raftery (2000).  However, their choice of priors is different, particularly for variance.  More importantly, in our simulations the sampled likelihood (or equivalently the sampled LOD) is not greatly affected by the variance, as shown in Figure 8.6.

8.2.4 Sensitivity to prior specification

The specification of the prior for environmental variance is IG(a,b).   Satagopan et. al chose a=b=1 and Satagopan, Newton and Raftery (2000) chose a=b=4.  In the first case, their posterior mean environmental variance is 0.08.  This compares to a total variance in the original data of 0.0876.  A choice of a=b=4 results in a posterior mean for the environmental variance of 0.132.  We chose a=3 and b=sy2, and obtained a mean of 0.0557.   When we analyzed a dataset, simulated using the parameters obtained from RJ-MCMC analysis of this dataset, and it produced an estimate for the variance with mean 0.058.  

Bayes Factor Sensitivity to Fixed Variance of Effects
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Table 8.3: 8-week vernalized data.  In the RJ-MCMC analysis with the effects parameter variance 
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 increases from 0.0625 to 64 times the sample data variance is shown comparing a model with m QTL to that with m+1 QTL (Bm, m+1) varied with the increasing variance for m = 1, 2 and 3. Table  8.3 shows that as the effect variance increases the Bayes factors (for B12 and B23) drop until the 
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The values for the Bayes factor, estimated using RJ-MCMC, with a Beta(2,10) prior for 
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/2sy2 were B12=0.131, B23=0.779, B34=0.992 and B45=0.964.   The mean posterior heritability of the dataset was 28% and the estimated value for 
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/sy2 in the two QTL model was also around 0.28.    The Bayes factor estimate for B12 obtained using the Beta(2,10) prior correspond to those obtained with fixed value of 
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/sy2  between 0.25 and 0.5. We chose other priors, Beta(1,1), Beta(1,3), Beta(1,9), Beta(2,10), Beta(0.5, 9.5) and Beta(0.25, 9.75).  The results are tabulated in Table 8.4, and the Bayes factor shows a low degree of sensitivity to the specification of c( and d(.
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Table 8.4: 8-week vernalized data.  Variation in Bayes factor for different choices of c( and d( in the prior for 
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8.2.5 QTL intensity

The QTL intensity (defined as the expected number of QTL per unit length), summarizes the information for QTL position across all the samples.  Though no formal methods have been developed to make inference on the number of QTL in the model based on this graphical methodology, peaks in the intensity function have been associated with putative QTL (Sillanpää and Arjas 1988,1989; Yi and Xu, 2000, 2001; Vogl and Xu, 2000).   

Figure 8.7(a) shows a scaled version of the QTL intensity function (dividing by 8000 gives the intensity, or expected number of QTL, per cM), and shows peaks approximately at the same points indicated by our earlier analysis (42.3cM and 80.5cM).  The second peak in the QTL intensity occurs at the chromosome boundary, and this is similar to the posterior for the position of the second QTL (in the 2 QTL model), shown in Figure 8.3(b).  Here it is unclear whether the posterior mean or the mode provides a better estimate of the QTL’s position.  

When one moves away from the peaks, the additive effect for the loci often has values around zero (Figure 8.7(b)).  This is consistent with there being no QTL in these regions.

[image: image88.wmf](a)

position(cM)

scaled

QTL intensity

40

60

80

100

120

0

50

150

(b)

position(cM)

Frequency

40

60

80

100

120

0

20

60


 Figure 8.7: (a) Scaled QTL intensity for 8 week vernalized QTL data, and (b) corresponding sampled additive effect.   Positions of QTL identified in 2 QTL model from RJ-MCMC appear as circles or semi-circles on the position axis.

8.3  Second Ferriera dataset: Non-vernalized B. napus 

We now analyze the dataset presented in Kole, Thormann, et al. (1997) where the main emphasis was an examination of the winter survival characteristics in B. napus and B. rapa.  For B. napus a genetic linkage map was originally constructed by Ferriera et al. (1994).  Kole, Thormann, et al. (1997) added an additional 348 marker loci to the original 132 RFLP loci.   The focus of this analysis is the association between the marker and the non-vernalized flowering time data for this B. napus double haploid population.  The primary reason is to confirm the QTL already discovered in the previous experiment (section 8.2) in a multiple-chromosome environment.   

B. napus has 19 chromosomes.   Complete phenotypic data was available for a total of 99 plants.  In the mapping study, two additional linkage groups were identified (lga and lgb).  The flowering time of non-vernalized plants was analyzed using CIM (Zeng, 1994) and Bayesian interval mapping (BIM).  In CIM, we found strong evidence (LOD larger than 10) for 4 QTL in the Bayesian approach, and some evidence (LOD equal to 3.24) for a fifth QTL (Table 8.5).   

Bayesian analysis (BIM) supports a 4 QTL model with B34= 0.163.  There is some evidence for a fifth QTL since B45=0.366 (recall if  B45≤0.33 we would favor a model with 5 QTL).  However, this possible QTL, which occurs on the second linkage group (nb), was not considered significant using CIM.  In addition, the posterior for the position of this QTL (in a 5 QTL model) is almost flat across the linkage group. Using the model selection, methodology presented in Chapter 5, we obtain the 4 QTL  in Table 8.6.  The effects and positions are in reasonable agreement with those from CIM, though some of the effects are 16% lower.  This is possibly due to the use of markers as surrogates for possible QTL in CIM, which may result in an upwards bias in the estimated effects.  The QTL intensity function for this analysis is shown in Figure 8.8.

Chromosome
Position
LOD
effect

n2
66.4
25.87
21.3

n3
106.8
13.33
12.95

n10
43.3
13.14
12.77

n2
154.0
10.69
11.3

n13
126.7
32.4
-5.78

                       Table 8.5: Result of CIM analysis for B. napus dataset.

Chromosome
Position
Effect

n10
45.0
9.24

n2
66.9
22.4

n2
142.6
9.01

n3
103.4
8.36

Table 8.6: Estimates of QTL location and effect using BIM.  Selected model has 4 QTL.
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Figure 8.8: (a) Scaled QTL intensity and (b) corresponding additive effects for B. napus DH population.  QTL positions in the selected 4 QTL model are indicated by circles or semicircles on the position axis.

8.4  Kole dataset: Non-vernalized B. rapa
Finally, we look at the second dataset presented in Kole, Thormann, et al. (1997), that of  B. rapa.  Here one additional marker locus, flc, was added between COR606aE and wg3h2aE on chromosome n3 (intermarker distances are 13.4cM and 8.8cM).  Without this marker, only three QTL were identified.  The histograms for the position of these 3 QTL are shown in Figure 8.9.   One of the QTL identified has mean equal to the location of the flc marker locus. The QTL intensity and plot of additive effects observed at different points along the genome is given in Figure 8.10.  

With flc (located 88.2cM on chromosome n3) the evidence for a 4 QTL model is still marginal.  The Bayes factor B34=0.4, which is not below the required 0.33 cutoff.   The additional detected QTL is detected in the region 25cM to the left of the flc marker locus.   A histogram of the QTL locations in the 4 QTL model is shown in Figure 8.11.  The QTL intensity for this analysis, in Figure 8.12, is not markedly different from that in Figure 8.10.     

Using the parameters of the 4 QTL model, 100 simulated datasets were generated, and only in 8% of them were the 4 QTL detected.  In 4% of cases, three of the QTL were identified, and a false positive was observed.  In 9% of cases, 2 QTL were detected (on chromosomes n3 and n10).   2% of the datasets yielded evidence for 1 QTL, and 77% gave evidence for 3 QTL (with B34 ranging from 0.4 ~ 0.71).  Thus it is not surprising that we have evidence for 3 QTL and possibly a fourth.   The flc marker locus was identified every time.

[image: image90.wmf](a)

scaled

QTL intensity

0

500

1000

1500

2000

0

500

1500

0

500

1000

1500

2000

-10

10

30

(b)

Position

additive effect


Figure 8.9: Histogram of the QTL locations in the 3 QTL model (located on chromosomes n2, n3 and n10).   flc marker locus on n3 is not is included in the analysis.
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Figure 8.10: (a) Scaled QTL intensity and (b) corresponding additive effects for B. rapa RI population.  Estimated QTL positions in the selected 3 QTL model are identified by circles, or semicircles, on the position axis. The flc marker locus is not used in this analysis.
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 Figure 8.11: Histogram of the QTL locations in the 4 QTL model (located on chromosomes n2, n3 and n10).   flc marker locus on n3 is 88.2cM is included in the analysis.
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Figure 8.12: (a) Scaled QTL intensity and (b) corresponding additive effects for B. rapa RI population.  Estimated QTL positions in the selected 4 QTL model are indicated by circles, or semicircles, on the position axis.  The flc marker locus is used in this analysis.

The mean of the posterior for position and effect is shown in Table 8.7 for the analyses with, and without, the flc marker locus.

With flc
Without flc

Chrom
Position
Effect
Chrom
Position
Effect

n2
89.2
-1.59
n2
90.9
-1.37

n3
64.2
1.34
n3
90.1
-1.81

n3
88.4
-2.56
n10
37.0
-1.82

n10
36.0
-1.76




Table 8.7: The mean of the posterior for position and effect is shown for the analyses with, and without, the flc marker locus.

Appendix B

Posterior for the grand mean and effects

Theorem
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Proof
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Appendix C

Heritability

Broad-Sense Heritability, H2, is defined as the percentage of the total variance that is accounted for by genetic variance.  Total variance is composed of genetic (additive, dominance, interaction – both gene-gene and gene-environment) and environmental variance.  For example, consider a two QTL model for Double Haploid population, where the recombination rate between the two loci is R.  The allowable genotypes at both loci, Q1 and Q2 respectively, are –1 and +1, and each occurs with probability ½.  Thus we can compute the additive variance as:
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Consequently as R(0, 
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. Thus when the two loci are close, they act as one locus with effect equal to the sum of their individual effects. As R(0.5, 
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Appendix D

Prior for effect parameters

In section 2.3.4, we mentioned that the prior for the effect (additive or dominance) may depend on the number of QTL.  It seems intuitive that some QTL may account for a higher percentage of the variance than will others.   Therefore we could set 
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We assumed in our investigation in Section 2.3.4 that the two loci were unlinked.  If two loci (u and z) are linked, and that additive effects are still a priori independent, then we must a covariance term of the form 
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Appendix E

Linkage maps for B.rapa and B.napus
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An Efficient Reversible Jump Markov Chain Monte Carlo Approach To Detect Multiple Loci and their effects IN inbred crosses

Patrick J. Gaffney

Under the supervision of Professor Brian S. Yandell
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Reversible jump Markov chain Monte Carlo (RJ-MCMC) has been proposed as a suitable methodology to estimate the number of putative quantitative trait loci (QTL) which may affect a phenotype of interest in experimental crosses.  It permits estimation of the distribution for the effects and locations of QTL within a genome.   This thesis provides a flexible Bayesian model framework that accommodates any combination of additive and dominance effects for each QTL. In addition, it can be extended to include epistasis. Sampling is performed using RJ-MCMC. Improvements in the Markov chain sampling that result in dramatic decreases in the number of iterations required are outlined.  Many QTL, even with two in the same marker interval, can be reliably detected.

Bayes factors are examined as a means of model selection.  In the absence of good prior information about the number and location of QTL this seems prudent, since the 

posterior for the number of QTL is greatly shaped by the prior.   The choice of prior is shown to affect the bias and variance of our estimate for the Bayes factor.  

We consider, a model space that is characterized by a vector containing the number of QTL on each chromosome.  The frequentist properties of using the Bayes factor in model selection are examined via simulation, and the method is shown to be conservative, with good type I error rates.

  Simulation results for zero, one, two, and eight loci are compared with results from those produced using composite interval mapping.  Sensitivity to prior specification is also examined.  In particular, the variance of the prior for QTL effects is shown to have a modest effect on our estimate for the Bayes factor. This sensitivity was reduced by sampling the prior variance. Flowering time data from B. napus experiments are analyzed.

A means of generating initial values for the chain (that can be applied to any RJ-MCMC analysis) is proposed.  This is especially useful in models of high dimension.  In addition, a new method for long-range update of the QTL position is provided.
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