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ABSTRACT

Thfis artficle consfiders quantum annealfing fin the Isfing framework for solvfing combfinatorfial optfimfizatfion
problems. The path-fintegral Monte Carlo sfimulatfion approach fis often used to approxfimate quantum
annealfing and fimplement the approxfimatfion by classfical computers, whfich refers to sfimulated quantum
annealfing (SQA). In thfis artficle, we fintroduce a data augmentatfion scheme finto SQA and develop a new
algorfithm for fits fimplementatfion. The proposed algorfithm reveals new finsfights on the samplfing behavfiors
fin SQA. Theoretfical analyses are establfished to justfify the algorfithm, and numerfical studfies are conducted
to check fits performance and to confirm the theoretfical findfings. Supplementary materfials for thfis artficle
are avafilable onlfine.
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1. Introductfion

Combfinatorfial optfimfizatfion plays an fimportant role fin many
scfientfific studfies. Examples finclude travel salesman’s problem,
task schedulfing and system desfign, fimage analysfis, machfine
learnfing,andportfolfioselectfion.SeeKfirkpatrfick,Gelatt,and
Ve cchfi (1983), Geman and Geman (1987), Wfinkler (2012), and
Wang , Wu, and Z ou (2016) for more detafils about combfinato-
rfial optfimfizatfion and fits applficatfions. For a typfical combfinato-
rfial optfimfizatfion problem, fits search space oten exponentfially
fincreases fin fits sfize or scale, and thus the problem can be NP-
hard. As a result, determfinfistfic approaches to solve the problem
requfire computfing resources wfith exponentfial growth fin the
problemsfizeorscale,andhence,fitfisprohfibfitfivetoattack
the combfinatorfial optfimfizatfion problem by any determfinfistfic
exhaustfive search algorfithm fin general. As a popular feasfible
alternatfive, stochastfic search algorfithms lfike annealfing meth-
ods are wfidely employed to solve combfinatorfial optfimfizatfion
problems. One such well-known method fis sfimulated annealfing
(SA) fintroduced by Kfirkpatrfick, Gelatt, and Vecchfi (1983). In
the annealfing framework, the objectfive functfion of a gfiven
optfimfizatfion problem fis cast as the energy of a physfical system,
and Markovchafin MonteCarlo(MCMC)sfimulatfionssuchas
the Metropolfitan–Hastfings algorfithm are used to explore the
large search space probabfilfistfically. An artfificfial temperature
parameter fis fintroduced finto the MCMC sfimulatfions so that
we may probabfilfistfically drfive the system to fits lowest possfible
energy state by decreasfing the temperature slowly fin the MCMC
sfimulatfions, and the correspondfing state of the system renders
a solutfion to the orfigfinal combfinatorfial optfimfizatfion problem.
The lowest energy states are called ground states.
Quantum annealfing (QA) fis the quantum analog of classfical

annealfing (Kadowakfi and Nfishfimorfi1998). Whfile thermody-
namfics fis the physfical drfiven force behfind SA, QA replaces fit by

CONTACT Jfianchang Hu jfianchang.hu@yale.edu Department of Bfiostatfistfics, Yale Unfiversfity, New Haven, CT 06520.
Supplementary materfials for thfis artficle are avafilable onlfine. Please go towww.tandfonlfine.com/r/JCGS.

quantum dynamfics and uses quantum luctuatfions to drfive a
quantum physfical system to fits lowest possfible energy states.
Specfifically, the procedure starts wfith an easy finfitfial quantum
system prepared fin fits lowest energy state (or a ground state),
andthengraduallymovesthesystemtowardthetargetsystem
whose energy matches the objectfive functfion of the gfiven optfi-
mfizatfion problem. Accordfing to the quantum adfiabatfic theorem
(Farhfi et al.2000,2001), as the quantum system slowly evolves, fit
tends to stay fin a ground state. At the end of the QA procedure,
fif the quantum system stays fin a ground state, the energy and
the state of the system provfide a solutfion to the gfiven optfimfiza-
tfion problem. That fis, wfith certafin probabfilfity QA can solve
combfinatorfial optfimfizatfion problems. Sfimfilar to SA, fin practfice,
we mayrepeatedlyruntheQAprocedure manytfimestofind
solutfions of a gfiven optfimfizatfion problem.
QA fis consfidered as adfiabatfic quantum computfing, where

specfial purpose quantum computers such as D-Wave analog
quantum computfing devfices are bufilt to physfically fimplement
QA for solvfing some combfinatorfial optfimfizatfion problems.
Lfike SA fin the classfical case, sfimulated quantum annealfing
(SQA) has been proposed fin the quantum scenarfio. It combfines
path-fintegral formulatfion and MCMC sfimulatfions to develop
algorfithms for approxfimate fimplementatfions of QA on classfi-
cal computers. SQA has been employed to facfilfitate the study
and understandfing of QA and fits fimplementatfion such as the
analysfis of quantum performance of D-Wave machfines. See
Bofixoetal.(2014)and Wang, Wu,andZou(2016)for more
detafils.
SQA algorfithms sufer some drawbacks such as extremely

tfime consumfing and the lack of good understandfing and clear
finterpretatfion. Thfis artficle consfiders QA for the Isfing model.
We fintroduce a data augmentatfion scheme finto SQA to develop
a new SQA algorfithm. To the best of our knowledge, thfis fis

© 2020 Amerfican Statfistfical Assocfiatfion, Instfitute of Mathematfical Statfistfics, and Interface Foundatfion of North Amerfica

https://doi.org/10.1080/10618600.2020.1814787
https://crossmark.crossref.org/dialog/?doi=10.1080/10618600.2020.1814787&domain=pdf&date_stamp=2021-05-25
mailto:jianchang.hu@yale.edu
http://www.tandfonline.com/r/JCGS


JOURNAL OF COMPUTATIONAL AND GRAPHICAL STATISTICS 285

Ffigure 1.Illustratfion of a lattfice structure as a sfimple graph.

thefirsttfimethatSQAfisvfiewedandfinvestfigatedfromthe
perspectfive of data augmentatfion. Our study based on the data
augmentatfionanglerevealsnewfinsfightsthattheIsfingsystem
finvolved fin SQA essentfially behaves lfike parallel classfical SA
systems wfith controlled Hammfing dfistance between each two
nefighborfing SA systems. We establfish the strong ergodfic theory
for the algorfithm under an approprfiate condfitfion on annealfing
schedules. The analysfis may shed new lfight on the performance
of SQA under varfious annealfing schedules.
Therestoftheartficlefisorganfizedasfollows.Sectfion 2

provfides a brfief revfiew on classfical and quantum annealfing
for the Isfing model.Sectfion 3fintroduces the proposed new
SQA algorfithm based on data augmentatfion.Sectfion 4presents
theoretfical results for the algorfithm. Numerfical studfies are
conducted finSectfion 5to evaluate the performances of SQA
algorfithms and valfidate our theoretfical analysfis. Conclusfion and
dfiscussfion are featured finSectfion 6. All proofs are relegated fin
the appendfix.

2. Classfical and Quantum Annealfing Wfith the Isfing
Model

2.1. The Isfing Model and Sfimulated Annealfing (SA)

The Isfing model can be characterfized by a graphGwfithV
andEbefing the sets of sfites and edges, respectfively. Each sfite
represents a random varfiable takfing values fin{+1,−1},and
each edge findficates the finteractfion (or couplfing) between the
varfiables on the two sfites lfinked by the edge. For a lattfice wfith
dsfites, a configuratfion or states = (s1,s2,...,sd)fis ad-
dfimensfional vector wfith each sfite varfiable befingsfi= ±1.
Ffigure 1showsanexampleofalattficestructureasasfimplegraph
for the Isfing model. The Hamfiltonfian of the classfical Isfing model
fis gfiven by

HcI(s)=−
fi,j∈E

Jfijsfisj−
fi∈V

hfisfi, (1)

whereJfijgfives the strength of the finteractfion between sfitesfiandj
assocfiated wfith edgefi,jfin graphG,andhfifis the strength of the
external local fields fimposed on sfitefi.Asetoffixedvalues{Jfij,hfi}
fis referred to as one finstance of the Isfing model. For sfimplficfity,
we consfider no local fields and sethfi= 0fortherestofthfis
artficle. For a gfiven configuratfions, the energy of the Isfing system
fis equal toHcI(s). Accordfing to Boltzmann’s law, the probabfilfity
of a gfiven configuratfionscan be descrfibed by the Boltzmann (or

Gfibbs) dfistrfibutfion

Pβ(s)=
e−βH

c
I(s)

Zβ
, Zβ=

s

e−βH
c
I(s), (2)

whereβ = 1
kBT
,andkBfis a generfic physfical constant called

the Boltzmann constant,Tfis the absolute temperature of the
system, and the normalfizatfion constantZβfis called the partfitfion
functfion.
When a combfinatorfial optfimfizatfion problem fis represented

by the Isfing model, a set of{Jfij}fis specfified, and the goal fis
to find a configuratfions∗whfich mfinfimfizes the Hamfiltonfian
HcI(s)over alls.Theconfiguratfions

∗fis oten referred to as a
ground state of the Isfing model. Ffindfing a ground state fis a
hard computatfional problem, because the search space has 2d

configuratfions, an exponentfial fincrease fin the system sfized.One
usual approach fis to consfider SA wfith a decreasfing temperature
T = T(t)as a functfion of evolutfion tfimet.Thefinfitfialtem-
perature fis set hfigh to finduce thermal luctuatfions for explorfing
the large search space, the SA process samples configuratfions
usfing MCMC sfimulatfions lfike the Metropolfis algorfithm, and
the MCMC sfimulatfions lead the system to concentrate more and
more frequently at the thermal equfilfibrfium. As the temperature
deceases slowly wfith typfical scheduleT(t)∝1/logt,SAtends
to drfive the system to a ground state at the end of the annealfing
process, whfich gfives a solutfion to the optfimfizatfion problem. See
Geman and Geman (1987), Hajek (1988), and Wfinkler (2012)
for more detafiled dfiscussfions on SA.

2.2. The Quantum Isfing Model

A quantum system fis descrfibed by fits quantum state and the
dynamfic evolutfion of the state. The quantum state fis oten
characterfized by a unfit vector fin a complex vector space, and
the dynamfic evolutfion of the state fis governed by a Hermfitfian
matrfix vfia the so-called Schrödfinger equatfion. To fintroduce the
quantum Isfing model, we use the same graphfical structure as fin
the classfical Isfing model gfiven by (1)todefineaquantumIsfing
Hamfiltonfian. Suppose that the graphGhasdsfites. Each sfite now
represents a quantum spfin wfith possfible states|↑and|↓for
symbolfizfing spfin up and spfin down, respectfively, where we use
the customary Dfirac notatfion|·fin the quantum lfiterature to
denote the state. Mathematfically the states|↑and|↓can be
represented by the followfing unfit vectors,

|↑=
1

0
, and |↓=

0

1
.

To specfify a quantum Isfing model we need to define fits quantum
Hamfilton. As the quantum Isfing model fis based on matrfices and
vectors wfith dfimensfionalfity equal to 2d, we define

Ij=
1 0
0 1

, σxj=
0 1
1 0

,

σzj=
1 0
0 −1

, j=1,...,d, (3)

whereσxjandσ
z
jarecalledPaulfimatrficesfinxandzaxes, respec-

tfively. Substfitutfingσzjforsjfin the classfical Isfing HamfiltonfianH
c
I

defined by (1)(wfithhfi= 0), we obtafin the followfing quantum
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Hamfiltonfian of the quantum Isfing model assocfiated wfith the
graphG

H
q
I=−

fi,j∈E

Jfijσ
z
fiσ
z
j, (4)

whereJfijfis the finteractfion between sfitesfiandjassocfiated wfith
edge fi,jfin the graphG. Here, we use the conventfion fin the
quantum lfiterature thatσzfiσ

z
jdenotes the tensor product ofσ

z
fi

andσzjalong wfith fidentfity matrfices fin such a way that

σzfiσ
z
j≡I1⊗···⊗Ifi−1⊗σ

z
fi⊗Ifi+1⊗···⊗Ij−1⊗σ

z
j⊗Ij+1⊗···⊗Id.

Consequently, each term fin (4) fis a dfiagonal matrfix of sfize 2d,
andH

q
Ifis also a dfiagonal matrfix, wfith all dfiagonal elements

equal to the 2dvalues of the classfical HamfiltonfianHcIfin (1)(wfith
hfi= 0). The energfies of the quantum system are equal to the
efigenvalues of the quantum Hamfiltonfian, wfith quantum states
gfiven by the correspondfing efigenvectors. We refer the 2defigen-
vectors to quantum configuratfions, and the lowest energy states
to fits ground states. Thus, mfinfimfizfing the classfical Hamfiltonfian
HcIover the 2

dconfiguratfions fis equfivalent to findfing the lowest
energy of the quantum Isfing model. See Nfielsen and Chuang
(2010), Wang (2012), Wang, Wu, and Zou (2016), and Wang and
Song (2020) for more detafils.

2.3. Quantum Annealfing (QA)

To descrfibe QA for solvfing the combfinatorfial optfimfizatfion
problem, we need to fintroduce a magnetfic field orthogonal
to the Isfing axfis and obtafin the followfing Hamfiltonfian of the
quantum Isfing model fin the transverse field (Kadowakfi and
Nfishfimorfi1998),

H =−
fi,j

Jfijσ
z
fiσ
z
j−

fi

σxfi, (5)

whereσxfistands for the followfing tensor product ofdmatrfices
of sfize 2,

σxfi≡I1⊗···⊗Ifi−1⊗σ
x
fi⊗Ifi+1⊗···⊗Id,

and Paulfi matrfixσxfifin the tensor product fis defined fin (3).
The two terms ofH fin (5) are noncommutable matrfices of

sfize 2d, and represent the potentfial and kfinetfic energfies. The
second term− fi=1σ

x
fifis a Hamfiltonfian (or Hermfitfian matrfix)

wfith explficfit expressfions for fits smallest efigenvalue and the cor-
respondfing efigenvector, and the quantum system governed by
the Hamfiltonfian− fi=1σ

x
ficanbeeasfilypreparedfinfitsground

state. The nonnegatfive scalar controls the strength of the
transverse field. The QA procedure fis descrfibed as follows. By
decreasfing from a hfigh level to zero gradually, we engfineer the
quantum system to slowly evolve fromH towardH

q
I. Accord-

fing to the adfiabatfic quantum theorem, as the quantum system
fis finfitfially started fin fits ground state, durfing the Hamfiltonfian
evolutfion the system tends to stay fin the ground states of the
finstantaneous Hamfiltonfian vfia quantum tunnelfing (Farhfi et al.
2000,2001). Therefore, at the end of the QA evolutfion, fif the
system stays fin fits ground state, we measure the system energy to
render a solutfion to the optfimfizatfion problem. That fis, lfike SA,
each run of QA can yfield a solutfion to the optfimfizatfion problem
wfith certafin probabfilfity, and runnfing QA many tfimes enables
us to solve the optfimfizatfion problem. See Wang, Wu, and Zou
(2016) for more detafils.

2.4. Sfimulated Quantum Annealfing (SQA)

Dfiferent approaches have been developed to approxfimately
fimplement QA by varfious MCMC based sfimulatfions on classfical
computers (see Morfita and Nfishfimorfi2008; Wang, Wu,and
Zou2016and the reference therefin for more finformatfion).
OnepopularSQAalgorfithmfistheso-calledSQA-PIalgorfithm
(alsoknownasthePIQAalgorfithm)fintroducedby Martǒnák,
Santoro, and Tosattfi (2002).The mafinfideabehfindtheSQA-
PI algorfithm fis the path-fintegral formulatfion wfith the Trotter
formula. Specfifically, to derfive a path-fintegral representatfion for
the transverse field quantum Isfing model (5), we fintroduce the
followfing notatfions,

H =H
q
I+K, H

q
I=−

fi,j

Jfijσ
z
fiσ
z
j, K=−

fi

σxfi,

where termsH
q
IandKrepresent the noncommutable potentfial

and kfinetfic energfies. The Boltzmann law of the transverse field
quantum Isfing model fis gfiven bye−βH /Zβ,whereZβfis the
partfitfion functfion defined as follows,

Zβ=tr(e
−βH )=tr(e−β(H

q
I+K))= lfim

τ→∞
tr(e−

β
τH
q
Ie−

β
τK)τ

= lfim
τ→∞

s

s|(e−
β
τH
q
Ie−

β
τK)τ|s, (6)

andthethfirdequalfityfollowsfromtheTrotterbreakupformula,
whfich may be stated as that for Hermfitfian matrficesA1andA2,

exp(A1+A2)= lfim
τ→∞

[exp(A1/τ )exp(A2/τ )]
τ.

On the rfight-hand sfide of (6),s={sfi,fi= 1,...,d},sfi=
±1, and the summatfion runs over all 2dpossfibles. Wfithsome
algebrafic manfipulatfions on the rfight-hand sfide of (6)based
on quantum mechanfics, we obtafin an approxfimatfionZτtoZβ
whose error fis proportfional to the square of the Trotter breakup
tfime t=β/τ,whereZτhas the followfing expressfion,

Zβ≈Zτ=C

s1

···
sτ

e−Hd+1/τT, (7)

for some constantC,

Hd+1=−

τ

k=1

⎛

⎝

fi,j

Jfijs
k
fis
k
j+J

⊥

fi

skfis
k+1
fi

⎞

⎠, (8)

and

J⊥=
τT

2
ln coth

τT
>0.

It turns out thatZτfis the partfitfion functfion of a classfical(d+
1)-dfimensfionalanfisotropficIsfingsystemattemperatureτT,wfith
couplfingsJfijalong the orfigfinald-dfimensfional slfices (the same

for all Trotter slfices and findependent ofk), andJ⊥along the
extra dfimensfion (posfitfive and same for all sfitesfi). The system
has a finfite lengthτ, and also perfiodfic boundary condfitfions
have to be assumed along the extra dfimensfion (sτ+1fi = s1fi,fi=

1,...,d). We callsk={skfi,fi= 1,...,d},k= 1,...,τ,Trotter
slfices, andτthe number of Trotter slfices.Ffigure 2fillustrates a
classfical anfisotropfic Isfing system wfith 3 Trotter slfices.
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Ffigure 2.Structure of a classfical anfisotropfic Isfing system wfith three Trotter slfices.

Wfith the path-fintegral representatfion (7)and(8), we can
approxfimately fimplement QA by conductfing MCMC sfimula-
tfions from the Boltzmann dfistrfibutfion

pSQA(s1,...,sτ)=
1

Zτ
e−Hd+1/τT,

wfith some annealfing schedule = (t), whfich changes wfith
tfimetas fit evolves.
One common approach to carryfing out thfis samplfing process

fis to adopt a standard Metropolfis algorfithm wfith both local and
global moves. To be specfific, fin each sweep, the local move fis
first performed where fit attempts findfivfidual lfips sfite by sfite
fin all Trotter slfices wfith the Metropolfis acceptance rule. Ater
the local moves, the algorfithm fimplements the global move
where fit attempts to lfip sfimultaneously all the replficas of the
same sfite fin all Trotter slfices; see Martǒnák, Santoro, and Tosattfi
(2002)and Wang, Wu,andZou(2016) for more detafils on thfis
fimplementatfion. From the samplfing perspectfive, the finclusfion
of the local move fis natural. However, the theoretfical ratfionale
of the global move needs further elaboratfion and explanatfion.
SQA and fits fimplementatfions on classfical computers allow us
to gafin finsfights on QA related quantum behavfiors, and the
finsfights may help us to better understand and study QA and
fits fimplementatfion lfike the quantum performance of D-Wave
machfines.

3. Data Augmentatfion Algorfithm for SQA

Thfis sectfion presents a data augmentatfion algorfithm for SQA
from the vfiewpofint of theoretfical understandfing, whfich fis
called the SQA-DA algorfithm. The algorfithm demonstrates that
data augmentatfion may provfide better understandfing of SQA
and QA.

3.1. The SQA-DA Algorfithm

Now we descrfibe the data augmentatfion algorfithm as follows.
Ffirst from (7), we have

pSQA(s
1,...,sτ)∝e−Hd+1/τT

=

τ

k=1

e
1
τT fi,jJfijs

k
fis
k
j+J

⊥
fis
k
fis
k+1
fi

=

τ

k=1

e
1
τT fi,jJfijs

k
fis
k
j e

J⊥

τT
τ
k=1 fis

k
fis
k+1
fi

∝

τ

k=1

pSA(s
k;
1

τT
) e−

2J⊥

τT
τ
k=1 (s

k,sk+1)

∝

τ

k=1

pSA(s
k;
1

τT
) P

Exp
2J⊥

τT
>

τ

k=1

(sk,sk+1) , (9)

wherepSA(·;
1
T)stands for the Boltzmann dfistrfibutfion for SA

wfith temperatureT, (a,b)fis the Hammfing dfistance between
vectorsaandb,andExp(λ)denotes an exponentfial random
varfiable wfith mean 1/λ. Expressfions fin (9)leadtoadata
augmentatfion algorfithm for SQA, whfich we refer to as SQA-
DA. The algorfithm generates samples from the desfired jofint
dfistrfibutfionpSQA(s

1,...,sτ)by the followfing procedure,

Step 1:y|s1,...,sτ∼Exp 2J⊥

τT I( (s),∞)(y),

Step 2:s1,...,sτ|y∼ τ
k=1pSA(s

k;1τT)I[0,y)((s)),

where (s) = τ
k=1 (s

k,sk+1). More specfifically, fin each
sweep, fin the first step we calculate (s), whfich provfides the
total nefighborfing Hammfing dfistance of the current configura-
tfion matrfixs=(s1,...,sτ), and then generate control varfiabley

from the truncated exponentfial dfistrfibutfion wfith parameter2J
⊥

τT
and truncatfion at (s).Inthesecondstep,weconductτparallel
samplfing from the classfical Isfing model wfith temperatureτT,
and under the constrafint that the updated configuratfion matrfix
smust satfisfy (s) <y,whereyfis generated from the first
step. There are a couple of ways to carry out the procedure.
One strafightforward approach fis to propose and accept a new
state by generatfing samples fromτfindependent Isfing models
and then performfing an update fif they satfisfy the constrafint.
Another way fis to fincorporate the constrafint finto the proposal
andthenupdateaccordfingtotheusual Metropolfisrule.

3.2. Implficatfion of the SQA-DA Algorfithm

We provfide some fimplficatfion of the SQA-DA algorfithm for the
step-wfise update and lfimfitfing cases.

3.2.1. The Step-Wfise Update Case
Ffirst we would lfike to trace the efect of on the anfisotropfic
Isfing system. Recall that fin the Isfing system defined fin (8),
appears only fin the definfitfion ofJ⊥.IntheSQA-DAalgorfithm,

J⊥shows up only finλ= 2J⊥

τT, the rate of exponentfial dfistrfi-
butfion, and the magnfitude of parameterλwould dfirectly afect
the augmented varfiableywhfich controls the total Hammfing
dfistance (s)= τ

k=1 (s
k,sk+1)between nefighborfing slfices.

Hence, the strength of the transverse field has an fimportant
fimpact on the Isfing system solely through the control over the
total Hammfing dfistance between nefighborfing slfices.
The control of the total nefighborfing Hammfing dfistance can

be consfidered as a regulatfion on the search range allowed for
generatfing configuratfion slfices from the Isfing system fin each
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step. Wfith a loose control, dfiferent slfices can behave freely,
whfich leads to searchfing for a ground state fin a wfide range of the
state space. On the other hand, fif the control fis tfight, dfiferent
slfices cannot vary from each other too much, thus each tfime
the generated sample path from the system can explore only a
small range of the state space. Combfinfing fit wfith the fimpact of
the transverse field on the system, we may conclude that at each
step the transverse field afects the Isfing system by managfing the
searchfing range of the parallel Isfing slfices.
Moreover, fin comparfison wfith the SQA-PI algorfithm, the

proposed SQA-DA algorfithm has more explficfit and strfict con-
trol on the total nefighborfing Hammfing dfistance. The SQA-PI
algorfithm governs such dfistance findfirectly through probabfilfity,
and thus fit fis nefither explficfit nor strfict. The dfiference, to
certafin extent, fis sfimfilar to that between rfidge regressfion and
lasso where both regularfizatfion methods shrfink the coeficfients
toward zero, but the rfidge may hardly produce exact zero coef-
ficfients whfile lasso can yfield exactly zero coeficfients. It wfill
be further confirmed by the establfished theory as well as the
conducted numerfical study later.

3.2.2. The Lfimfitfing Case
We have the followfing observatfions when transverse field
parameter approaches efither 0 or+∞.

1. When → +∞,thenλ→ 0. Therefore, the Hammfing
dfistance constrafint plays very lfittle role, and fin thfis case all
slficesskfork=1, 2...,τbehave almost findependently. Thfis
fisclosetowhatfishappenfingatthefinfitfialstageofSQAwfith
∈(0,+∞)where at the finfitfial stage we sample all slfices

findependently from the Isfing model to explore the state space
as much as possfible.

2. When → 0, thenλ→ +∞. In thfis case, the constrafint
on the Hammfing dfistance fin the Step 2 fis extremely strong,
whfich leads to allτslfices convergfing to the same configu-
ratfion. Thfis resembles the scenarfio at the end stage of SQA
wfith ∈(0,+∞)where all slfices essentfially merge to the
same configuratfion and thus efectfively reduce to one slfice.

4. Convergence Theory

Thfis sectfion presents theoretfical convergence results for the pro-
posed SQA-DA algorfithm. We start wfith the constant transverse
field case where fis assumed to be a fixed posfitfive number.
Because our ultfimate goal fis to study the asymptotfic behavfior of
thefinhomogeneousMarkovchafinassocfiatedwfiththeannealfing
procedure, we then consfider the case where varfies over tfime.
Before showfing any theoretfical results we pofint out that our
analyses are always conducted under the fixeddandτsfituatfion,
and hence, the state space of the Markov chafin fis finfite.

4.1. Constant Transverse Ffield

We have the followfing result for the Markov chafin assocfiated
wfith the SQA-DA algorfithm.

Theorem 1. For fixedT > 0and > 0(thenJ⊥ < ∞),
the Markov chafin assocfiated wfith the configuratfion matrfixsfin
the SQA-DA algorfithm fis (1) Harrfis recurrent; (2) geometrfically

ergodfic, meanfing that there exfists a functfionM :S→[0,∞),
whereSfis the state space, and a constantρ∈[0, 1)such that,
for alls∈Sand alln=1, 2,...,

||Pn(s,·)−pSQA(·)|| ≤M(s)ρ
n,

wherePn(a,b)denotes then-step transfitfion probabfilfity of the
Markov chafin from state atob.

Remark 1. One fimplficatfion of the geometrfic erodficfity under
the constant fis that durfing the annealfing process the system
does not need to stay at each level for too long because
under each fixed , the Markov chafin has a fast mfixfing rate. We
oten resort to some asymptotfic convergence to justfify MCMC
and sfimulated annealfing algorfithms, and thefir asymptotfic jus-
tfificatfionstypficallyrelyon Markovchafinlfimfittheoremssuch
as ergodfic theorems (Hajek1988; Morfita and Nfishfimorfi2008;
Wfinkler 2012).Theorem 1fis fin lfine wfith the standard approach
to provfide theoretfical justfificatfions for the SQA-DA algorfithm
as follows. It shows that the sequence generated from the SQA-
DA algorfithm qufickly converges fin dfistrfibutfion to the target
equfilfibrfium dfistrfibutfion, and consequently, ater we run the
algorfithm long enough, the generated sequence should approx-
fimately follow the equfilfibrfium dfistrfibutfion.

4.2. Tfime-Dependent Transverse Ffield

Sofar wehaveconsfideredtheasymptotficbehavfiorofthe
Markov chafin assocfiated wfith the SQA-DA algorfithm wfith con-
stant (andJ⊥). The annealfing procedure requfires to employ
an annealfing schedule changfing wfith tfime, and thus we need to
consfider the case that varfies wfith tfimet.Strongergodficfityfis
fintroduced to study the asymptotfic behavfiors of the assocfiated
finhomogeneous Markov chafin.

Definfitfion 1. An finhomogeneous Markov chafin fis safid to be
strongly ergodfic fif the probabfilfity dfistrfibutfion of the Markov
chafin converges to a unfique dfistrfibutfion firrespectfive of the
finfitfial dfistrfibutfion, namely,

∃μ,∀t0≥0, lfim sup
t→∞

||p(t0,t)−μ|| =0,  (10)

whereμfis a fixed dfistrfibutfion,p(t0,t)fis the probabfilfity dfistrfi-
butfion of the chafin at tfimetunder the finfitfial dfistrfibutfionp0at
t0,andfortwodfistrfibutfionsν1andν2,||ν1−ν2||denotes the
total varfiatfion ofν1−ν2.

We need to fimpose some technfical condfitfions for the theo-
retfical analysfis.

(C1) Assume that the transfitfion probabfilfity of the Markov chafin
fis of the followfing form,

G(s,̃s;t)

=

⎧
⎪⎪⎨

⎪⎪⎩

N(s,̃s)A(q(̃s)/q(s))  (s=s̃),

e−
2J⊥(t)
τT (( (̃s)− (s))∨0)

1− s̃=sG(s,̃s;t) (s=s̃),

(11)

where N(s,̃s)fis the generatfion probabfilfity,A(u) =
mfin{1,u}fis the usual acceptance functfion for the
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Metropolfis method, a∨b=max{a,b},

q(s)=

τ

k=1

pSA(s
k;
1

τT
),andJ⊥(t)=

τT

2
ln coth

(t)

τT
,

(12)

and (s)= τ
k=1 (s

k,sk+1)fis the total nefighborfing
Hammfing dfistances of the configuratfion matrfixs.

(C2) The generatfion probabfilfityNfin Condfitfion (C1) fis a posfi-
tfive and firreducfible symmetrfic transfitfion probabfilfity.

Let

Ns={̃s:N(s,̃s)>0},

Sm={s:∀̃s∈Ns, (̃s)≤ (s)},  (13)

and denote byRthe maxfimum number of mfinfimum steps
needed to reach an arbfitrary states∈Smfrom any other state.
The followfing theorem addresses the asymptotfic behavfior for
the finhomogeneous Markov chafin assocfiated wfith the SQA-DA
algorfithm.

Theorem 2. Under Condfitfions (C1) and (C2), for fixedT> 0,
thefinhomogeneousMarkovchafinassocfiatedwfithsfin the SQA-
DA algorfithm fis strongly ergodfic and converges to the equfilfib-
rfium state correspondfing to the dfistrfibutfionq(s)I( (s)= 0),
whereq(s)fisdefinedfin(12), fif

(t)≥τTtanh−1
1

(t+2)1/dτR
,  (14)

wheredfis the dfimensfion of each slfice,τfis the total number of
Trotter slfices, andRfis defined rfight ater (13).

Remark 2. To establfish the strong ergodficfity, one fimplficfit
requfirement for the annealfing schedule fis the posfitfivfity, that
fis, (t)decreasesto0fromabove,whfichfisrequfiredto mafin-
tafin the firreducfibfilfity of the Markov chafin. As we dfiscussed
fin Remark 1, the ergodficfity establfished finTheorem 2provfides
theoretfical justfificatfions for the SQA-DA algorfithm wfith tfime
varyfing (t).

From the theorem we fimmedfiately obtafin a corollary regard-
fingtheroleoftheglobalmovefintheSQA-PIalgorfithm.

Corollary 1. LetNglobal(s,̃s)be the proposal dfistrfibutfion of the
global move fin the SQA-PI algorfithm. Then we have that

(fi) when the state space consfists of all possfible configuratfion
matrfices wfith τslfices, thenNglobal(s,̃s)fis not firreducfible,
and thus for (t) >0, the correspondfing transfitfion kernel
fis not firreducfible at any gfiven tfime pofintt;

(fifi) when the state space consfists of all configuratfion matrfices
wfithτfidentfical slfices,Nglobal(s,̃s)fis firreducfible and sam-
plfing accordfing to the global move rule wfithfin such state
space fis equfivalent to samplfing from the correspondfing clas-
sfical Isfing model.

Remark 3. Corollary 1findficates that for (t) >0, the global
move fis not essentfial. On the other hand, for (t)= 0, when
SQA-DA reaches to the set of configuratfion matrficesswfith
(s)= 0,theglobalmovemaybeusedbutfitfisefectfivelythe
same as samplfing wfith a sfingle slfice.

5. Numerfical Studfies

We conducted numerfical studfies to check the performance of
theproposedSQA-DAalgorfithmandcomparedfit wfiththe
SQA-PI algorfithm. In the followfing studfies, we fixed tempera-
tureT = 0.1, took the number of slfices fin the configuratfion
matrfix to be τ = 30, and utfilfized 15,000 sweeps for each
annealfing procedure. The samplfing dfistrfibutfion used was

p(s1,...,sτ;A(t),B(t))∝

τ

k=1

e
1
τT B(t) fi,jJfijs

k
fis
k
j+J

⊥(t) fis
k
fis
k+1
fi ,

wfith

J⊥(t)=
τT

2
ln coth

A(t)

τT
>0.

We selected annealfing schedules

B(t)=5.2t2+0.2t+0.1,t∈[0, 1],

and three chofices forA(t),t∈[0, 1],

1.A1(t)=(8t
2−9.6t+2.88)I{0≤t≤0.6},

2.A2(t)=(−3.6t+2.88)I{0≤t≤0.8},
3.A3(t)=−2.88t+2.88,

where I{A}denotes the findficator functfion of eventA.The
annealfing schedules are plotted finFfigure 3along wfith the
theoretfical lower bound derfived fromTheorem 2as a reference.

5.1. Success Probabfilfity

We consfidered the 1000 finstances used fin the study of quantum
performance of D-Wave machfine fin Bofixo et al. (2014)and
Wang , Wu, and Z ou (2016). The graph sfize fisd= 108, wfith
Jfij’s befing randomly assfigned values±1. For each finstance, the
ground state success probabfilfity was estfimated by the frequency
of findfing a ground state among the 1000 runs under each
annealfing schedule.
Ffigure 4fillustrates the hfistograms of the ground state success

probabfilfitfies generated by the D-Wave machfine and by SA for
the classfical Isfing model (1)wfithnolocalfields(hfi= 0). The
annealfing schedule used for D-Wave fisA1(t)along wfithB(t),
wfith annealfing scheduleB(t)for SA (whfich needs only schedule
B(t)). More detafils on the study of D-Wave, SQA-PI, and SA can
be found fin Bofixo et al. (2014)and Wang, Wu,andZou(2016).
Ffigures 5–7dfisplay the hfistograms of the ground state suc-

cess probabfilfity data generated from the SQA-PI and proposed
SQA-DA algorfithms. Here, the SQA-PI algorfithm finvolves both
local and global moves, whfile SQA-DA employs only the local
move.
The results lead to the followfing observatfions. The sfimfilar

bfimodal shapes shown finFfigures 5–7for the SQA-PI algorfithm
bears some resemblance to that for the D-Wave data finFfigure 4,
as demonstrated fin Bofixo et al. (2014)and Wang, Wu,and
Zou (2016). Recall that the efect of the transverse field on the
Isfing system fis through fits control over the total nefighborfing
Hammfing dfistance, and as we dfiscussed finSectfion 3.2.2,when
A(t)→ 0,allslficestendto mergefintooneslfice. Weargue
that such mergfing leads to the bfi-modal shapes dfisplayed fin the
figures. Ffirst the SA result findficates that these 1000 finstances
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Ffigure 3.Annealfing schedules used fin the numerfical studfies along wfith the theoretfical lower bound derfived finTheorem 2.

Ffigure 4.Hfistogram plots of ground state success probabfilfity data from D-Wave machfine wfith annealfing schedulesA1(t)andB(t), and from SA wfith scheduleB(t).

Ffigure 5.Hfistogram plots of ground state success probabfilfity data for the SQA-PI and SQA-DA algorfithms wfith annealfing schedulesA1(t)andB(t).

consfist of both easy and hard problems. For easy problems,
a majorfity of the parallel Isfing slfices have the tendency to be
around a ground state, so when befing pushed to merge together,
they lfikely converge to a nearby ground state, whfich results fin
thefir success probabfilfitfies to cluster around 1. On the other
hand, for hard problems, most slfices fin the system may not settle
near a ground state. Reasons may finclude that ground states
are sparsely dfistrfibuted fin the space, and thus fit fis very hard to

search for such ground states; or there fis a hfigh energy barrfier
around a ground state such that reachfing to fits nefighborhood
fis dfificult. Even a small portfion of slfices are close to a ground
state, due to the strfingent control over the total nefighborfing
Hammfing dfistance toward the end of the annealfing process,
they maybepulledawayfromthegroundstatetobe merged
together wfith other slfices. All of these may yfield the other mode
around 0 fin the hfistogram of the success probabfilfity data.
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Ffigure 6.Hfistogram plots of ground state success probabfilfity data for the SQA-PI and SQA-DA algorfithms wfith annealfing schedulesA2(t)andB(t).

Ffigure 7.Hfistogram plots of ground state success probabfilfity data for the SQA-PI and SQA-DA algorfithms wfith annealfing schedulesA3(t)andB(t).

Ffigure 8.Instance-by-finstance success probabfilfity comparfison between SA and SQA-PI.

Ffigure 8features the success probabfilfity scatterplot of SQA-
PI agafinst SA for the 1000 finstances. The plot shows a concur-
rence that both SQA-PI and SA exhfibfit near-zero or near-one
success probabfilfity for a large number of finstances. It confirms
that the performance of the SQA algorfithms fis decfided by the
majorfity of the slfices fin the system, especfially when the prob-
lems are extremely easy or hard.
Both SQA-PI and SQA-DA algorfithms exhfibfit bfimodal

shapes shown finFfigures 5–7. However,thebfimodalshapes

are more concentrated around endpofints 0 and 1 finFfigures 6
and7than finFfigure 5.ThfisfisespecfiallytruefortheSQA-
PI algorfithm. The phenomenon may be explafined as follows.
AsA2(t)andA3(t)decrease to 0 much slower thanA1(t),the
constrafint on the total nefighborfing Hammfing dfistance fis weaker
for the case ofA2(t)andA3(t)than for the case ofA1(t),and
thus slfices may have a hfigher chance to vfisfit or escape from
a ground state for the case of schedulesA2(t)andA3(t)than
for the case of scheduleA1(t). Moreover,A2(t)andA3(t)stay
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Ffigure 9.Hfistogram plots of average total nefighborfing Hammfing dfistance for the SQA-PI and SQA-DA algorfithms under annealfing scheduleA1(t).

Ffigure 10.Hfistogram plots of average total nefighborfing Hammfing dfistance for the SQA-PI and SQA-DA algorfithms under annealfing scheduleA2(t).

Ffigure 11.Hfistogram plots of average total nefighborfing Hammfing dfistance for the SQA-PI and SQA-DA algorfithms under annealfing scheduleA3(t).

at 0 fin a much shorter tfime perfiod thanA1(t),sothetfime
forallowfingsuchavfisfittooranescapefromagroundstate
fis longer forA2(t)andA3(t)than forA1(t). These may cause
the major dfiference fin the shapes betweenFfigures 6and7and
Ffigure 5.
Furthermore,theshapedfiferencefinthesuccessprobabfilfity

hfistograms for the SQA-DA algorfithm under dfiferent schedules
may be further explafined by the fimplficfit requfirement pofinted
out finRemark 2.ScheduleA1(t)decreases to zero very fast
wfith 40% of tfime befing 0, fit does not meet the firreducfibfilfity
requfirement of the chafin. OnceA1(t)= 0, the set of con-
figuratfion matrfices wfith allτslfices befing the same becomes
theabsorbfingset,andthusthe Markovchafinassocfiatedwfith
such a configuratfion matrfix fis nefither firreducfible nor ergodfic.
From the algorfithm perspectfive, fif schedules qufickly decrease
to 0 fin a relatfively short perfiod of tfime, all slfices are drfiven to
the same state wfithout fully explorfing the state space. When-
everA(t)= 0, no fincrease fin total nefighborfing Hammfing
dfistance wfill be allowed, and therefore the algorfithm stops
prematurely.

5.2. Total Nefighborfing Hammfing Dfistance

For each finstance and each of the 1000 runs, we recorded the
total nefighborfing Hammfing dfistance (s)of the final config-
uratfion matrfixs, and then computed the average total Ham-
mfing dfistance based on the 1000 runs for each finstance. The
hfistograms of all 1000 finstances under each annealfing schedule
are dfisplayed finFfigures 9–11.
Ffigures 9–11findficate that the dfistrfibutfions for the total

nefighborfing Hammfing dfistance of the final configuratfion
matrfix are approxfimately normal except for the SQA-DA algo-
rfithm under annealfing scheduleA1(t).Thenormalfityresult
maybeduetotheergodficfityofthe Markovchafinsassocfiated
wfith the algorfithms. On the other hand, as we have pofinted
out that the chafin assocfiated wfith the SQA-DA algorfithm under
scheduleA1(t)fisnotergodfic,fitfisnaturaltoexpecttheexceptfion
for the case of the SQA-DA algorfithm under annealfing schedule
A1(t). Furthermore, we may observe fromFfigures 9–11that the
average total Hammfing dfistance for the SQA-DA algorfithm has
neglfigfible means fin comparfison wfith very large means of the
average total Hammfing dfistance for the SQA-PI algorfithm. It
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Table 1.Mean of the average total Hammfing dfistance of final configuratfion matrfix
wfith standard devfiatfion fin parentheses.

A1(t) A2(t) A3(t)

SQA-PI 5.79(1.74)  15.36(4.33)  21.12(5.88)
SQA-DA  0.014(0.47)  0.062(0.78)  0.069(0.94)

maybeattrfibutedtothefactthatasschedulesAfi(t)decay toward
0, the Hammfing dfistance constrafint fintroduced vfia the aug-
mented varfiable tends to drfive all slfices to the same state. Thfis fis
clearly explafined by the SQA-DA algorfithm descrfiptfion finSec-
tfion 3and the lfimfitfing behavfior of the algorfithm finTheorem 2
wfith equfilfibrfium dfistrfibutfion onI( (s)=0).Incontrast,wfith-
out such an explficfit and strfict Hammfing dfistance constrafint, the
SQA-PI algorfithm produces final configuratfion matrfices whose
slfices dfifer at a substantfial number of sfites. Thfis fis further
confirmed by the numerfical evfidence reported finTable 1.
Moreover,Table 1suggests that the average total nefighborfing

Hammfing dfistance has an fincreasfing mean for both algorfithms
as we change annealfing schedule fromA1(t)toA2(t)and then
toA3(t). Agafin the findfings may be explafined as follows. As
we move fromA1(t)toA2(t)andthentoA3(t), the schedules
decrease to zero more slowly and then stay at 0 for a shorter
tfime, thus the slfices fin the configuratfion matrfix tend to slowly
converge toward a sfingle slfice state, and the tfime allowed to do so
fis shortened. Consequently these may cause the fincrease fin the
total nefighborfing Hammfing dfistance for the final configuratfion
matrfix.

5.3. Efect of Global Move

As we dfiscussed early, the SQA-DA algorfithm does not explfic-
fitly finvolve global moves, and thus fits fimplementatfion has no

explficfit steps to enforce the global moves for the studfies con-
ducted so far. We added extra steps fin the analyses shown fin
thfis sectfion to explficfitly requfire the global moves fin the SQA-
DA algorfithm and check the ground state success probabfilfity
outputs produced by the SQA-DA algorfithm under the cases
of wfith and wfithout global move.Ffigures 12and13dfisplay the
hfistograms of the output results for the SQA-DA algorfithm wfith
and wfithout global moves.
FromFfigures 12and13, we can observe that the global

moves do not have a large fimpact on the proposed SQA-DA
algorfithm, especfially for annealfing schedules wfith a substantfial
amount of tfime stayfing away from 0. However, for annealfing
schedule wfith a long tfime perfiod of befing at 0 such asA1(t),
whfich fis equal to zero for 40% of the total annealfing tfime,
there fis an fincreasfing trend toward the rfight endpofint fin the
hfistogram ofFfigure 12correspondfing to the case of wfith global
move. Sfince a clear fincreasfing pattern appears fin Ffigure 4for
the SA case, the phenomenon may be explafined as follows.
Corollary 1fimplfies that onceA1(t)= 0the Markovchafin
lands fin the set of configuratfion matrfices wfith allτfidentfical
slfices, and ater then the global moves essentfially make updates
sfimfilar to the SA procedure wfithfin thfis set. Therefore, the SQA-
DA algorfithm exhfibfits some fincreasfing pattern fin fits success
probabfilfity hfistogram.

6. Conclusfion and Dfiscussfion

We have consfidered solvfing combfinatorfial optfimfizatfion prob-
lems by QA fin the framework of the Isfing model and
finvestfigated fits fimplementatfion by SQA algorfithms on classfi-
cal computers. We fintroduced data augmentatfion to SQA and
proposed a new SQA algorfithm to approxfimately fimplement

Ffigure 12.Hfistogram plots of ground state success probabfilfity data for the SQA-DA algorfithm wfith and wfithout global move under annealfing scheduleA1(t).Theleftand
rfight panels correspond to hfistograms wfithout and wfith global move, respectfively.

Ffigure 13.Hfistogram plots of ground state success probabfilfity data for the SQA-DA algorfithm wfith and wfithout global move under annealfing scheduleA2(t).Theleftand
rfight panels correspond to hfistograms wfithout and wfith global move, respectfively.
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QA on classfical computers. Note that QA fis consfidered as
specfial-purpose quantum computfing, and fit fis fintractable to
dfirectly sfimulate quantum systems (or quantum computers) or
fimplement QA on classfical computers. SQA fis oten employed
to gafin finsfight about QA and finvestfigate the performance of
QA devfices. Such studfies play an fimportant role fin quantum
finformatfion scfience partficularly fin the certfificatfion of quantum
communficatfion and computatfion devfices lfike quantum com-
puters.
Through the proposed SQA-DA algorfithm, we have shown

that samplfing from the approxfimate target dfistrfibutfion for QA
fis essentfially samplfing from parallel classfical Isfing models wfith
total nefighborfing Hammfing dfistance approprfiately controlled.
The strong ergodficfity for the proposed algorfithm has been
establfished under sufitable condfitfions on annealfing schedules.
Numerfical studfies have been conducted to confirm theoretfical
results and check the performance of the proposed algorfithm. In
partficular, our findfings can provfide new finsfights on the under-
standfing of dfiferent types of moves (especfially global move)
under dfiferent annealfing schedules fin the SQA-PI algorfithm as
well as the proposed SQA-DA algorfithm.
We wouldalsolfiketopofintoutthattherefisapossfibfil-

fity to fincorporate cluster updatfing finto SQA. For finstance, a
Swendsen–Wang type algorfithm (Swendsen and Wang1987)
can be consfidered where besfides the usual “bond” varfiables
between sfites wfithfin each slfice, addfitfional “lfink” varfiables at the
same sfites between nefighborfing slfices can also be fintroduced.
Thfis new rule can update a cluster of sfites fin the configuratfion
matrfix at the same tfime, whfich may lead to speed-up for the
samplfing procedure compared wfith the usual sfite-by-sfite and
slfice-by-slfice update fin the exfistfing SQA algorfithms.
We leave some fissues and problems for the future study. For

example, our work ofers a better understandfing of dfiferent
types of moves, and gfives a first-step explanatfion on shape
patterns of hfistograms for success probabfilfity data. There are
many statfistfical fissues fin the study of QA and SQA. For example,
a further study fis needed to better understand QA and SQA fin
partficular how thefir performances are related to the finfite-tfime
annealfing, certafin type of annealfing schedules, or some other
more fundamental unknown factors.

Appendfix A. Proof ofTheorem 1

Proof. For two configuratfion matrfixsand̃s,denotebyK(s,̃s) >0
the firreducfible transfitfion probabfilfity assocfiated wfith the equfilfibrfium
dfistrfibutfionq(s)= τ

k=1pSA(s
k;1τT). Then we have the transfitfion

kernel of the Markov chafin assocfiated wfithsfin the algorfithm as

k(̃s|s)= f(̃s|y,s)f(y|s)dy

=K(s,̃s) φ(y)I( τ
k=1 (̃s

k,̃sk+1)− τ
k=1 (s

k,sk+1),∞)(y)dy

=K(s,̃s)e−
2J⊥

τT((
τ
k=1 (̃s

k,̃sk+1)− τ
k=1 (s

k,sk+1))∨0)>0,

whereφ(y)fis the densfity for the exponentfial dfistrfibutfion wfith param-

eter2J
⊥

τT.ItfiseasytocheckthatpSQA(·)satfisfies the detafiled balance
condfitfion wfith thfis transfitfion kernel,

pSQA(s)k(̃s|s)=pSQA(̃s)k(s|̃s).

Therefore,pSQA(·)fis the equfilfibrfium dfistrfibutfion. SfincepSQA(·)fis
posfitfive on the finfite state space, so the chafin fis recurrent and hence
Harrfis recurrent.
The result of geometrfic ergodficfity fis a dfirect consequence of Theo-

rem 11.2.1 fin Wfinkler (2012) wfith a Harrfis firreducfible and reversfible
transfitfion kernel assocfiated wfithq(s).
Another way to prove the result fis to consfider the Geometrfic

Ergodfic Theorem (Theorem 15.0.1) fin Meyn and Tweedfie (2012). Let
(s)= τ

k=1 (s
k,sk+1)be the drfit functfion for the Markov chafin.

For eachβ∈R, the sub-level set{s: (s)≤ β}fis compact sfince the
set only contafin fisolated pofints. In addfitfion, we have

E[ (sn+1)|sn=s]≤E[yn+1|sn=s]

= (s)e−λ (s)+1/λe−λ (s)

≤e−λ (s)+1/λ,

wheree−λ∈[0, 1). By Lemma 15.2.8 of Meyn and Tweedfie (2012),
we can show that the geometrfic drfit condfitfion holds. Therefore, by
geometrfic ergodfic theorem (Theorem 15.0.1) fin Meyn and Tweedfie
(2012), we establfish that the chafin fis geometrfically ergodfic.

Appendfix B. Proof ofTheorem 2

We need to define weak ergodficfity for provfing the theorem.

Definfitfion 2. An finhomogeneous Markov chafin fis weak ergodfic fif the
probabfilfity dfistrfibutfion of the chafin becomes findependent of the finfitfial
condfitfions ater a suficfiently long tfime, namely,

∀t0>0, lfim sup
t→∞

||p(t0,t)−p(t0,t)|| =0,  (B.1)

where p(t0,t)andp(t0,t)are the probabfilfity dfistrfibutfions of the
Markov chafin at twfith finfitfial dfistrfibutfions p0andp0at tfimet0,
respectfively, and for two dfistrfibutfionsμandν,||μ−ν||denotes the
total varfiatfion ofμ−ν.

Proof. We adopt proof arguments sfimfilar to those for Theorem 4.5.1
fin Wfinkler (2012) and Theorem 5.3 fin Morfita and Nfishfimorfi (2008).
To show the convergence to the equfilfibrfium and the strong ergodficfity,
we need to prove the weak ergodficfity of the Markov chafin and

n

||μn−μn+1||<∞, (B.2)

whereμn(s)∝ q(s)exp(−
2J⊥(n)
τT (s))fis an finvarfiant dfistrfibutfion of

the chafin at tfimen.
We first prove Equatfion (B.2). By Lemma 4.5.2 fin Wfinkler (2012),

we only need to show thatμneventually decreases as (n)→ 0,
whfich fis easy to obtafin. Forssuch that (s)= 0,μn(s)∝ q(s)does

notchangeovertfime.Forothers,as (n)→ 0,2J
⊥(n)
τT fis monotone

fincreasfing to+∞,andthusμnfis eventually decreasfing. Thfis also
proves that the equfilfibrfium dfistrfibutfion fisq(s)I( (s)=0).
Next, we show the weak ergodficfity of the Markov chafin. Wfith

Theorem 5.1 fin Morfita and Nfishfimorfi (2008), we only need to show that
there exfists a strfictly fincreasfing sequence of posfitfive number{tfi,fi=
0, 1,...}such that

∞

k=1

(1−α(Gtfi,tfi+1))→ ∞, (B.3)

whereα(Gtfi,tfi+1)fis the contractfion coeficfient defined by

α(Gtfi,tfi+1)=1−mfin
s,̃s

⎧
⎨

⎩
ŝ

mfin{Gtfi,tfi+1(s,̂s),Gtfi,tfi+1(̃s,̂s)}

⎫
⎬

⎭
, (B.4)
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wfithGtfi+1,tfi(s,̃s)denotes the transfitfion probabfilfity of the chafin to move
fromsat tfimetfitõsat tfimetfi+1.
Ffirst, we establfish the lower bound on the transfitfion probabfilfity

defined by (C1) and (C2). Define

L0=max
s,̃s

τ

k=1fi,j

Jfijs
k
fis
k
j−

τ

k=1fi,j

Jfij̃s
k
fis
k
j,

and

w=mfin
s,̃s
{N(s,̃s):N(s,̃s)>0}.

Lemma 1.For anys=s̃wfithN(s,̃s)>0, then we have for anyt>0,

G(s,̃s;t)≥wA(e−
L0
τT)e−

2J⊥(t)d
T . (B.5)

For any states/∈Sm,thereexfistst1>0 such that∀t>t1,

G(s,s;t)>wA(e−
L0
τT)e−

2J⊥(t)d
T . (B.6)

Proof. For anys=s̃wfithN(s,̃s)>0, we have for anyt>0,

G(s,̃s;t)≥wA(e−
L0
τT)e−

2J⊥(t)dτ
τT =wA(e−

L0
τT)e−

2J⊥(t)d
T ,

where we have used the monotonficfity ofA(·)and

(̃s)− (s)∨0≤max
s
(s)=max

s

τ

k=1

(sk,sk+1)=dτ.

For any states/∈Sm,thereexfistŝs∈Nssuch that̂s= s, (̂s)−
(s) >0, so by the dfiscreteness of the Hammfing dfistance, we have
(̂s)− (s)≥ 1. SfinceJ⊥(t)→ ∞ ast→ ∞,forany0< < 1,
there exfistst1>0 such that

∀t>t1,e
−2J

⊥(t)
τT (( (̂s)− (s))∨0)≤e−

2J⊥(t)
τT < .

Therefore, we conclude

s̃=s

G(s,̃s;t)=G(s,̂s;t)+

s̃=s,̃s=̂s

G(s,̃s;t)

≤N(s,̂s)+

s̃=s,̃s=̂s

N(s,̃s)

=N(s,̃s)+1−N(s,̃s)=1−(1− )N(s,̃s),

and

G(s,s;t)=1−

s̃=s

G(s,̃s;t)≥(1− )N(s,̃s)>0.

Ffinally, we can easfily prove (B.6) by notfing that fits rfight-hand sfide can
be arbfitrarfily small for suficfiently larget.

The generatfion probabfilfityN fis posfitfive and firreducfible, and we
defineRas the maxfimum number of mfinfimum steps needed to reach
an arbfitrary states∈Smfrom any other state. Then as long as (t)>0,
thfis number remafins the same for the finhomogeneous Markov chafin.
Now consfider states∗∈Smsuch that the number of maxfimum steps
needed to reach fit from any other state fis at mostR. Then there exfists a
path such that

s=s0=s1= ···=sk=sk+1= ··· =sR=s
∗.

The above lemma yfields that, for suficfiently larget,thetransfitfion
probabfilfity at each tfime step has the followfing lower bound,

G(sfi,sfi+1;t−R+fi)≥wA(e
−
L0
τT)e−

2J⊥(t−R+fi)d
T .

Combfinfing all of them together, we obtafin

Gt−R,t(s,s∗)≥G(s,s1;t−R)···

G(sR−2,sR−1;t−2)G(sR−1,s
∗;t−1)

≥

R−1

fi=0

wA(e−
L0
τT)e−

2J⊥(t−R+fi)d
T

≥wRA(e−
L0
τT)Re−

2J⊥(t−1)dR
T , (B.7)

where we have used the monotonficfity ofJ⊥(t). Hence, there exfists an
fintegerk0≥ 0 such that for allk≥ k0, the contractfion coeficfient
satfisfies

1−α(GkR−R,kR)=mfin
s,̃s

⎧
⎨

⎩
ŝ

mfin{GkR−R,kR(s,̂s),GkR−R,kR(̃s,̂s)}

⎫
⎬

⎭

≥mfin
s,̃s
mfin{GkR−R,kR(s,s∗),GkR−R,kR(̃s,s∗)}

≥wRA(e−
L0
τT)Re−

2J⊥(kR−1)dR
T . (B.8)

Ffinally wfith annealfing schedule (14), we easfily establfish the weak
ergodficfity by

∞

k=1

(1−α(GkR,kR−R))≥wRA(e−
L0
τT)R

∞

k=1

1

kR+1
→ ∞.

Thfis concludes the proof of the theorem.

Appendfix C. Proof ofCorollary 1

Proof. Wfith global move, the total nefighborfing Hammfing dfistance
(s)of the configuratfion matrfix fis fintact, whfich findficates that the
proposed dfistrfibutfion cannot be firreducfible. Thus, when (t)>0, the
firreducfibfilfity of the transfitfion kernels for the SQA-PI algorfithm as well
as the proposed SQA-DA algorfithm fis the same as that forNglobal(s,̃s).
Thfis fimmedfiately leads to (fi).
For the proof of (fifi), sfince all slfices are the same, and we only move

wfithfin the set of configuratfion matrfices wfith all same slfices, the state
space fis equfivalent to that of an Isfing model (1)wfithhfi=0. Then the
global move fis essentfially dofing a sfite-by-sfite update, that fis, the usual
MetropolfissamplerfortheSAcase.

Supplementary Materfials

Code and data: An R package whfich consfists of datasets and programs for
all methods used fin the numerfical studfies, along wfith an example code file
necessary to reproduce the results fin thfis artficle. (zfip file).
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