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e Matrix eigenvectors (or singular vectors) are often used to
uncover underlying structure.
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Matrix Eigenvector Perturbation

e Matrix eigenvectors (or singular vectors) are often used to
uncover underlying structure.

@ Let Abe a d x d symmetric matrix.
r
A=vZvT =Y L/,
i=1

where V =[vq,...,v,] and r < d.
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Matrix Eigenvector Perturbation

e Matrix eigenvectors (or singular vectors) are often used to
uncover underlying structure.

o Let Abe a d x d symmetric matrix.
r
A=vZvT =Y L/,
i=1

where V =[vq,...,v,] and r < d.

e Examples:

e PCA and factor models;
o Network analysis;
o Classical MDS.
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e However...our data are usually not perfect.
o Let Abe our data maitrix,
A=A+E,
where symmetric E € R9%9 is perturbation.

@ Similar decomposition for A.

where V = [wvq,..., vr].
e Want to bound ||v; — v;|| for some norm || - ||.

«Or «Fr «=)» «=)>»

e
u
N)
¥l
0



Matrix Eigenvector Perturbation

e However...our data are usually not perfect.
e Let A be our data matrix,
A=A+E,
where symmetric E € R?*9 is perturbation.

e Similar decomposition for A.

where V = [v1,..., V]
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Matrix Eigenvector Perturbation

e However...our data are usually not perfect.

e Let A be our data matrix,
A=A+E,
where symmetric E € R?*9 is perturbation.

e Similar decomposition for A.

where V = [v1,..., V]

e Want to bound ||v; — v;|| for some norm || - ||
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Matrix Eigenvector Perturbation

e Eigengap y: the smallest gap of {Aq,...,A;,0}.
e Weyl's inequality matches eigenvalues:
max; ’}\,, — 7\,,‘ < ”E”2

Theorem (a simpler version of Davis and Kahan [1970])

Suppose y > 0, and we have

" 27/ 2 ||E
Ivi— il < W

where m; € {1} are suitable signs.
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Matrix Eigenvector Perturbation

e Eigengap y: the smallest gap of {Aq,...,A;,0}.
e Weyl's inequality matches eigenvalues:
max; ’}\,, — 7\,,‘ S HE”2

Theorem (a simpler version of Davis and Kahan [1970])

Suppose y > 0, and we have

_ 2v2||E|2
Jvi—nile < 2X2LEL
Y

where m; € {1} are suitable signs.

e Extends to general case (SVD) easily. (Wedin 72’).
e Nontrivial only when y>> || E||2
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Question:

» Can we go beyond ¢ norm perturbation?

o Trivial bound || - || < || - ||2 too loose. A
sharper bound?



Matrix Eigenvector Perturbation

Question:

» Can we go beyond ¢2 norm perturbation?
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Matrix Eigenvector Perturbation

Question:

» Can we go beyond ¢2 norm perturbation?

o Trivial bound || - || < || - ||2 too loose. A
sharper bound?
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A first sight: mission impossible!

Consider a d x d low rank matrix
A=d(1,0,...,0)7(1,0,...,0). Fix r = 1. lts top
eigenvector is just vi = (1,0, ..., 0)7,and y=d.
Perturbation matrix E: Eio = E»1 = d/4 and 0 elsewhere.

(]

[ ]

Simple calculation shows ||v; — Vi||« =< 1. Already sharp!

Can we do better than a trivial bound?

®

Answer: Yes! But for structured low rank matrix A.

]
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¢=° Eigenvector Perturbation

@ A first sight: mission impossible!
e Consider a d x d low rank matrix
A=d(1,0,...,0)7(1,0,...,0). Fix r = 1. Its top

eigenvector is just vy = (1,0,...,0)7, and Y= d.
Perturbation matrix E: E1» = Eo1 = d/4 and 0 elsewhere.

e Simple calculation shows ||v; — V||« < 1. Already sharp!
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¢=° Eigenvector Perturbation

@ A first sight: mission impossible!
e Consider a d x d low rank matrix
A=d(1,0,...,0)7(1,0,...,0). Fix r = 1. Its top

eigenvector is just vy = (1,0,...,0)7, and Y= d.
Perturbation matrix E: Eio = Eoqy = d/4 and 0 elsewhere.

e Simple calculation shows ||v; — V||« < 1. Already sharp!

@ Can we do better than a trivial bound?
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¢=° Eigenvector Perturbation

@ A first sight: mission impossible!
e Consider a d x d low rank matrix
A=d(1,0,...,0)7(1,0,...,0). Fix r = 1. Its top

eigenvector is just vy = (1,0,...,0)7, and Y= d.
Perturbation matrix E: Eio = Eoqy = d/4 and 0 elsewhere.

e Simple calculation shows ||v; — V||« < 1. Already sharp!

@ Can we do better than a trivial bound?

@ Answer: Yes! But for structured low rank matrix A.
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@ What structure? low rank and incoherent matrices.
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Our result: £~ Eigenvector Perturbation

@ What structure? low rank and incoherent matrices.

e Low rank: r = rank(A) is small, e.g. bounded by a constant.

Definition (Candés and Recht [2009])

LetV =[wy,...,V,] be r columns of orthonormal vectors in R,
The coherence of V is:

d L
u(Vv) = leaX/; Vi
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Our result: £~ Eigenvector Perturbation

@ What structure? low rank and incoherent matrices.

e Low rank: r = rank(A) is small, e.g. bounded by a constant.

Definition (Candés and Recht [2009])

LetV =[wy,...,V,] be r columns of orthonormal vectors in R,
The coherence of V is:

d r
u(Vv) = leax; \/,j2
/:

e Incoherence: u(V) is small, e.g. logarithmic in d.

e When v; is a uinform vector, u(V) = O(log d).
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@ One more thing: need different matrix norms for
perturbation E.
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Our result: £ Eigenvector Perturbation

@ One more thing: need different matrix norms for
perturbation E.

e For symmetric E € R9*9, define

d
€]l = max}. |E5].
J
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Our result: £ Eigenvector Perturbation

@ One more thing: need different matrix norms for
perturbation E.

e For symmetric E € R9*9, define

d
€]l = max}. |E5].
J

e A trivial bound || El|2 < || E||e-

@ The two norms usually have the same scale, e.g. all-one
matrices.
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Our result: £~ Eigenvector Perturbation

@ Suppose A, E are symmetric. Recall that v is the eigengap.

Theorem (Fan, Wang, and Zhong [2016b])

There exists C = C(u(V),r) = O(u(V)'-°r3®) such that

- IE]l
— o <
X Ivie=mevil < ClulV). 1), =72

wheny > C|E|

«, for suitable signsny € {+1}.

Yigiao Zhong (Princeton University) Robust Covariance Estimation



Our result: £~ Eigenvector Perturbation

@ Suppose A, E are symmetric. Recall that v is the eigengap.

Theorem (Fan, Wang, and Zhong [2016b])

There exists C = C(u(V),r) = O(u(V)'-°r3®) such that

- IE]l
— o <
X Ivie=mevil < ClulV). 1), =72

wheny > C|E|

«, for suitable signsny € {+1}.

@ A similar result for SVD.
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Our result: £~ Eigenvector Perturbation

@ Suppose A, E are symmetric. Recall that v is the eigengap.

Theorem (Fan, Wang, and Zhong [2016b])

There exists C = C(u(V),r) = O(u(V)'-°r3®) such that

- IE]l
— o <
X Ivie=mevil < ClulV). 1), =72

wheny > C|E|

«, for suitable signsny € {+1}.

@ A similar result for SVD.

e The condition Y > C||E|| is mild: similar to £ bound.
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Simulation: Eigenvector Perturbation

@ Setting:
e d run from 200 to 2000 with increment 200.
o A=Y3_,(4—kK)ywv/; v is an eigenvector of an iid normal
random matrix.

e Generating E: (a) random number in [0, L] by randomly selecting s
entries each row; (b) £; = L'pli~Jl.

T

Figure: The slope is around —0.5. Blue: Y= 10, red: y= 50, green: Y= 100;
and black: y = 500. We report the largest error over 100 runs.
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Simulation: Eigenvector Perturbation

0.0251

0.005]

Figure: Y\/d is fixed for each line. The right plot shows the error multiplied by
vV d against d. Blue: yv/d = 2000; red: yv/d = 3000; green: yv/d = 4000;
and black: 'yﬁ = 5000. We report the largest error over 100 runs.
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Simulation: Eigenvector Perturbation
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Figure: log(err) vs. log(d). Top left: L=10,s = 3, top right: L = 0.6, s = 50;
bottom left: L' =1.5,p = 0.9; bottom right: L' = 7.5,p = 0.5. The slopes are
around —0.5. Blue:y=10; red: Y= 50, green: y= 100, black: 'y = 500.
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@ Matrix Eigenvector Perturbation
@ Davis-Kahan Theorem
@ Our result: £~ Eigenvector Perturbation

© Robust Covariance Estimation via Factor Models
@ Known factors
@ Factors unknown

© Simulations

@ Real Data Analysis: Portfolio Risk Estimation
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o Factor Model:

yi = Bfi+-u;
where y;,ui € R, f € R" and B € RY*".

o {yi}7 . {fi}7_, arei.id. observedoveri=1,...,n

«40» «F» « =) 4 > Q¥



Robust Covariance Estimation: Factors Known

@ Factor Model:
yi = Bfi+u

where y;,u; € RY, f € R" and B € RY*".
o {yi}7,,{fi}_, arei.i.d. observed overi=1,...,n.

e Assuming Cov(f;, u;) = 0:
Yy =ByB'+%, BeRY Y¥eR¥™ 3,eR™,

where r is a constant and ¥, is sparse.
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Robust Covariance Estimation: Factors Known

@ Factor Model:
yi = Bfi+u

where y;,u; € RY, f € R" and B € RY*".
o {yi}7,,{fi}_, arei.i.d. observed overi=1,...,n.

e Assuming Cov(f;, u;) = 0:
Yy =ByB'+%, BeRY Y¥eR¥™ 3,eR™,

where r is a constant and ¥, is sparse.

@ Goal: estimate > from observations.
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Robust Covariance Estimation: Factors Known

@ Factor Model:
yi = Bfi+u

where y;,u; € RY, f € R" and B € RY*".
o {yi}7,,{fi}_, arei.i.d. observed overi=1,...,n.

e Assuming Cov(f;, u;) = 0:
Yy =ByB'+%, BeRY Y¥eR¥™ 3,eR™,

where r is a constant and ¥, is sparse.

e Goal: estimate X from observations.
e Challenge: y; and u; may possibly have heavy tails.
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Robust Covariance Estimation: Factors Known

Gaussian
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Figure: Q-Q plots show heavy tails of data: x-axis: base distribution
quantiles, y-axis: return data quantiles.
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Robust Covariance Estimation: Factors Known

e Antidote: Huber's M-estimator with suitable a diverging
parameter; bias-variance tradeoff.
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Robust Covariance Estimation: Factors Known

o Antidote: Huber’'s M-estimator with suitable a diverging
parameter; bias-variance tradeoff.

e Foranyi.id. Zi,...,Z, with uy* =EZ. Let
lo(x) = 20| x| — o2 when |x| > o and x2 when |x| < .

n
fi=argmin, ¥ l(Z — )
=1
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Robust Covariance Estimation: Factors Known

e Antidote: Huber's M-estimator with suitable a diverging
parameter; bias-variance tradeoff.

e Foranyi.id. Zi,...,Z, with uy* =EZ. Let
lo(x) = 20| x| — o2 when |x| > o and x2 when |x| < .

n
fi=argmin, ¥ l(Z — )
=1

Theorem (Fan, Li, and Wang [2014])
Suppose € € (0,1) and n > 8log(e ). Choose
a=+/(nv2)/log(e1), where v? is an upper bound of coV(Z;).

Then,
% log(e~!
P(Iu—u*|§4v L) >1—2¢. (1)

n
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Robust Covariance Estimation: Factors Known

e Antidote: Huber's M-estimator with suitable a diverging
parameter; bias-variance tradeoff.

e Foranyi.id. Zi,...,Z, with uy* =EZ. Let
lo(x) = 20| x| — o2 when |x| > o and x2 when |x| < .

n
fi=argmin, ¥ l(Z — )
=1

Theorem (Fan, Li, and Wang [2014])
Suppose € € (0,1) and n > 8log(e ). Choose
a=+/(nv2)/log(e1), where v? is an upper bound of coV(Z;).

Then,
= log(e~!
P(Iu—u*|§4v L) >1-2¢. (1)

n

e Similar result: Catoni [2012]
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e Cure of high dimensionality: entry-wise estimation.
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Robust Covariance Estimation: Factors Known

@ Cure of high dimensionality: entry-wise estimation.
@ Now we have Y v, then:
Y= BYLB" + ¥, +(X-Y).
—— ~—~ N——

Low rank Sparse  Noise
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Robust Covariance Estimation: Factors Known

e Cure of high dimensionality: entry-wise estimation.

o Now we have ¥ v/, then:
>= BB + ¥, +(Z-%)
—— ~~~ ——
Low rank Sparse  Noise

e Need to exploit the structure and have a refined estimate.
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Robust Covariance Estimation: Factors Known

e Cure of high dimensionality: entry-wise estimation.

o Now we have ¥ v/, then:
>= BB + ¥, +(Z-%)
—— ~~~ ——
Low rank Sparse  Noise

e Need to exploit the structure and have a refined estimate.

@ Question: How to denoise? How to disentangle?
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Robust Covariance Estimation: Factors Known

e Cure of high dimensionality: entry-wise estimation.
o Now we have T v/, then:
Y= BYLB" + ¥, +(X-Y).
——" ~—~ ——
Low rank Sparse  Noise
@ Need to exploit the structure and have a refined estimate.
@ Question: How to denoise? How to disentangle?

@ Blessing of pervarsive assumption: the top r eigenvalues of
> grows linearly with d; and the elements of B are uniformly
bounded.
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e When factors fi,..., f, are observed, a simple trick works.
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Robust Covariance Estimation: Factors Known

e When factors fy,. .., f, are observed, a simple trick works.

o Let z/ = (y/,f7), and estimate Cov(z;) robustly.

] (=] =
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Robust Covariance Estimation: Factors Known

e When factors fi,. .., f, are observed, a simple trick works.
o Letz” = (y/,f7), and estimate Cov(z) robustly.
e Since X, =¥ —¥,,¥,/¥,, wecando

S= BB + ¥, +(£-Y)
—— ~—~ ——

~ fyuf;} fuy Sparse Noise
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Robust Covariance Estimation: Factors Known

e When factors fi,...,f, are observed, a simple trick works.
o Letz” = (y/,f7), and estimate Cov(z;) robustly.
o SinceY, =¥ —-%,%,'%¥,, wecando
Y= BB + ¥, +(X-Y)
AHA/—/A =~ N——
~Yuruzy Sparse  Noise

S— BB =%,+ (£-Y)
\,—/ N :r
£

J/

~5 s-1s
~ Tyl oy
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Robust Covariance Estimation: Factors Known

e When factors fi,. .., f, are observed, a simple trick works.
o Letz” = (y/,f7), and estimate Cov(z) robustly.
e Since X, =¥ —¥,,¥,/¥,, wecando
s= BB + ¥, +(£-Y)
A\Af—’/\ N \W_‘/
~ Tty Sparse  Noise

s— BB =3%,+ (£-%)
H,—/ (. 7

-~

~ iyufﬁu1 iuy T(fu):thresholding
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Robust Covariance Estimation: Factors Known

e When factors fi,. .., f, are observed, a simple trick works.
o Letz” = (y/,f7), and estimate Cov(z) robustly.
e Since X, =¥ —¥,,¥,/¥,, wecando
s= BB + ¥, +(£-Y)
A\Af—’/\ N \W_‘/
~ Tty Sparse  Noise

s— BB =3%,+ (£-%)
H,—/ (. 7

-~

~ iyufﬁu1 iuy rI(fu):’[hresholding

e Finally, R A R
ST =5, )Yy +T(Z))
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Robust Covariance Estimation: Factors Known

e Step 1: Obtain a robust estimate of Cov(z;) in an

entry-wise way.

e Step 2: Compute

A~ A~

Zu — iyy - iyuz

A~

—1
uu ZU,V?

and apply adaptive thresholding

Ey
si((Zu)i)1((Xu)i = ),

where T; = T((Z,)i(Z4);)"/2,7 =< \/logp/n.

e Step 3: Final estimator

ST =3, S, + T (X))

‘T(iu)f/ = {

Yigiao Zhong (Princeton University) Robust Covariance Estimation

i=j
i#];



Robust Covariance Estimation: Factors Known

o Let mg = max;<pY;<p(Xu)] for some g € [0,1]. Assume
pervasiveness, bounded fourth moments and ||X,||, || ||
bounded above and below from 0.

Theorem (Fan, Wang, and Zhong [2016a])

If my(logd/n)(1=9)/2 = o(1), then

IZ7 — ]l = 0p (4225,

\/Blr;:g d. my ( ¥> (1q)/2),

IET) ) = 0 (mg (209) 5,

where | Al|x = d~'/2||X~1/2AX~1/?||¢ is the relative Frobenius
norm.

17— =i = 0p(
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Robust Covariance Estimation: Factors Known

Question:

What if the factors are unobserved?

>— BYBT =Y,+ (L-Y)
W—/ N ~~ 2/

. 0 ~
how to estimate* T (X, ):thresholding
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Robust Covariance Estimation: Factors Known

Question:

What if the factors are unobserved?

>— BYBT =Y,+ (L-Y)
\/_/ (. ~~ 2/

. 0 ~
how to estimate* T (X, ):thresholding

Need:

a sharp low rank estimate directly from Y.
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@ Recall factor model:

yi = Bfi+-u;
where y;,u; € R, f € R" and B € RY*".
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@ Recall factor model:

yi = Bfi+-u;
where y;,u; € R, f € R" and B € RY*".

o I|dentifiability: suppose > ¢ = ;.
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Robust Covariance Estimation: Factors Unknown

@ Recall factor model:
yi = Bfi+u

where y;,ui € R9, f € R and B € RY*".
e Identifiability: suppose > = ;.

e What if factors fi,..., f, are unobserved? How to estimate
the low-rank part?

AN

= 8B, + ¥, +(L-%)
Lowrank Sparse  Noise

@ Pervasiveness < B spiked eigenvalues + matrix
incoherence!
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e Solution: directly apply PCA to v

e Low rank A:= BB and perturbation E := ¥, + (f —X).
A sharp and uniform bound:

logd 1

nd +ﬁ>. 1:1,....

@ So we have sharp uniform bound.

[Vi = ville = Or(

S-BYB =%, + (£-X)
\‘,—/ (. J

~”

‘T(fu):thresholding
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e Solution: directly apply PCA to T

o Low rank A:= BB and perturbation E := ¥, + (f -X).
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e Solution: directly apply PCA to T

o Low rank A:= BB and perturbation E := ¥, + (f -X).
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Robust Covariance Estimation: Factors Unknown

e Solution: directly apply PCA to T

o Low rank A:= BB' and perturbation E := ¥, + (f —Y).
A sharp and uniform bound:

—~ logd 1 .
19— ville = Op ({22 4 ), i=1,..r

nd  /d
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Robust Covariance Estimation: Factors Unknown

e Solution: directly apply PCA to T
o Low rank A:= BB' and perturbation E := ¥, + (f —Y).

A sharp and uniform bound:

—~ logd 1 .
19— ville = Op ({22 4 ), i=1,..r

nd  /d
@ So we have sharp uniform bound.
> —BYB"'=Y,+ (L-Y)
H,—/ (& y
use PCA

"

T (L,):thresholding
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Robust Covariance Estimation: Factors Unknown

e Step 1: Estimate of ¥ = Cov(y;) robustly in an entry-wise
way, and denote it as X..

e Step 2: Compute

S,=%,—UNUT,

where U and A are given by top r eigen-decomposition.
Then apply adaptive thresholding on ¥ ..

e Step 3: Final estimator
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Robust Covariance Estimation: Factors Unknown

Theorem (Fan, Wang, and Zhong [2016b])

Let w, = \/logd/n+1/+/d. Under the same assumptions of
Theorem 4, with the choice of parameter T < wy and if

mqw, 9 = o(1) we have
Hi—r - Z||max = OP<Wn> )
= dlogd _
HZT _ZH): _ OP<\/_%+de1 Q> ,

n

IET) ™ =272 = Op (maws 7).

Yiqiao Zhong (Princeton University) Robust Covariance Estimation



Take-home message:



Robust Covariance Estimation: Factors Unknown

Take-home message:

Power of /~ perturbation bound:

Uniform and sharp bound when
estimating low rank structure.
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e Our result: £~ Eigenvector Perturbation
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Simulation: Robust Covariance Estimation

@ Setting:

o Simulate n samples of (7, u/) from (i) a multivariate t-distribution
(i) an i.i.d. t-distribution, with covariance diag{/,,5/4}.

e Each element of Bis an i.i.d. standard normal. Compute
yr =B+ up.

e Set n= d/2; degree of freedom v = 3,5 and cs.
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Simulation: Robust Covariance Estimation

@ Setting:
o Simulate n samples of (7, u/) from (i) a multivariate t-distribution
(i) an i.i.d. t-distribution, with covariance diag{/,,5/4}.

e Each element of Bis an i.i.d. standard normal. Compute
yr =B+ up.

e Set n= d/2; degree of freedom v = 3,5 and cs.

@ Compare our robust estimator ¥R with (a) ¥S: sample
covariance based method (b) X¥: Kendall’s tau based
method.

e Calcuate relative errors & — ¥ under various norms, e.g.
1= —=)/I=8 -]
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Simulation: Robust Covariance Estimation

@ Setting:
o Simulate n samples of (7, u/) from (i) a multivariate t-distribution
(i) an i.i.d. t-distribution, with covariance diag{/,,5/4}.

e Each element of Bis an i.i.d. standard normal. Compute
yr =B+ up.

e Set n= d/2; degree of freedom v = 3,5 and cs.

@ Compare our robust estimator ¥R with (a) ¥S: sample
covariance based method (b) X¥: Kendall’s tau based
method.

e Calcuate relative errors & — ¥ under various norms, e.g.
<A ~
IR —=[|/1=° -
e The median errors and their IQR over 100 simulations are
reported.
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Simulation: Robust Covariance Estimation

e Setting: observed factors and multivariate t-distribution.

‘Spectral norm error of Sigma_u (Median) Spectral norm error of Sigma_u (1QR)
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Spectral norm error of inverse Sigma (IQR)
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0 a0 40 S0 0 700 80 90 20 0 400 S0 60 700 800 900

Relative Frobenius norm error of Sigma (Median)  _Relative Frobenius norm eror of Sigma (IQR)

Figure: Blue: relative error of f’; ; black: relative error of fg . Degree of
freedom: df = 3 (solid), 5 (dashed) and - (dotted).
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Simulation: Robust Covariance Estimation

e Setting: observed factors and i.i.d. t-distribution.

Spectral norm error of Sigma_u (Median) ‘Spectral nom error of Sigma_u (IQR)
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Figure: Blue: relative error of f’; ; black: relative error of fg . Degree of
freedom: df = 3 (solid), 5 (dashed) and - (dotted).
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Simulation: Robust Covariance Estimation

e Setting: unobserved factors and multivariate t-distribution.

Spectral norm error of Sigma_u (Median) ‘Spectral nom error of Sigma_u (IQR)
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00 05 10 15

»
Spectral norm error of inverse Sigma (IQR)

15 20 25 30

Figure: Blue: relative error of f’; ; black and red: relative error of ff . Degree
of freedom: df = 3 (solid), 5 (dashed) and = (dotted).
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Simulation: Robust Covariance Estimation

e Setting: unobserved factors and multivariate t-distribution.

Spectral norm error of Sigma_u (Median) ‘Spectral nom error of Sigma_u (IQR)
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Figure: Blue: relative error of f’; ; black and red: relative error of ff . Degree
of freedom: df = 3 (solid), 5 (dashed) and = (dotted).
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@ Real Data Analysis: Portfolio Risk Estimation
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Real Data Analysis: Portfolio Risk Estimation

@ Daily returns of 393 stocks from S&P 500 index from 2005
to 2013.

e Factors: Fama-French three-factor model.
@ Y: 393 x 2013 data matrix, and F: 2013 x 3.

e Let X be the true covariance matrix of Y. Then w’ Zw is
the porfolio risk given weights w.
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Real Data Analysis: Portfolio Risk Estimation

@ Daily returns of 393 stocks from S&P 500 index from 2005
to 2013.

e Factors: Fama-French three-factor model.
@ Y: 393 x 2013 data matrix, and F: 2013 x 3.

e Let X be the true covariance matrix of Y. Then w’ Zw is
the porfolio risk given weights w.

@ Compare risk estimation errors:
1 2013

RA(w) = 2013 Z |WTffW— (W),

2013
~ 2013 & WP (T
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Real Data Analysis: Portfolio Risk Estimation
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Error R¥(w) of Robust Covariance Method (10)

Figure: (R7(w), RS(w)) for multiple randomly generated w. Error
comparison with different exposure c. (upper left: no short selling; upper
right: ¢ = 1.4; lower left: ¢ = 1.8, lower right: ¢ = 2.2).
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