STAT610 - HWK Solution 4

1.2.15 The posterior m(#|N = n) is proportional to
m(0|N =n) < f(N = n|0)n(0)
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1.4.14 (a) E(Y|Z)= (14 2)E[Z1|Z] = (1 + 2)E[Z,] = HZ
(b) E[E(Y|Z)] = B(14Z) = BED = 1 4 L
Var(E(Y|Z)) = Var(l A %Var Z)=3s

)
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(d) Var(Y|2) = Var((1 + 2)21|Z) = (1 + Z)*Var(Z2) = <1§§>2
)
)

(e) E[Var(Y|2)] = [%} = w1l +2B(2)+E(Z°) = p+ 5+
(f) Since the best MSPE predictor E(Y|Z) = +(1 + Z) is linear, the best linear predictor is also
(14 2).
1.4.18 (a) Since Y =y < Yy =7,
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(b) By Bayes’ Theorem, 7(y|z) = where
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() since m(Y = y|Z = 20) = w(Y = y|7 = 24 = mcwlou —y e,

m0(Yo = wolZo = 20) = n(Y = fracByoo|Zo = 20) - |J| ~ (By Jacobian)
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(d) Let m(zp) be the best predictor which should be the condintional median of Y given Zj, then
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(e) The best MSPE predictor of Y given Z = z can be obtained by
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1.6.11 (b) T'(p, \) ~ % exp{—Az +plog\} = T(X) = X,n= -\, A(n) = —plog(—n). So T(X) = X is
the sufficient statistic for # = A, and the moment-generating function of 1" is given by

M) = esp{ats =) -y = () = (1)
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1.6.18 By example 1.5.5 and 1.6.6, 6§ = (31, B2,0%)T is identifiable, and the density
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can be expressed in the canonical form with k& = 3,
T(x) = (Th(2), To(X), (X)) = Q_Yi, »  zYi, ) YT,

n=(n,n2.m3)" = (b1/0% B2/, —1/(20%))",
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and & = {(n1,m2,73)" : m € R,m2 € R,m3 < 0}.
The rank can be directly verified by Thm 1.6.4(ii).



The mean and variance of T' can be obtained by Cor 1.6.1
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or by the model assumption,
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1.6.31 (a) Let n = (p, 7) and n; = (uj, 7). Then n follows a multinomial distribution with
Pr(n =n;) =

The posterior can be obtained by
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- For w(|n = n;,x). n can be treated as a constant vector, then 6 is simply a normal r.v.
with mean p; and variance 7'32 . Therefore,
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- For Pr(n = nyla),
Xlnj ~ N(uj, 05 = o5 +17) = f(xln;) = ba; (@ — p5)
Pr(n=mn;)f(zln=m;) _  Ai¢o; (@ — 1)
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Let Aj(z) = Pr(n = nj|z), so we have >, Aj(z) = >, Pr(n = nj|z) = 1. Thus,
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m(0lz) = Z ¢T]z (0 — pj(2))
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which defines a conjugate prior for the N(6,03) distribution.

(b) By Theorem 1.5.2, w(0|z1,--- ,x,) = w(0|T(z)), where T'(z) is the sufficient statistic for 6. In
this case, T(z) = Z ~ N(0,02/n). Also

70|zt zn) X f(21, -+, 20|0)7m(0)
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apply same calculation in (a), the posterior is given by
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with 02 replaced by 03 /n.



1.6.36 (a) Let 6 = (u, A). The density function can be expressed as
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where 1 = (%,)\) ,T(X) = (—%,—QLX)/, B(u,A\) = — (% + %logA).
(b) m=p 2N\ m=X=p=/ma/m,\+n2. So
1
An) = —v/mn2 — 5 log

where (n1,12) € € = [0, +00) x (0, 400).
(c) The MGF is given by

1 1
M(s) = exp {—\/(81 +m)(s2 +1n2) — 5 log(s2 +m2) + /mn2 + 3 log 772}

and
B(T) =5 =30 = E(X) =4
E(TQ):;;L;__;M_;A :>E(1/X):/1\+;
Var(T1) = (?92771%1 = %,u?’)fl = Var(X) = )\3
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Var(Tg) = 8777% = 1

(d) If u = po is known,
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flxspo, ) = (2m) "2z exp{ A<2M2+2x>+< + 5 log A

By Prop 1.6.1, the conjugate prior is given by
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w(\;t1,t2) = exp {)\tl + 1o <M + B log )\> - logw(tl,tg)}
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= N2/Zexp {\(t1 + t2/p10)} ~ (e, B)
Wherea:%+1,5:t1+%.
(e) If A = Ag is known,
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0

Therefore €2 is empty.
(f) The conjugate prior for (A, p) is given by
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(A, pyt1,ta, t3) = exp {_M; — Mg + ts(; + §log A) — logw(thtz,ts)}

Since exp {—% — Ao + tg(% + %log )\)} — exp {—)\tg + %tg log )\} > 0 as u — o0,
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