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1.2.15 The posterior π(θ|N = n) is proportional to

π(θ|N = n) ∝ f(N = n|θ)π(θ)

∝ (
∑
ni)!∏
ni!

∏
θnii

Γ(
∑
αi)∏

Γ(αi)

∏
θαi−1
i

∝
∏

θni+αi−1
i ∼ D(α+ n)

1.4.14 (a) E(Y |Z) = (1 + Z)E[Z1|Z] = (1 + Z)E[Z1] = 1+Z
λ

(b) E[E(Y |Z)] = E(1+Z
λ ) = 1+E(Z)

λ = 1
λ + 1

λ2

(c) Var(E(Y |Z)) = Var(1+Z
λ ) = 1

λ2 Var(Z) = 1
λ4

(d) Var(Y |Z) = Var((1 + Z)Z1|Z) = (1 + Z)2Var(Z2
1 ) = (1+Z)2

λ2

(e) E[V ar(Y |Z)] = E
[

(1+Z)2

λ2

]
= 1

λ2 [1 + 2E(Z) + E(Z2)] = 1
λ2 + 2

λ3 + 2
λ4

(f) Since the best MSPE predictor E(Y |Z) = 1
λ(1 + Z) is linear, the best linear predictor is also

1
λ(1 + Z).

1.4.18 (a) Since Y = y ⇔ Y0 = σy
β ,

Z0|Y = y ∼ Z0|Y0 =
σy

β
∼ N(µ+ β · σy

β
, σ2) = N(µ+ σy, σ2)

⇒Z =
z0 − µ
σ
|Y = y ∼ N(

µ+ σy − µ
σ

, σ2/σ2) = N(y, 1)

(b) By Bayes’ Theorem, π(y|z) =
f(z|y)π(y)

f(z)
where

f(z|y)π(y) =
1√
2π
e−(z−y)2/2 · λe−λy

=
λ√
2π

exp
{
− [y − (z − λ)]2

2

}
exp

{
−z

2 − (z − λ)2

2

}
(y > 0, z ∈ R)

f(z) =
∫ ∞

0
f(z|y)π(y)dy

= λ exp
{
−z

2 − (z − λ)2

2

}∫ ∞
−(z−λ)

1√
2π
e−

x2

2 dx (x = y − (z − λ))

= λ exp
{
−z

2 − (z − λ)2

2

}
Φ(z − λ)

∴ π(y|z) =
c−1

√
2π

exp
{
− [y − (z − λ)]2

2

}
(y > 0, c = Φ(z − λ))

(c) since π(Y = y|Z0 = z0) = π(Y = y|Z = z0−µ
σ ) =

1√
2πΦ( z0−µσ − λ)

exp{− [y−(
z0−µ
σ
−λ)]2

2 },

π0(Y0 = y0|Z0 = z0) = π(Y = fracβy0σ|Z0 = z0) · |J | (By Jacobian)

=
β

σ

1√
2πΦ( z0−µσ − λ)

exp

{
−

[βy0σ − ( z0−µσ − λ)]2

2

}
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(d) Let m(z0) be the best predictor which should be the condintional median of Y0 given Z0, then∫ m(z0)

o
π(y0|z0)dy0 =

1
2

⇒
∫ m(z0)

0

β

σ

1√
2πΦ( z0−µσ − λ)

exp

{
−

[βy0σ − ( z0−µσ − λ)]2

2

}
dy0 =

1
2

⇒
∫ β

σ
m(z0)−(

z0−µ
σ
−λ)

−(
z0−µ
σ
−λ)

1√
2π
e−

x2

2 dx =
Φ( z0−µσ − λ)

2

(
x =

β

σ
y0 − (

z0 − µ
σ
− λ)

)
⇒Φ

(
β

σ
m(z0)− (

z0 − µ
σ
− λ)

)
− Φ

(
−(
z0 − µ
σ
− λ)

)
=

Φ( z0−µσ − λ)
2

⇒β

σ
m(z0)−

(
z0 − µ
σ
− λ
)

= Φ−1
( c

2
+ 1− c

) (
c = Φ(

z0 − µ
σ
− λ)

)
⇒m(z0) =

1
β

(z0 − µ− λσ) +
σ

β
Φ−1

(
1− c

2

)
(e) The best MSPE predictor of Y given Z = z can be obtained by

E(Y |Z = Z) =
c−1

√
2π

∫ ∞
0

ye−
[y−(z−λ)]2

2 dy (c = Φ(z − λ))

=
c−1

√
2π

∫ ∞
−(z−λ)

[x+ (z − λ)]e−
x2

2 dx (x = y − (z − λ))

=
c−1

√
2π
e−

(z−λ)2

2 + c−1(z − λ)Φ(z − λ)

= c−1φ(z − λ)− (λ− z)

1.6.11 (b) Γ(p, λ) ∼ xp−1

Γ(p) exp{−λx+ p log λ} ⇒ T (X) = X, η = −λ,A(η) = −p log(−η). So T (X) = X is
the sufficient statistic for θ = λ, and the moment-generating function of T is given by

M(s) = exp{A(s+ η)−A(η)} =
(

η

η + s

)p
=
(

λ

λ− s

)p
.

1.6.18 By example 1.5.5 and 1.6.6, θ = (β1, β2, σ
2)T is identifiable, and the density

p(y, θ) = (2π)−
n
2 exp

{
−
∑
Y 2
i + 2β1

∑
Yi + 2β2

∑
ziYi

2σ2
−
∑

(β1 + β2zi)2

2σ2
− n

2
log σ2

}
can be expressed in the canonical form with k = 3,

T (x) = (T1(x), T2(X), T3(X))T = (
∑

Yi,
∑

ziYi,
∑

Y 2
i )T ,

η = (η1, η2, η3)T = (β1/σ
2, β2/σ

2,−1/(2σ2))T ,

A(η) = −
∑

(η1 + η2zi)2

4η3
+
n

2
log(
−1
2η3

)

and ε = {(η1, η2, η3)T : η1 ∈ R, η2 ∈ R, η3 < 0}.
The rank can be directly verified by Thm 1.6.4(ii).
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The mean and variance of T can be obtained by Cor 1.6.1

E(T ) = Ȧ(η) =
(

∂

∂η1
A(η),

∂

∂η2
A(η),

∂

∂η3
A(η)

)′
=
(
−
∑

(η1 + η2zi)
2η3

,−
∑
zi(η1 + η2zi)

2η3
,

∑
(η1 + η2zi)2

4η2
3

− n

2η3

)′
=
(∑

µi,
∑

ziµi,
∑

µ2
i + nσ2

)′ (
let µi = β1 + β2zi = −η1 + η2zi

2η3

)
Var(T ) = Ä(η) =

(
∂2

∂ηi∂ηj
A(η)

)
i,j

=


− n

2η3
−

P
zi

2η3

P
(η1+η2zi)

2η2
3

−
P
z2i

2η3

P
zi(η1+η2zi)

2η2
3

−
P

(η1+η2zi)
2

2η3
3

+ n
2η2

3

 =

nσ2 σ2
∑
zi 2σ2

∑
µi

σ2
∑
z2
i 2σ2

∑
ziµi

4σ2
∑
µ2
i + 2nσ4



or by the model assumption,

E(T1) = E
(∑

Yi

)
=
∑

E(Yi) =
∑

µi

E(T2) = E
(∑

ziYi

)
=
∑

E(ziYi) =
∑

ziµi

E(T3) = E
(∑

Y 2
i

)
=
∑

E(Y 2
i ) = nσ2 +

∑
µ2
i

Var(T1) = Var
(∑

Yi

)
=
∑

Var(Yi) = nσ2

Var(T2) = Var
(∑

ziYi

)
=
∑

z2
i Var(Yi) = nσ2

∑
z2
i

Var(T3) = Var
(∑

Y 2
i

)
=
∑

Var
[
(Yi − µi + µi)2

]
=
∑

Var
[
(Yi − µi)2 + 2µi(Yi − µi) + µ2

i

]
= σ4

∑
Var

[(
Yi − µi
σ

)2
]

+
∑

4µ2
iVar(Yi)

((
Yi − µi
σ

)2

∼ i.i.d. χ2
1

)
= 2nσ4 + 4σ2

∑
µ2
i

Cov(T1, T2) = Cov
(∑

Yi,
∑

ziYi

)
=
∑

ziVar(Yi) = σ2
∑

zi

Cov(T1, T3) = Cov
(∑

Yi,
∑

Y 2
i

)
=
∑

Cov(Yi, Y 2
i )

=
∑

E(Y 3
i )− E(Yi)E(Y 2

i )

=
∑

E((Yi − µi + µ+ i)3)− µi(σ2 + µ2
i )

=
∑

3µi + µ3
i − µiσ2 − µ3

i

= 2σ2
∑

µi

Cov(T2, T3) = Cov
(∑

ziYi,
∑

Y 2
i

)
=
∑

ziCov(Yi, Y 2
i )

= 2σ2
∑

ziµi
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1.6.31 (a) Let η = (µ, τ) and ηj = (µj , τj). Then η follows a multinomial distribution with

Pr(η = ηj) = λj

The posterior can be obtained by

π(θ|x) =
∫
π(θ, η|x)dη

=
∫
π(θ|η, x)π(η|x)dη

=
∑
j

π(θ|η = ηj , x) Pr(η = ηj |x)

- For π(θ|η = ηj , x). η can be treated as a constant vector, then θ is simply a normal r.v.
with mean µj and variance τ2

j . Therefore,

π(θ|η = ηj , x) ∝ f(x|θ, η = ηj)π(θ|η = ηj)

∝ exp
{
−(x− θ)2

2σ0
− (θ − µj)2

2τj

}
∝ exp

{
−(θ − µj(x))2

2τj(x)

}

where τj(x) =

√(
1
σ2
0

+ 1
τ2
j

)−1

, µj(x) =
(

1
σ2
0

+ 1
τ2
j

)−1(
x
σ2
0

+ µj
τ2
j

)
.

- For Pr(η = ηj |x),

X|ηj ∼ N(µj , σ2
j = σ2

0 + τ2
j )⇒ f(x|ηj) = φσj (x− µj)

⇒Pr(η = ηj |x) =
Pr(η = ηj)f(x|η = ηj)

f(x)
=

λjφσj (x− µj)∑
i λiφσi(x− µi)

Let λj(x) = Pr(η = ηj |x), so we have
∑

j λj(x) =
∑

j Pr(η = ηj |x) = 1. Thus,

π(θ|x) =
k∑
j=1

λj(x)φτj(x)(θ − µj(x))

which defines a conjugate prior for the N(θ, σ2
0) distribution.

(b) By Theorem 1.5.2, π(θ|x1, · · · , xn) = π(θ|T (x)), where T (x) is the sufficient statistic for θ. In
this case, T (x) = x̄ ∼ N(θ, σ2

0/n). Also

π(θ|x1, · · · , xn) ∝ f(x1, · · · , xn|θ)π(θ)

∝ exp
{
− 1

2σ2
0

∑
(xi − θ)2

}
· π(θ)

∝ exp
{
− n

2σ2
0

(x̄− θ)2

}
· π(θ)

apply same calculation in (a), the posterior is given by

π(θ|T (x)) =
∑
j

λj(x̄)φτj(x̄)(θ − µj(x̄))

with σ2
0 replaced by σ2

0/n.
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1.6.36 (a) Let θ = (µ, λ). The density function can be expressed as

f(x; θ) =
(
λ

2π

)1/2

x−3/2 exp
{
−λ(x− µ)2

2µ2x

}
= (2π)−1/2x−3/2 exp

{
− λ

2µ2
x− λ

2
1
x

+
λ

µ
+

1
2

log λ
}

where η =
(
λ
µ2 , λ

)′
, T (X) =

(
−X

2 ,−
1

2X

)′, B(µ, λ) = −
(
λ
µ + 1

2 log λ
)

.

(b) η1 = µ−2λ, η2 = λ⇒ µ =
√
η2/η1, λ+ η2. So

A(η) = −√η1η2 −
1
2

log η2

where (η1, η2) ∈ ε = [0,+∞)× (0,+∞).

(c) The MGF is given by

M(s) = exp
{
−
√

(s1 + η1)(s2 + η2)− 1
2

log(s2 + η2) +
√
η1η2 +

1
2

log η2

}
and

E(T1) =
∂A

∂η1
= −1

2
µ ⇒ E(X) = µ

E(T2) =
∂A

∂η2
= − 1

2µ
− 1

2λ
⇒ E(1/X) =

1
λ

+
1
µ

Var(T1) =
∂2A

∂η2
1

=
1
4
µ3λ−1 ⇒ Var(X) =

µ3

λ

Var(T2) =
∂2A

∂η2
2

=
1
4
µ−1λ−1 +

1
2
λ−2 ⇒ Var(1/X) = (λµ)−1 + 2λ−2

(d) If µ = µ0 is known,

f(x;µ0, λ) = (2π)−1/2x−3/2 exp
{
−λ
(

x

2µ2
0

+
1

2x

)
+
(
λ

µ0
+

1
2

log λ
)}

By Prop 1.6.1, the conjugate prior is given by

π(λ; t1, t2) = exp
{
λt1 + t2

(
λ

µ0
+

1
2

log λ
)
− logw(t1, t2)

}
∝ exp

{
λt1 + t2

(
λ

µ0
+

1
2

log λ
)}

= λt2/2 exp {λ(t1 + t2/µ0)} ∼ Γ(α, β)

where α = t2
2 + 1,β = t1 + t2

µ0
.

(e) If λ = λ0 is known,

f(x;µ, λ0) = (2π)−1/2x−3/2 exp
{
−λ0

2x
+

1
2

log λ0

}
exp

{
− 1
µ2

λ0x

2
+
λ0

µ

}
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⇒ π(µ; t1, t2) = exp
{
− t1
µ2

+
λ0t2
µ
− logw(t1, t2)

}
∝ exp

{
− t1
µ2

+
λ0t2
µ

}
For any t1, t2, exp

(
− t1
µ2 + λ0t2

µ

)
→ 1 as µ→∞.

⇒
∫ ∞

0
e
− t1
µ2 +

λ0t2
µ dµ =∞

Therefore Ω is empty.

(f) The conjugate prior for (λ, µ) is given by

π(λ, µ; t1, t2, t3) = exp
{
−λt1
µ2
− λt2 + t3(

λ

µ
+

1
2

log λ)− logw(t1, t2, t3)
}

Since exp
{
−λt1

µ2 − λt2 + t3(λµ + 1
2 log λ)

}
→ exp

{
−λt2 + 1

2 t3 log λ
}
> 0 as µ→∞,∫ ∞

0
exp

{
−λt1
µ2
− λt2 + t3(

λ

µ
+

1
2

log λ)
}
dµ =∞

⇒
∫ ∫

exp
{
−λt1
µ2
− λt2 + t3(

λ

µ
+

1
2

log λ)
}
dµ =∞, ∀t1, t2, t3.
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