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2.4.1 (a) Zi|Yi ∼ N
(
µ1 + ρσ1

σ2
(Yi − µ2), σ2

1(1− ρ2)
)

⇒

E(Zi|Yi) = µ1 + ρ
σ1

σ2
(Yi − µ2)

E(Z2
i |Yi) = Var(Zi|Yi) + [E(Zi|Yi)]2 = (1− ρ2)σ2

1 +
[
µ1 + ρ

σ1

σ2
(Yi − µ2)

]2

E(ZiYi|Yi) = YiE(Zi|Yi) = Yi

[
µ1 + ρ

σ1

σ2
(Yi − µ2)

]
(b) (Z, Y ) ∼ N(µ1, µ2, σ

2
1, σ

2
2, ρ) ⇒

E(T1) = E(Z̄) = µ1, E(T2) = E(Ȳ ) = µ2

E(T3) = E

(
1
n

∑
Z2

i

)
= E(Z2

1 ) = σ2
1 + µ2

1, E(T4) = E

(
1
n

∑
Y 2

i

)
= σ2

2 + µ2
2

E(T5) = E

(
1
n

∑
ZiYi

)
= E(Z1Y1) = Cov(Z1, Y1) + E(Z1)E(Y1) = ρσ1σ2 + µ1µ2

2.4.17 By example 2.4.6, (Zi, Yi) ∼ N(µ1, µ2, σ
2
1, σ

2
2, ρ). Let W = Zi−µ1

σ1
, V = Yi−µ2

σ2
, so that

(W,V ) ∼ N(0, 0, 1, 1, 0.5), W |V ∼ N(V/2, 3/4)

The probability that E(Yi|Zi) underpredicts Yi is

Pr(E(Yi|Zi) < Yi|Yi ≥ 2) = P

[
µ2 + ρ

σ2

σ1
(Zi − µ1) < Yi

∣∣∣∣Yi ≥ 2
]

= P

[
ρ(Zi − µ1)

σ1
<

Yi − µ2

σ2

∣∣∣∣ Yi − µ2

σ2
≥ 2− µ2

σ2

]
= P

[
1
2
W < V

∣∣∣∣V ≥ 1
2

]
=

P [W/2 < V, V ≥ 1/2]
P [V ≥ 1/2]

=

∫∞
1/2

∫ 2v
−∞ f(w|v)f(v)dwdv∫∞

1/2 f(v)dv
=

∫∞
1/2 f(v)

[∫ 2v
−∞ f(w|v)dw

]
dv∫∞

1/2 f(v)dv

where ∫ 2v

−∞
f(w|v)dw = Pr(W <= 2v|V = v) = Φ

(
2v − v/2√

3/4

)
= Φ(

√
3v).

Therefore,

Pr(E(Yi|Zi) < Yi|Yi ≥ 2) =

∫∞
1/2 Φ(

√
3v)f(v)dv∫∞

1/2 f(v)dv

≥

∫∞
1/2 Φ(

√
3

2 )f(v)dv∫∞
1/2 f(v)dv

≥ Φ(
√

3
2

) = 0.8068
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2.4.18 (Zi, Yi) ∼ N(µ1, µ2, σ
2
1, σ

2
2, ρ) where

µ2 = E(Y ) = E(β1 + β2Z + ε) = β1 + β2µ1

σ2
2 = Var(Y ) = Var(β1 + β2Z + ε) = β2

2σ2
1 + σ2

ρ =
Cov(Y, Z)

σ1σ2
=

Cov(β1 + β2Z + ε, Z)
σ1σ2

=
β2σ

2
1

σ1σ2
=

β2σ1√
β2

2σ2
1 + σ2

Observe S(X) = {(Zi, Yi) : 1 ≤ i ≤ m} ∪ {Yi : m + 1 ≤ i ≤ n}.
Let T = (T1, T2, T3, T4, T5) where

T1 = Z̄, T2 = Ȳ , T3 =
1
n

n∑
i=1

Z2
i , T4 =

1
n

n∑
i=1

Y 2
i , T5 =

1
n

n∑
i=1

ZiYi.

- E-step:

E(Zi|Yi) = µ1 + ρ
σ1

σ2
(Yi − µ2)

= µ1 +
β2σ

2
1

β2
2σ2

1 + σ2
(Yi − β1 − β2µ1)

E(Z2
i |Yi) = Var(Zi|Yi) + [E(Zi|Yi)]2

= (1− ρ2)σ2
1 +

[
µ1 + ρ

σ1

σ2
(Yi − µ2)

]2

=
σ2σ2

1

β2
2σ2

1 + σ2
+
[
µ1 +

β2σ
2
1

β2
2σ2

1 + σ2
(Yi − β1 − β2µ1)

]2

E(ZiYi|Yi) = YiE(Zi|Yi)

= Yi

[
µ1 +

β2σ
2
1

β2
2σ2

1 + σ2
(Yi − β1 − β2µ1)

]
- M-step:

E(T1) = E(Z̄) = µ1, E(T2) = E(Ȳ ) = β1 + β2µ1

E(T3) = E

(
1
n

∑
Z2

i

)
= E(Z2) = σ2

1 + µ2
1

E(T4) = E

(
1
n

∑
Y 2

i

)
= E(Y 2) = β2

2σ2
1 + σ2 + (β1 + β2µ1)2

E(T5) = E

(
1
n

∑
ZiYi

)
= E(Y Z) = β2σ

2
1 + µ1(β1 + β2µ1)

Then,

Ȧ(θ) = Eθ(T ) = (µ1, β1 + β2µ1, σ
2
1 + µ2

1, β
2
2σ2

1 + σ2 + (β1 + β2µ1)2, β2σ
2
1 + µ1(β1 + β2µ1))

Solve the following to get θnew.

Ȧ(θnew) = Eθold
(T (X)|S(X))
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3.2.2 X1, · · · , Xn ∼ Bernoulli(θ), θ ∼ Beta(α, β), θ0 = E(θ) = α/(α + β)

π(θ|x) ∝ p(x|θ)π(θ)

∝ θ
P

Xi(1− θ)n−
P

Xi · θα−1(1− θ)β−1 (Let S =
∑

Xi)

∝ θS+α−1(1− θ)n−S+β−1 ∼ Beta(S + α, n + β − S)

Since l(θ, a) is the quadratic loss,

θ̂B = E(θ|X) =
α + S

n + α + β

=
α + β

n + α + β
· α

α + β
+

n

n + α + β
· X̄ = wθ0 + (1− w)X̄.

If θ ∼ U(0, 1) = Beta(1, 1), θ̂B(X) = S+1
n+2 .

3.2.3 - MLE
θ̂MLE = X̄, q̂MLE = q(θ̂MLE) = X̄(1− X̄).

- Bayes

q̂B = E[q(θ)|X] =
∫ 1

0
θ(1− θ)π(θ|x)dθ

=
Γ(n + α + β)

Γ(S + α)Γ(n + β − S)

∫ 1

0
θS+α(1− θ)n+β−Sdθ

=
Γ(n + α + β)

Γ(S + α)Γ(n + β − S)
· Γ(S + α + 1)Γ(n + β − S + 1)

Γ(n + α + β + 2)

=
(S + α)(n + β − S)

(n + α + β)(n + α + β + 1)

q(θ̂B) = θ̂B(1− θ̂B) =
(α + S)(n + β − S)

(n + α + β)2

q̂B − q(θ̂B) = − (α + S)(n + β − S)
(n + α + β)2(n + α + β + 1)

< 0 ⇒ q̂B 6= q(θ̂B)

3.2.4 λ = θ/(1− θ) ⇔ θ = λ/(1 + λ).

p(x|λ) = θ
P

xi(1− θ)n−
P

xi =
(

λ

1 + λ

)S ( 1
1 + λ

)n−S

=
λS

(1 + λ)n

λ̂B =

∫∞
0 λp(x|λ)π(λ)dλ∫∞
0 p(x|λ)π(λ)dλ

=

∫∞
0 λS+1(1 + λ)−ndλ∫∞
0 λS(1 + λ)−ndλ

=

∫ 1
0

(
θ

1−θ

)nX̄+1 (
1

1−θ

)−n
1

(1−θ)2
dθ∫ 1

0

(
θ

1−θ

)nX̄ (
1

1−θ

)−n
1

(1−θ)2
dθ

=

∫ 1
0 θS+1(1− θ)n−S−3dθ∫ 1
0 θS(1− θ)n−S−2dθ

=
Γ(S + 2)Γ(n− S − 2)/Γ(n)
Γ(S + 1)Γ(n− S − 1)/Γ(n)

=
S + 1

n− S − 2
(if S < n− 2)
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3.2.9 (a) Posterior risk r(0|x) = E(l(θ, 0)|x), r(1|x) = E(l(θ, 1)|x). By Proposition 3.2.1, the Bayes rule
is then

δ∗(X) = 0 (“Accept bioequivalence”) if r(0|x) < r(1|x),

where

r(0|x) < r(1|x) ⇔ E(l(θ, 0)|x) < E(l(θ, 1)|x)
⇔ E(l(θ, 0)− l(θ, 1)|x) < 0
⇔ E(λ(θ)|x) < 0.

From Example 3.2.1, θ|x ∼ N(η(n), τ2
0 (n)), where

η(n) = η0

(
1/τ2

0

1/τ2
0 + n/σ2

0

)
+ X̄

(
n/σ2

0

1/τ2
0 + n/σ2

0

)
, τ2

0 (n) =
(

1
τ2
0

+
n

σ2
0

)−1

.

Then

E(λ(θ)|x) = E

[
r − exp

{
− θ2

2c2

}∣∣∣∣x]
= r − 1√

2πτ2
0 (n)

∫ ∞

−∞
exp

(
− θ2

2c2

)
exp

(
−(θ − η(n))2

2τ2
0 (n)

)
dθ

= r − 1√
2πτ2

0 (n)
exp

(
− η(n)2

2(c2 + τ2
0 (n))

)∫ ∞

−∞
exp

[
−1

2

(
1
c2

+
1

τ2
0 (n)

)(
θ − c2η(n)

c2 + τ2
0 (n)

)2
]
dθ

= r − 1√
2πτ2

0 (n)
exp

(
− η(n)2

2(c2 + τ2
0 (n))

)√
2π

(
1
c2

+
1

τ2
0 (n)

)−1

= r −
√

c2√
c2 + τ2

0 (n)
exp

(
− η(n)2

2(c2 + τ2
0 (n))

)

Since r = exp
(
− ε2

2c2

)
,

E(λ(θ)|x) < 0 ⇔ η(n)2 = {E(θ|x)}2 < (c2 + τ2
0 (n))

[
log
(

c2

c2 + τ2
0 (n)

)
+

ε2

c2

]
(b) If η0 = 0, τ2

0 →∞, then

η(n) → X̄, τ2
0 (n) → σ2

0

n

The Bayes rule becomes

“Accept bioequivalence” if X̄2 <

(
c2 +

σ2
0

n

){
log
(

c2

c2 + σ2
0/n

)
+

ε2

c2

}
(c) If n →∞, η(n) → X̄ and τ2

0 (n) → 0 in both (a) and (b). So the Bayes rule becomes

“Accept bioequivalence” if X̄2 < ε2
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