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3.3.5 (a) µ = 0. θ = 1/σ2 ∼ Gamma(α, β).

– Posterior:

π(θ|x) ∝ p(x|θ)π(θ) ∝ θ
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2
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)
– Bayes rule: δB(X) = arg minE[( d

σ2 − 1)2|X].
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– Risk of δB(X):
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(Let Y =
∑
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i /σ

2 ∼ χ2
n ∼ Γ(n/2, 1/2))
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– Bayes risk:

r(π, δB) = E(R(θ, δB)) = E
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– Risk of δ∗(X):

R(θ, δ∗(X)) = E

(
1

n+ 2

∑
X2
i /σ

2 − 1
)2

= E

(
Y

n+ 2
− 1
)2

=
E(Y 2)

(n+ 2)2
− 2E(Y )

n+ 2
+ 1 =

n2 + 2n
(n+ 2)2

− 2n
n+ 2

+ 1 =
2

n+ 2

1



Let β > 0 and α→ 0+,

r(π, δB) =
2

2α+ n+ 2
→ 2

n+ 2
= R(θ, δ∗(X)),

By Theorem 3.3.3, δ∗(X) is minimax.

(b) The Risk of δc:

R(θ, δc) = E(c
∑

X2
i /σ

2 − 1)2

= E(cY − 1)2 = c2E(Y 2)− 2cE(Y ) + 1

Hence, R(θ, δc) is minimized when c = E(Y )
E(Y 2)

= n
n2+2n

= 1
n+2 , i.e. δ∗(X) is uniformly best

among all rules of δc.
The MLE of σ2 is given by δMLE(X) = 1

n

∑
X2
i ,

⇒ R(θ, δMLE(X)) > R(θ, δ∗(X)),∀θ

i.e. MLE is inadmissible.

(c) The Risk of δc:

R(θ, δc) = E(c
∑

(Xi − X̄)2/σ2 − 1)2

= E(cZ − 1)2 = c2E(Z2)− 2cE(Z) + 1 (Z =
∑

(Xi − X̄)2/σ2 ∼ χ2
n−1 ∼ Γ((n− 1)/2, 1/2))

Hence, R(θ, δc) is minimized when c = E(Z)
E(Z2)

= n−1
(n−1)2+2(n−1)

= 1
n+1 , i.e. δ(X) = 1

n+1

∑
(Xi −

X̄)2 is uniformly best among all rules of δc.
For δMLE(X) = 1

n

∑
(Xi − X̄)2 and S2 = 1

n−1

∑
(Xi − X̄)2,

R(θ, δMLE(X)) > R(θ, δ(X)), R(θ, S2) > R(θ, δ(X)) ∀θ,

So they are both inadmissible.

3.3.7 X ∼ Poisson(λ), π(λ) = Gamma(1, 1/k).

- posterior

π(λ|x) ∝ p(x|λ)π(λ) ∝ λxe−λe−λ/k

∝ λxe−(λ(1+1/k)

⇒ λ|x ∼ Gamma(X + 1, 1 + 1/k)

- Bayes rule:

E

[
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λ
|X
]

= a2E(1/λ|X]− 2a+ E(λ|X)

⇒δB(X) = arg minE
[
(λ− 1)2/λ|X

]
=

1
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where

E(1/λ|X) =
(1 + 1/k)X+1

Γ(X + 1)

∫ ∞
0

1
λ
λXe−λ(1+1/k)dλ

=

{ ∞ X = 0

1+1/k
X X > 0

⇒ δB(X) =
X

1 + 1/k

- Risk of δB(X):

R(λ, δB(X)) = E

(
(λ− x
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λ

)
=
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- Bayes risk:

r(π, δB) = E(R(θ, δB)) =
1 + k/k2

(1 + 1/k)2
=

1
1 + 1/k

- Risk of X:

R(θ,X) = E

(
(λ−X)2

λ

)
= Var(X)/λ = 1

Let k →∞,

r(π, δB) =
1

1 + 1/k
→ 1 = R(θ,X),

By Theorem 3.3.3, δ = X is minimax.

3.4.3 η = h(θ)⇒ dη/dθ = h′(θ), dθ/dη = 1/h′(θ) = 1/h′(h−1(θ))

(a) the Fisher information is given by

Iq(η) = E

[
∂

∂η
log q(X, η)

]2

= E

[
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log p(X, θ)

]2

= E
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·
(
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∂η

)2
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(b) Bp(θ) = [ψ′p(θ)]
2/Ip(θ), Bq(η) = [ψ′q(η)]2/Iq(η).

ψ′q(η) =
dψ

dη
=
dψ

dθ

dθ

dη
=
ψ′p(θ)
h′(θ)

⇒ Bq(η) =
[ψ′p(θ)/h

′(θ)]2

Ip(θ)/[h′(θ)]2
=

[ψ′p(θ)]
2

Ip(θ)
= Bp(h−1(η))

3.4.5 (b) Similar to 3.3.5(b), σ̂2 = 1
n+2

∑
(Xi − µ0)2 is uniformly best among all estimates of the form

σ̂2
c = c

∑
(Xi − µ0)2, including σ̂2

0 = 1
n

∑
(Xi − µ0)2. Thus, σ̂2

0 is inadmissible.
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